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Coordinate
Geometry

CARTESIAN COORDINATES

“The position of a point in a plane can be given by an ordered pair of numbers, written as
(x,). These are called the Cart the point. (Th from the
French mathematician Rene Descartes (1596 ~ 1650)). The coordinates measure the
displacement (+ or - of the point from two perpendicular axes, the y-axis (Oy) and the
x-axis (Ox), where O s the origin.

For example, in Fig.1.1, the coordinates of point A are (4,3) and the coordinates of
point B are (3.4). 4 is the x-coordinate of A and 3 is its y-coordinate. (The x-coordinate
is sometimes called the abscissa and the y-coordinate the ordinate).

c
3 _, BG4
[ 4 A4,3)
* 4 [3
x
o F

. .
o E

Fig.1.1

The x-coordinate is always stated first. As you can see, (4.3) is not the same point as
(3.4). Now state the coordinates of the points C, D, E, F and G in Fig. 1.1.



MIDPOINT OF TWO POINTS

On graph paper, plot the points A(2,3) and B(8.7). Can you write down the coordinates
of the midpoint of AB? Can you see how these are related to the coordinates of A and B?
(Remember that the midpoint is alfiway between A and B).

We can find a formula for the midpoint of AB. We could use different letters for
coordinates such as (a.b), (c.d), etc. but it is neater to use suffixes attached to x and y for
specific points. So we write the coordinates of A as (x,y,) and B as (x,,).

Let the coordinates of the midpoint M be (x,,.y,,) (Fig. 1.2). AC and ME are parallel
o the x-axis. MD and BC are parallel 10 the y-axis.

A de |”
5
, A
x
oL x|
P,
Fg. 12
Then AD = DC 50 x,, ~ X, =5, ~ %, @
and EC=BE 50y, -y, =¥, - Yy (i)

Midpoint of (x,,) and (x,7) i (

‘The coordinates of the midpoint are the averages of the two x-coordinates and of the
1wo y-coordinates of the points.



Example 1

(a) Find the midpoint of (i) (3.4) and (52) (i) (-2~1) and (4.4).
(b) If (2.1 is the midpoint of AB, where A is (-3.2), find the coordinates of B.

@ () The midpoint is (-5

)= @3,

244

(i) The midpoint is ( ‘) =(1,-2}).

(b) If (x,,) are the coordinates of B, then =2 is the average of -3 and x,,

0.
‘Therefore the coordinates of B are (~1,0).

Exercise 1.1 (Answers on page 606.)

1 State the coordinates of the midpoints of:

@ (04)and G-2) (b) (4.-2) and (-2,6)
() (4-2) and (-69) (d) (0.4) and (4,0)

(€) (4.-1) and (-5,-2) () (5-3) and (-5.3)

(2) (0.2p) and (3p.~4p) (h) (a+2bb - a) and (@ - 2b.3a + b)

() (@a-#and@+26+a) () (%32 252)and (452, o2

2 A(15 and B7,-9) are two points. AB i divided into four equal parts at C, D and E.
Find the coordinates of C, D and E.

2

3 AG. 1), B(-5.-3) and C(7.-2) are the vertices of triangle ABC. What are the
coordinates of M, the midpoint of BC and of Q. the midpoint of AM?

4 The midpoint of PQ is (2,3). If the coordinates of P are (~1,4), find the coordinates
of Q.

5 Ais (a3) and B is (4,b). If the midpoint of AB is (3,5, find the values of a and b.

6 The points A and B are (a,-4) and (-3.5) respectively. If the midpoint of AB is (-2,3),
find the values of @ and b.

7 L s the point (~3,-2) and M is the point (5.4). N is the midpoint of LM. State the
coordinates of N. P is the midpoint of NQ and the coordinates of P are (21.4). Find
the codrdinates of Q.

8 ABCD is a parallclogram. A is the point (2,5), B is the point (8.,8) and the diagonals
intersect at (3},2). What are the coordinates of C and D?

9 The coordinates of A and B are (-9.3) and (-3,4) respectively. B is the midpoint of AC
and C is the midpoint of AD. Find the coordinates of C and of D.




10 A is the point (-1,4), B is the point (5, ~2) and C is the point (4,-5). If D is the
‘midpoint of AB and E the midpoint of DC, find the coordinates of D and E and show
that AE is parallel to the y-axis.

11 The coordinates of A and C are (-6,-3) and (-1,1) respectively.
(a) If C is the midpoint of AB, find the coordinates of B.
(b) BF is divided into three equal parts at D and E. If the coordinates of E are (6,-1),
find the coordinates of D and F.

12 The points (x,.y,), (). (xy¥y) and (x,.y,), in that order form a parallelogram ABCD.
Show that x, +x, =, +x, and y, + 3, =y, + ;.

13 ABCD is a quadrilateral where A is (1,7), B is (4,3), C is (1,-3) and D is (-4,5). Is
ABCD a parallelogram? If not, state new coordinates for B so that ABCD will be a
parallelogram.

14 The points A(-14), B(4,10), C(6,~5) and D(~2,-8) form a quadrilateral ABCD. P, Q,
R and S are the midpoints of the sides AB, BC, CD and DA respectively. Prove that
PQRS is a parallelogram.

DISTANCE BETWEEN TWO POINTS
What is the length of AB in Fig.1.3?

83, 1)

A
€1.-2) 4

Fig. 1.3

1f we draw AC parallel to the x-axis and CB parallel to the y-axis, then AC =3 - (-1) =
4 units and BC =3 units.

By Pythagoras’ Theorem, AB? = AC? + BC? = 16 + 9 = 25 units’.

Hence the length of AB = V25 = 5 units.

We can generalize this to find a formula for the distance between any two given points.

e




Fig. 1.4

' B(x,5)
So the formula for the distance between the
points (x,.y,) and (x,.y,) is:
Distance = V(5" + (0, 3 oy
Note: Take care with the subtractions if cither B <

or both of the coordinates are neg:

Example 2

Find the distance between
(a) (7.13) and (2.1),
(b) (2.-3) and (-3 4).

(@) Distance = V(7 -2 + (13— 17 = V25 + 144 = V169 = 13 unis.
(b) Distance = V[2— (3)F + [-3 ~ 4F = V25 + 49 = V74 = 8.6 units.
Note that this could also be done as:

distance = V[-3 = 2 + [4 ~ (-3)J* = V25 + 49 units as before.

‘The coordinates can be subtracted in either order as the results are the same after
squaring. Verify this for part (a).

Example 3

The vertices of a triangle ABC are A(-2.5), B(4.4) and C(5.-2).
(a) Which is the longest side?

(b) Is the iriangle right-angled?

(c) What type of riangle is ABC?

We need only find the squares of the lengths of the sides.
[-2- 4]+ [5 - 4p 37 units?

4= 5F + [4 - (-DF
5~ (2P +[-2-5]

(a) AC is the longest side.
(b) AC?# AB? + BC so the triangle is not right-angled.
(¢) AB®=BC? so the triangle is isosceles.




Example 4

The vertices of a triangle ABC are A(1,3), B(5,11) and C(9.5). Find the lengths of the
medians.

You will recall that a median is a line from a vertex to the midpoint of the opposite
side.

The midpoint of BC is (7,8). Y
Hence the length of the median from B(5, 1)
Ais V6 + 5 = V61 = 7.8 units.
Now find the lengths of the other
two medians.

You should find that they are

7 units and V40 units.

Fig 1.5

Example 5
The vertices of a triangle are A(-2,3), B3,5) and C(0,-6) (Fig.L.5). D is the midpoint
of AB and E is the midpoint of BC. Show that DE =} AC.

Itis simpler to work with squares of distances,
so we find DE* and AC%
Dis(} 4andEis 11, - 1.
Then DE? = (3~ 13 + (4 +
AC = (-2-0)'+(3+6)' =
Hence DE? = § AC? which means that DE = } AC.

Fig 1.6




Exercise 1.2 (Answers on page 606.)

1 Find the distance between the following pairs of points. [Where necessary give your
answer correct to 2 significant figures.]
(@) (1,2), (4.6) ®) (-1-3), 2.1
@ (0-3), (4,0
® 21,42
) (-5-2), 0-3)
@) (a0), (0.a) () (aa+b), (a-bb)
2 A circle has centre at (1,2). One point on its circumference is (~3,-1).
What is the radius of the circle?

3 The vertices of a triangle are A(-4,-2), B(4,2) and C(2,6).
(a) Is the triangle right-angled?
(b) If a circle is drawn round this triangle, what are the coordinates of its centre?
(c) Hence find the radius of this circle.

4 The vertices of triangle ABC are A(-1,3), B(2,7) and C(6.4).
(2) Find the squares of the lengths of the sides.
(b) Hence state completely what type of triangle ABC is.
(c) Find the area of the triangle.

5 The vertices of triangle PQR are P(3,4), Q(5,8) and R(7.4).
(2) What kind of triangle is PQR?
(b) State the coordinates of the midpoint S of side PR.
(c) Find the length of QS and deduce the area of the triangle PQR.

6 The vertices of triangle ABC are A(—4,4), B(2,6) and C(0,-6). Find the lengths of the
three medians of the triangle.

7 A(-6,3), B(2,5) and C(0,-5) form a triangle. D is the midpoint of BC.
(a) State the coordinates of D.
(b) Find the values of AC%, AB?, AD? and DC?.
(c) Hence show that AC? + AB? = 2(AD? + DC?).

8 The vertices of triangle ABC are A(2.3), B(4.5) and C(8.-2). P and Q are the
midpoints of AB and BC respectively.
(@) State the coordinates of P and Q.
(b) Find the values of PQ? and AC.
(€) What fraction of AC is PQ?

9 Circle C, has centre (~3,4) and radius 2 units. Circle C, has centre (1,7) and radius 3
units. Find the distance between the two centres and hence show that the circles touch
each other.

10 The centre of a circle is (—1,3) and its radius is 10 units. The centre of a second circle

is (2,7) and its radius is 5 units. Show that the two circles touch each other and make
a sketch showing the positions of the circles.



11 The vertices of triangle PQR are P(2,5), Q(4,3) and R(-2,-3). If § is the midpoint of
PR, show that triangle PSQ is isosceles.

12 A circle has its centre at the origin and its radius is 3 units. P(x,y) is any point on
the circumference. State an equation in x and y which is true for all possible positions
of P.

13 A(-3,2) and B(4,3) are two fixed points. The point P(x.y) moves so that it is always
equidistant from A and B (i.e. AP = PB).
(2) Describe the locus of P .
(b) Show that (x + 3)* + (y— 2 = (x— 4)* + (= 3%,
(c) Simplify this equation. (The result is called the equation of the locus of P).

AREAS OF RECTILINEAR FIGURES (Optional)

A rectilinear figure has straight line sides. "

The following method will be found useful

but it is not essential in this Syllabus. It Blxy
gives a quick way of finding the area of
such a figure using the coordinates of the
vertices, written in a certain way. We will
start with a triangle with one vertex at the
origin O (Fig. 1.7). The other vertices are
A(x,y,) and B(x,y,). Then the area of
AOAB = arca of AOBC + arca of
trapezium CDAB - area of AODA. Verify
that this is

=Ly, +ay, +xy, - x,

AR SD]
Ly, —x)

So, for example, the area of AOAB,
where A is (6,3) and B is (4,5) will be
g(s X5 -3 x4) =9. The vertices were
taken in the order O - A - B, i..
anticlockwise. If we take them i the order
0-B- A, ie. clockwise, the result would
be -9 (check this). We now extend this.
to AABC (Fig. 1.8). Then the area of
AABC = AOAB - AOAC - AOCB
(taking each triangle anticlockwise) Fig. 1.8

= 5 =) = J0y =) = Sy, - vy

XY, =Xy, = Xy

“This result can be casily calculated by amanging the coordinate pairs as columns of a
matrix, repeating the first pair at the end:

A

Loy, + 5y, + 1y,




L 5, =,
Akl xz/' x = X -
2 -
><y >,
1 ’\ T~ T~
X XYy Xy

Find the products shown. The area = 7[Thc sum of the DOWNWARD \ products - the
sum of the UPWARD - products].

This gives 10,3, + 5y, +50,) = (03, + 0 + 6L

Check that this is the formula given above.

For example, the arca of the triangle shown in Fig. 1.6 will be

~18 210 0
4 4 '
N :><3><2><° Area=1[0+9+12)- (-18-10+0)]
2
5 3 e =241 units?
N N 12 °

‘This method can be extended to give the area of 2 polygon, provi Vertices are taken
in order anticlockwise. m
For example, the area of the quadrilateral whose vertices are (4,3), (-2-3), (-1,2) and
(3,-1) is given by

A At

Draw a sketch to make sure the
vertices are taken in order.

9

Wite the pairs as before repeating (he firs one at the end. Then the area =
'[(x+3+z+9>—( -3 -4 -9 —4)] = 21 units’

Optional Exercise

Find the areas of the figures whose vertices are

@ (00), 3.7, (5.1) ) (-1,-2), (-2.3), 4.4)

(©) (4,2), (0,-8), (5,11) @) (5.3), (2.5). (10-1), (-6,3)
(@) (-2.4), (3,1, (-1,5), (6,-3)

GRADIENT OR SLOPE OF A STRAIGHT LINE

‘The rest of this Chapter deals with the coordinate geometry of straight lines. An important
concept is the gradient or slope of a line. This is a measure of the steepness of the linc
relative to the x-axis. It corresponds to the slope of a path or road which we measure
relative to the horizontal. Mathematically, if A and B are any two points on a line
(Fig. 1.9) then the gradient is the value of the ratio

sl ora) Y52 i going from A o B.

horizontl distance



Fig. 1.9

The x-step and the y-step must be taken parallel to the x-axis and the y-ais respectively
and either may be positive, negative or zero.

‘Then, as we shall see, a gradient can be zero, or a positive or negative number. In a special
case, it may have no value.

Example 6

Find the gradient of the line through (-2,-3) and (3,5) as shown in Fig. 1.10.

35)

Fig. 1.10 2-3),

= g , giving the same value. The gradient is usually left as a fraction.

£2.5)

Example 7 P11t

What s the gradient of the line through the points ,
(-2.5) and (4,-2) (Fig. 1.11)?

Gradient = 352 = T =7, negative gradient. 4-2)




Hence, if the coordinates of A and B are (v,,y,) and (x,.,) respectively, as in Fig. 1.12,

then the gradient of AB is 212X or altematively 222 .

(The coordinates must be subtracted in the same order). B(x.y)
Y=y
Ay,
Fig. 1.12

Gradient of line through () and (x,,) = 2220

As the steepness of a straight line is clearly the same at all points on the line, we can take
any two points on it to calculate its gradient.

Example 8 ®
State the gradients of the following lines: 23) (53)

(a) through (-2.3) and (5.3), ¢
(b) through (3,-4) and (3.2).

@2

(@) Gradient = 5373 = 9=
As we see in Fig. 1.13, the line is parallel
to the x-axis.

3-4)

“The gradient of any line parallel to the x-axis is zefo.
Fig. 1.13

(b) Gradient = 2752 = & which is undefined as
division by zero is not possible.
From Fig. 1.1, we see that the line s parallel to the y-axis.

“The gradient of any line parallel to the y-axis is undefined.

Angle of Slope
In Fig. 1.14, the slope or gradient of the line AB is

r=step - BC -y ZBAC.

Xosiep © AC

But ZBAC = 8 where 8 is the angle between the line
and the positive x-axis. So the gradient = tan 8.

8 is called the angle of slope and 0° < 8 < 180° (Fig. 1.15).

Fig. 1.14

11



y

6=0 zero gradiént

0<90°
positive gradient

so°<s<tau'\(\ h /{ .

negative gradient \ 0|

6 - 90° gradient
Fo. 115 undefined

1f 8 = 0°, tan © = 0; gradient = 0. The line is parallel to the x-axis.
I£ 0° < 8 <'90°, © is an acute angle; tan @ is positive and the gradient s positive. The line
slopes upwards from left to right.

1f 8 = 90°, tan 6 and the gradient are undefined. The line is parallel to the y-axis.
1£90° <0 < 180°, s an obtuse angle; tan 8 is negative and the gradient is negative. The
line slopes downwards from left to right. ~—

Fig. 1.16

PARALLEL LINES A

In Fig. 1.16, the lines AB and CD are parallel. Then
the angle of slope of each line is 6. Hence they have
the same gradient.

Parallel lines have equal gradients.

Lines with equal gradients are parallel.

Example 9

A(2,3), B(5,7), C(0,~1) and D(-3,-5) are four points.

(a) Which of the lines AB, BC, CA and DA are parallel?

(b) What type of quadrilateral is ABCD?

(a) The gradients of AB,BC,CAand DA are § , § ,2and ¥ respectively. Hence BC
is parallel to DA.

(b) As it has 2 parallel sides, ABCD is a trapezium.




Example 10

Two lines are drawn from A(-1.-3), one 10 B(4,2) and the other to C(~4,2). What are
their angles of slope?

Gradient of AB = £
Gradient of AC= 5

tan 8, so 0 = 45°.

tan 6, 50 6 = 121°,

COLLINEAR POINTS

Do the points A(-3,-5), B(O.~1) and C(3,3) lie in a straight line, i.c. are they collinear?
If they are, then the gradient of AB must be the same as that of BC or AC, as these will
be segments of the same line.
Gradient of AB = % and gradient of BC = §. (Check gradient of AC).

Hence the three points are collinear.

Example 11
IfClp.q) is a point on the line AB, where A is (~2,1) and B is (3,2). find a relationship
between p and q.
‘The three points are collinear.
Hence the gradient of AC = the gradient of AB.
-1
Then L35 =1.
Now verify that this gives 5¢ - p = 7, which is the relationship required.

Exercise 1.3 (Answers on page 606.)
1 State the gradient of the line through the following pairs of points:

(@ (2.3), (1,5 (b) (0.3), (3.0) © (22).(5.5)
@) (3:-9). (1-1) (@ (14), (-3.4) ® 3.4, -1
@ =1,-2), (-24) (h) (-4,0), (3,-2) @) (a0), 0-a)
@) (ab), (ba) & @.p) (¢q)

2 A(-4,-2), B(5,-2), C(0,3) and D(1,0) are four points. Statc the gradients of (a) AB,
(b) CD, (¢) AC and (d) BD.

3 Which of the lines through the following pairs of points are parallel?
@ (-13), 4.5 (®) (3:-2), (5.1) © (4-3), (-1
@) (74), 24) (©) (04), 2-1) ) (@b-1).(a+5b+1)



4 Find the angle of slope of the line through the following pairs of points:
@) (2-1). (34 ®) 2-1),2-5) © (13,37
5 Are the points (-7,5), (-5,8) and (1,17) collinear?
6 A(-6-3), B(-2,8), C(0.5) and D(2.2) are four points.
(a) Show that B, C and D are collinear.
(b) P,Qand R are the midpoints of AB, AC and AD respectively. Show that P, Q and
R are also collinear.

7 1 the point (a,b) lies on the line joining (~2,3) and (2,1), find a relationship between

8 1f the points (-2,-3), (3,5) and (13,p) are collinear, find the value of p.

9 The coordinates of a point are given as (¢ - 1, 2¢ + 1). Show that the points where
=0, 1 and 2 are collinear.

10 (a) If the line joining the points (2,4) and (5,-2) is parallel to the line joining (-1,-2)
and (p.6) find the value of p.
(b) The line joining (~1,~4) and (a,0) is parallel to the line
Find the value of a.
11 (a) Show that the points (2,-4), (5,0) and (8,4) are collinear.
(b) The point (d.d - 2) also lies on this line. Find the value of d.

ng (a,1) to (113).

12 If the points (-3,-2), (-1, @ — 2) and (a, 7) are collinear, find the two possible values
a.

PERPENDICULAR LINES

The vertices of triangle ABC are A(-4, ~2), B, 2) and C(2, 6). Verify that this triangle
is right-angled. Which two sides are perpendicular? Now state the gradients of these
sides. If you multiply the two gradients, what result do you obtain?

‘The result is surprising so we investigate it further. Given the points A(-S, —4),
B(-2, 3) and C(-16, 9) show by using Pythagoras’ theorem that AB and BC are
perpendicular. Now find the product of their gradients. We can show that this result is true
in general excluding undefined or zero gradients.

In Fig. 1.17, AB is a line with gradient m, and CD a line with gmmem my. The lines
intersect at right angles at T. The small tiangle PQR shows that m,




Fig. 1.17

Now imagine that line AB is rotated through 90° about T 1o lie along CD. Then triangle
PQR takes a new position P'Q'R".
‘This shows that m, = %, as a and b are now both positive.
Then mym, =~ x g =—1and this will be true for any pair of perpendicular lines (except
for lines parallel to the x- or the y-axis).
If m,, m, are the gradients of two perpendicular lines,

L (% 0,m,0).

my

then mym, = -1 or m,

Conversely, if m, and m, are the gradients of two lines (m, # 0, m, # 0) and
mym, = -1, then the lines are perpendicular.

Example 12

The vertices of iriangle ABC are A(-2,~4). B(2,~1) and C(5,-5).

(a) Show that the triangle is right-angled.

(b) State the gradient of the altitude through B.

(a) This could be done using the Pythagoras’ Theorem but here we use gradients.
The gradients of AB, BC and CA are 2, — % and -  respectively.
As 3 x (- %) =-1, AB is perpendicular to BC. Hence the triangle is right-angled
(4B =90°).

(b) The alitude through B will be perpendicular to AC. Hence its gradient

Exercise 1.4 (Answers on page 607.)

1 Which of the lines through these pairs of points are perpendicular?
(@) (-4,-2), (-1,0) (b) (0,-5), (4,-2)
@ (-14). 2-8) (e) (1,2, 54
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2 State the gradient of a line which is (a) parallel, (b) perpendicular, to AB where
(i) Ais(3,-2),Bis (04) (i) Ais (0,-1), Bis (2,1)
(i) A is (-3.-3), B is 2.4) (iv) Ais (4.1), B is (3.0)

3 Is the triangle formed by the points (-3,2), (0,4) and (4,-2) right-angled?

4 Find the gradient of a line perpendicular to the longest side of the triangle formed by
A(-34), B(5,2) and C(0,-3).
5 (a) Show that the triangle formed by A(-2,-3), B(2,5) and C(10,1) is right-angled
and isosceles.
(b) State the gradients of the three altitudes.

6 Find the angle of slope of a line with gradient § and that of another line perpendicu-
lar to it.

7 Find the gradient of a line perpendicular to the line joining the points (a.3a) and
(2a,-a).
8 CD s the perpendicular bisector of the line joining A(2,3) and B(S,7).
(2) State (i) the coordinates of the point where CD intersects AB and (ii) the gradient
of CD.
(b) If the point (.g) lies on CD, find a relationship between p and g.
9 (a) Show that the point (7,1) lies on the perpendicular bisector of the line joining
(2.4) and (4,6).
(b) The point (a.4) also lies on this bisector. Find the value

10 A semicircle with centre O (the origin) and radius 5 units, meets Ox at A and B and
the positive y-axis at C.
(a) State the coordinates of A, B and C.
(b) If a point (x.y) lies on the semicircle, show that * + y?* = 25.
() Verify that the point P(-3.4) lies on the semicircle and show by using gradients
that ZAPB = 90°.
11 A(-1.-2), B(b,1) and C(6.-3) are three points and AB is perpendicular to BC.
(a) State, in terms of b, the gradients of AB and BC.
(b) Hence show that (b + 1)(b — 6) =12,
(c) Now find the two possible values of b.

EQUATION OF A STRAIGHT LINE v Fig. 1.18

‘The point P(x,y) lies on the line through A(-2,3) and B(4,-1)
(Fig. 1.18). Can we find a relationship between x and y?
(Note that we use the coordinates (x,y) as P is any point on
the line).

Since the three points are collinear, the gradient of AP =
gradient of AB.

Then 23 =
i)
ie.3(y-3)y=-2(x+2)or3y+2r=5.

4
0




‘Tis relationship is called the equation of the line through A and B.

If the coordinates (x.y) of a point are substituted in the equation and both sides are
equal, then the point lies on the line. We say the coordinates satisfy the equation.
Conversely, if the point lies on the line, its coordinates must satisfy the equation.

For example, the point (3,-5) lies on the line 2v + 3y = -9 because 2 X 3 + 3 X (-5)
=-9. The coordinates (3,-5) satisfy the equation.

The point (2,3) does not lie on the line because 2 x 2 + 3 x 3 # 9. The coordinates
(23) do not satisfy the equation.

Such an equation is called a linear cquation, as it is the cquation of a straight line. Its
g:neral form is ax + by = ¢ where a, b and ¢ are constants. For example, 2x - 3y = 1,

3x 5 are linear equations. Note that y = 2 (no x term) or 2x + 1 =0 (no y term) are
ko incar equations.

We now look at various forms of  linear equation and how to find them. The position
of a line can be fixed in two ways.

1 Given one point A(x,,y,) on the line and its gradient m.

16 P(x,y) is any point on the line (Fig. 1.19), then its gradient is

¥
gradient m
Plxy)
Y,
x
Ay L0
Fig. 1.19 x-x,
So the equation of the line is
Y=y =m(x-x)  one-point, gradient form



Example 13

(a) What is the equation of the line through (3,~1) with gradient 5 ?
(b) Does the point (2.3) lie on this line?
(c) Find the coordinates of the points where this line cuts the axes.

(@) Using the one-point, gradient form, the equation of the line
isy-(-D=2 @-3)ie 3o+ )=20-3)
which simplifies to 3y = 2x - 9 or 3y - 2x = 9.

Substituting in the equation, 3x 3 ~2x 2 = 5. But 5 % -9 50 the coordinates do not
satisfy the equation and hence the point (2,3) does not lie on the line.

E

(¢) The y-coordinate of any point on the x-axis is 0.
“Substitute y = 0 in the equation of the line.

Then 0 = 2x - 9 giving x = 4}. The line cuts the x-axis at (41,0).

Similarly, to find where the line cuts the y-axis, put x = 0 in the equation. Verify
that this gives the point (0,-3).

1l Given two points A(x,.y,) and B(x,,)
Let P(x,y) be any point on the line (Fig. 1.20).

Fig. 1.20

Then by gradients, 2=

Rewriting this in a more symmetrical form, the equation of the line is

two-point form
(note the order of the terms)




Example 14

Find the equation of the line through (2,~3) and (-1 4).
It does not matter which point is taken as (x,,y,). Take (2,-3).
2

Yoy _
3)

Using the two-point form, the equation is =3

Now remove the fractions 1o get -3(y + 3) = 7(x - 2), which simplifies to 3y + 7x= 5.

Lines Parallel to the x- or y-axis
Equations for these lines are special cases.

Example 15

Find the equation of the line through

() (-3.2) and'(5.2),

(b) (3-1) and (3,5).

(@) If we use the two-point form, we get 3= = £+3
see however that the line is parallel to the x-axis (Fig. 1.21). Every point of the line
will have coordinates of the form (x.2) 50 ts equation will be y = 2.as y is always
=2, whatever the value of x.

which is not defined. We can

35)

5.2)
32) 3 B

(3-1)

Fig. 1.21

(b) Similarly this line is parallel to the y-axis. Every point will have coordinates of the
form (3.y). So the cquation is x = 3. Hence, if k is a constant, then

is the equation of a line parallel to the x-axis

is the equation of a line parallel to the y-axis




Exercise 1.5 (Answers on page 607.)

1 Find, in its simplest form, the equation of the line
(@) through (2,3) with gradient 1 _
(b) through (-1,-1) with gradient §

through (1,3) with gradient -

(d) through (1,0) and (-2.3)

(€) through (0,1) and (-1,3)

() through (3,-2) and (7,-2)

(2) through (-2,4) parallel to the y-axis

(h) through (1,2) and parallel to a line with gradient 2

(i) through (-3,~1) and perpendicular to a line with gradient - §
() through (-1,2) and (-1.7)

(k) through (0,-3) and (0.5)

2 Find the coordinates of the points where each of the lines in Question 1 cut the axes.
3 A line cuts the x-axis at (3,0) and the y-axis at (0,-2). Find the equation of the line.

4 P(0.9) and Q(6,0) are two points. A line i drawn from the origin perpendicular to PQ.
Find the equation of this line.

5 Find the equations of the lines through (~1,-4) which are (a) parallel and (b) perpen-
dicular to another line with gradient - 2.
6 The gradient of a line is 2 and it cuts the y-axis at (0,3). Find its equation and the
coordinates of the point where it cuts the x-axis.
7 Find the equations of the sides of wiangle ABC where A is (-2.3), B is (0.5) and Cis
G-
8 The points A4.4), B(-2,0) and C(6,-2) form a triangle.
(a) Find the equations of the medians of this triangle.
(b) If AD is an altitude of the triangle, find the equation of AD.
9 From the point (2,5), a perpendicular is drawn to the line joining (~1,-4) and (5.2).
Find the equation of this perpendicular.
10 ABCD is a parallelogram where A s (2,-1), B is (6,2) and C is (11.-2).
(a) State the coordinates of the midpoint of AC.
(b) Hence find the coordinates of D.
(¢) Find the equations of the diagonals of the parallelogram.
11 A(-1,2) and C(3,4) are opposite vertices of a rhombus ABCD. Find
(a) the coordinates of the point where the diagonals intersect,
(b) the gradient of AC,
(c) the equation of the diagonal BD.



GRADIENT-INTERCEPT FORM

Suppose the equation of a line is 2x — 3y = 5. Plcn)

How can we find its gradient?

To do this we convert the equation to a
special form — the gradient-intercept form.
Fig. 1.22 shows a line with gradient 11 which
cuts the y-axis at C(0.0). c is called the
yintercept of the line. Let P(x,y) be any point coa
on this line. Then the gradient of the line = i

YC=msoy—c=my.

<

y=mr+c
ie. T 1 gradient-intercept form

Hence, if an equation is written in this form, the gradient is given by the coefficient of x
and the y-intercept by the constant term.

o verify this, supposc the equation of line is y = 2+ - 3 (gradient-intercept form). This
line cuts the y-axis where ), 50 3 (Ihe constant term). The points (2,1) and (5,7)
lic on the line (check this). The gradient is & = 2 which is the coefficient of x.

Example 16
Find the gradients of the lines (a) 2x - 3y =

L (b) 2y +x = 4.
(a) Convert to the gradient-intercept form, y = mx + c:
By=-2+5

Then y= 3r-3 (dividing by -3)
T

gradient y-ntercept
So the gradientis % (and the y-intercept is ~ 3 ).
() 2y+x=—4 ie.2y=—x—dsoy=—p-2
The gradient is .

It is useful to practise this conversion, i.e. making  the subject of the equation.

‘The gradient is then obtained quickly.
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Equations of Parallel and Perpendicular Lines

Example 17

Find the equations of the lines through the point (1,2) which are
(a) parallel, (b) perpendicular, to the line 2x - 3y =

(2) The gradient of the line 2¢~ 3y =41s 2. So the gradient of any parallel line is also
2. Hence its equation will be y = Jx+c.
To find ¢, we substitute the coordinates (1,2) in the equation as (1,2) lies on the
line. Then 2= 2 + ¢ giving ¢ = §.
The equation is y = 3x + §ic. 3y =2v+4.

(b) The gradient of any perpendicular line will be 3 so its equation is y

Substitute (1,2) to find c and verify that the required equation is 2y

Exercise 1.6 (Answers on page 607.)
1 State the gradwms of the following line:

© y-2x=3
(e) 3x+2y=6 ® 5r-2
() x-2y=0 ) 2c+3
) 4x=3y-2 W 5x-2)
myx-y=t ) py+x=2p (0) ax + by
2 Find the equation of the line which is

(a) parallel to x — y = 1 and passes through (2,3)

(b) parallel to 2x + y = 3 and passes through (0,1)

(c) perpendicular to 2x + y = 0 and passes through (~1,-2)

(d) perpendicular to 3x +y = 5 and passes through (-2,~1)

(e) parallel to y = 4 and passes through (0,1)

() perpendicular to x — 3y = 1 and passes through (-3,0)

(2) perpendicular to x = 2 and passes through (-2,3)

3 Find the equations of the lines parallel and perpendicular to
(a) x+y=3 passing through (-1,2)
(b) 2x—y = 4 passing through (0.3)
(c) 4x+ 3y =1 passing through (0,-2)
(d) x -3y =1 passing through (-1,-1)

4 Aline is drawn through the point (~1,2) parallel to the line y + 5 = 2. Find its cquation
and that of the perpendicular line through the same point.

5 The side BC of a triangle ABC lies on the line 2x — 3y = 4. A is the point (2,3). Find
the equation of the altitude through A.
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INTERSECTION OF LINES

At what point do the lines 2x — 3y = -7 and 3x + 8y = 2 intersect? This point lies on both
these lines so its coordinates must satisfy both equations. Hence its coordinates will be
the solution of the simultaneous equations

2-3y=-7
and 3r+8y=2

@
G

‘These can be solved by any of the methods you have leamt previously. We use the
elimination method here.

Multiply (i) by 3: 6x-9y =-21
Multiply (ii) by 2: 6x+16y=4

Subtract: -25y=-25s0y=1
Substitute in (i): &-3=-Tsox=-2

‘The point is (-2,1).

Suppose the lines were 2x — 3y = —7 and 4x — 6y = 3. What happens in the solution?
Explain this.

Example 18

From the point P(~13), a perpendicular PQ is drawn 10 the line joining A(~4,-8) and
B(44). Find

(a) the equations of AB and the perpendicular,

(b) the coordinates of the point where they intersect,

(c) the distance of P from the line AB.

A sketch diagram should always be drawn to help in such questions (Fig. 1.23).

Fig. 1.23
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(@) The equation of AB is 25' = 3% ie.3r-2y=4.
et B

Now check that the equation of PQ is 2x + 3y = 7.
(b) Solving the equations 3x — 2y = 4 and 2x + 3y = 7, we get (2,1) as the coordinates
of Q.
(c) The distance of P from AB is PQ.
PQI=(-1-22+ (- 1) = (-3} +21=1350PQ = VI3

Example 19

ABCD is a rectangle where A is (-3,2), D is (2,5) and B lies on the y-axis. Find
(a) the equation of AD,

(b) the equation of AB,

(c) the coordinates of B,

(d) the coordinates of C.

Fig. 1.24

Fig. 1.24 shows the facts given

(2) Equation of ADis Y52 = £33 je 3x—5y=-19.

(b) AB is perpendicular to AD. The, gradient of AD s 3 so the gradient of AB is - 3.
Knowing the gradient and the point A, verify that the equation of AB s
3y=-5x-

(c) AB meets the y-axis where x = 0. Hence y = -3. The coordinates of B are (0,-3).

(d) Let the diagonals meet at M. M is the midpoint of BD, so M is (1,1).
As M s also the midpoint of AC, thercfore C is (5,0).




Example 20

The line 2x + 3y = 6 meets the y-axis at A and the x-axis at B. C is the point such that
AB = BC. CD is drawn perpendicular to AC 1o meet the line through A parallel to
Sx+y=7atD.
(a) Find the coordinates of A, B and C.
(b) State the equations of CD and AD, and hence find the coordinates of D.
(c) Calculate the area of the triangle ACD.

y

2x+3y+6

Fig. 1.25

)
(a) The line meets the y-axis where x = 0, y = 2,50 A is (0,2).
It meets the x-axis where y =0, x = 3, so B is (3,0).
Since B is the midpoint of AC, then C must be (6, ).

(b) CD is perpendicular to AC. Therefore its gradient is 3 and it passes through C.
Verify that the equation of CD is 3x - 2y = 22.

AD is parallel to 5x + y = 7. Therefore its gradient is -5 and it passes through A.
Verify that the equation of AD is 5x + y = 2.

Solving these two equations gives x = 2 and y = -8. So the coordinates of D are
2-8)

(c) As ACD is a right-angled triangle,
its area = § x ACx DC = § x V52 x V52 = 26 units?.

Exercise 1.7 (Answers on page 607.)
1 The line 4x - 3y = 12 meets the axes at A and B. Find the length of AB.

2 Find the equation of the line through the point of intersection of 2¢ + 3y = 5 and
3x -y =2, and which is parallel to 4y — x = 14.
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3 Through A(2,3) two lines arc drawn with gradients —1 and 2. These lines meet the line.
x-2y=5atB and C. Find
(2) the equations of AB and AC,
(b) the coordinates of B and C.
4 The lines x + 3y = 1 and 2x — 5y = -9 intersect at A. Find the equation of the line
through A and the point (~1,-2).
5 A line through A(5,2) meets the line 3x + 2y = 6 at right angles a1 B. Find the
coordinates of B and calculate the length of AB.
6 (a) Find the equation of the perpendicular bisector of the line joining A(-3,3) and
* B(-5).
(b) If this bisector meets the x-axis at C, find the coordinates of C.
7 The sides of a triangle lic on the lines y = -1, 2x + y = | and 4x - 3y =13, Find the
coordinates of the vertices and show that the triangle is isosceles.
8 The intersections of the lines 5x + 6y =36, x ~ 2y =4 and 7x + 2y = 12 are the vertices
of a triangle.
(a) Find the coordinates of these vertices.
(b) Obtain the equation of the altitude drawn to the longest side.

9 OABC is a parallelogram where O s the origin and B is the point (5,7). C lies on the
line x - 2y = 0 and A lies on the line 2x - y = 0. Calculate the coordinates of A and C.
10 The sides of a triangle lie on the lines y = 1, x + y =6 and 3x~y = 2.
(2) Calculate the coordinates of the vertices of the triangle.
(&) Find the equations of the three altudes.
(c) Show that tata i this point.

11 AQ3,1) and B(0,6) are two points. BC is perpendicular to AB and meets the x-axis at
C. Find

(@) the equation of BC,
(b) the coordinates of C,
() the area of triangle ABC.
12 The diagonals of a rhombus meet at the point (~1,5) and one of them s parallel to the
line 2 - Sy =3.
(a) Find the equations of the diagonals.
(b) If two of the vertices of the rhombus are (~3,10) and (9,9), find the coordinates

of the other two.
13 Ais the point (-16). Lines are dnwn through A with gradients 3 and -2, meeting the
x-axis at B and C to ABand CD is to

AC.

(a) Find the coordinates of B and C.
(b) State the equations of BD and CD.
(c) Find the coordinates of D.

(d) Calculate the ratio BD:CD.
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14 A(1,2) and C(5 4) are two vertices of the rectangle ABCD. AB and CD are parallel to
e line y - x
(a) Find the equations of AB and BC.
(b) Find the coordinates of B and D.
(c) Hence find the area of the rectangle.

15 ABCD s a rectangle where A is (1,3) and D is (5.5). AC lies on the line 3y = dx + 5.
Find
(@) the equation of DC,
(b) the coordinates of C,
() the coordinates of B,
(d) the area of ABCD.

16 The point B(a,b) is the reflection of A(5,-2) in the line Zx 3y=3.
(a) Find the equation of AB and show that 3a + 2b =
(b) State the coordinates of the midpoint of AB in Ienns of a and b and show that

2a-3b=-10.
(c) Hence find the values of a and b.

SUMMARY

® Midpoint of (x,.,) and (3

) is (25
®  Distance between (x,,y,) and (x,,y,) is V(x, = x)? + (v, - )"

® Gradient of line through (x,.y,) and (x,.y,) is 2
® Panallel lines have equal gradients.

® Three points A, B and C are collinear if the gradient of AB equals the gradient of
BC.

@ Ifm, and m, are the gradients of perpendicular lines, m1,m, = 1. If m, and m, (m,
=0, m, # 0) are the gradients of two lines and mm, = 1, then the lines are
perpendicular.

. Equation of line through (x,,y,) with gradient m is y — y, = m(x = x).

© Equation of line through (x,.y,) and (x,y,)

® The form y = mx + ¢ gives the gradient () and the y-intercept (c).
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REVISION EXERCISE 1 (Answers on page 607.)
A
1 Find the equation of the line

(a) through (~2,3) with gradient 1,

(b through the points (-3,2) and (~1,-5),

(¢) through (~1,-1) perpendicular to the line 3x — 2y =

2 A and B are the points (-2,-1) and (4,1) respectively. BC is perpendicular to AB.
(a) Find the equation of BC.
(b) If the gradient of AC is 1, find the equation of AC and the coordinates of C.
(c) Hence find the area of triangle ABC.

3 A(-1,1) and B(3,4) are two vertices of triangle ABC. If the area of the triangle is 15
units?, find the distance of C from AB.

4 The line y = 2x + 3 intersects the y-axis at A. The points B and C on this line are such
that AB = BC. The line through B perpendicular to AC passes through the point
D(-1,6). Find
(a) the cquation of BD,

(b) the coordinates of B,
() the coordinates of C. ©

5 (2) The line % - = I meets the axes at A and B. Find the coordinates of the
‘midpoint of AB and the length of AB.
(b) Acircle is drawn with its centre at the origin. If the point P(4,3) lies on this circle,
find the equation of the tangent to the circle at P.

6 Fig. 1.26 shows a triangle ABC with A(1.1) and B(-1. 4) The gradients of AB, AC
and BC are ~3m, 3m and m respectively.
(a) Find the value of m. C
(b) Find the coordinates of C.
(c) Show that AC = 2AB. ©

B
1.4

Fig. 1.26
7 A(-3,4) and C(4-10) are opposite vertices of the parallelogram ABCD.

‘The gradients of the sides AB and BC are - § and 3 respectively. Find

() the equations of AB and BC,

(b) the coordinates of B and D.
8 Three points have coordinates A(1.-3), B(5,5) and C(5.9). Find the equation of the

rpendicular bisector of (a) AB, (b) BC. Hence find the coordinates of the point
equidistant from A, B and C. ©)



9 (a) Fmd the equznon of the perpendicular bisector of AB, given that A is (27) and
B is (6,
(b) The blsr.cwr meets the y-axis at C. Find the coordinates of C and the area of
triangle ABC.
10 A(0,6), B(1,3) and C(4.6) are three points. D is the foot of the perpendicular from A
to BC. Find
(2) the coordinates of D,
(b) the length of AD.

1n

Fig. 127

In Fig. 1.27, ABCD is a rectangle, and A and B are the points (4.2) and (28)
respectively. Given that the equation of AC is y = x - 2, find

() the equation of BC,

(b) the coordinates of C,

() the coordinates of D,

(d) the area of the rectangle ABCD. ©

12 Two points have coordinates A(1,3) and C(77). Find the equation of the perpendicu-
lar bisector of AC.
B is the point on the y-axis equidistant from A and C and ABCD is athombus. Find
the coordinates of B and D.
Show the area of the thombus is 52 units? and hence calculate the perpendicular
©

distance of A from BC.
cis.1)

parallel to
AC1S) y+ox=2
ABCD s a parallelogram, lettered anticlockwise, such that A and C are the points
(~1,5) and (5,1) respectively. Find the coordinates of the midpoint of AC.

Given that BD is parallel to the line whose equation is y + 5x = 2, find the equation
of BD.

Given that BC is perpendicular to AC, find the equation of BC. Calculate (i) the
coordinates of B, (ii) the coordinates of D, (ii) the area of ABCD. ©
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14 A(-22) and C(4,-1) are opposite vertices of a parallelogram ABCD whose sides are
parallel to the lines x = 0 and 3y = x.
(2) Find the coordinates of B and D.
(b) If P and Q are the feet of the perpendiculars from D ...n a respectively to AC,
find the coordinates of P and Q and show that PQ =

15 Fig. 1.28 shows a quadrilateral ABCD in which A is (2,8) and B is (8,6). The point C
lies on the perpendicular bisector of AB and the point D lies on the y-axis. The
cquation of BC is 3y = 4x - 14 and angle DAB = 90°. Find
() the equation of AD,

(b) the coordinates of D,

(¢) the equation of the perpendicular bisector of AB,

(@) the coordinates of C.

Show that the area of triangle ADC is 10 units* and find the area of the quadrilateral
ABCD. ©

16 The line x+y = 3 meets the y-axis at A and the x-axis at B. AC is perpendicular to AB
and the equation of BC is y = 3z - 9.
() Find the equation of AC and the coordinates of C. AD s parallel to CB where D
lies on the x-axis.
(b) Find the coordinates of D.
(c) Hence find the area of the trapezium ACBD.

17 Fig. 129 shows the quadrilateral OABC. The coordinates of A are (k.2k) where
k>0, and the length of OA is 80 units.
(a) Calculate the value of k.
AB is perpendicular to OA and B lies on the y-axis.
(b) Find the equation of AB and the coordinates of B.
The point C lies on the line through O parallel to y + 3z = 5 and also on the
perpendicular bisector of AB.
() Calculate the coordinates of C.
Calculate the area of the quadrilateral OABC. ©



18 The vertices of a triangle are (-3,5), (4,-2) and (6,2).
(a) Find the equations of the perpendicular bisectors of the si
(6) Show that they meet at the same point and find the coordinates of this point.
(c) Find the radius of the circle passing through the vertices.

19 A and B are the points (2,4) and (4,0) respectively.
(2) Find the equation of the perpendicular bisector of AB.
(b) The bisector meets the line through B parallel to the y-axis at C. Find the
coordinates of C.
(c) Calculate the radius of the circle which passes through A and touches the
x-axis at

20 The sides AB, BC and CA lie on the lines 2y = x - 4, x + y = 5, and y = mx respect-
ively. If the origin O is the midpoint of AC, find the value of m.

B

21 A(hK) lies on the line y + 3x = ~10. B lics on the line x + y = 4. If the origin is the
‘midpoint of AB, find the value of / and of k.

22 A(1,5) lies on the line y = 2x + 3. P lies on the perpendicular to that line through A.
() Show that the coordinates of P can be written as (11 - 24,a).
(b) 1f OP = 34, where O is the origin, find the possible values of a.

23 A line with gradient m passes through the point P(3,2) and meets the y-axis at A. A
line perpendicular to the first also passes through P and meets the x-axis at B.
(a) Express the coordinates of A and B in terms of m.
(b) If AB = V65, find the possible values of m.



24 P and Q are the points of i mxmecunn of the line § + g =1 with the x- and y-axes
respectively. The gradient of QR is 1 and R is e point whose x-coordinate is 21,
where ¢ is positive. Express the y-coordinate of R in terms of ¢ and evaluate ¢ given

that the area of triangle PQR is 21 units?. ©

25 A line through (3,1) has gradient m (> 1 ). Tt meets the x-axis at A and the y-axis at
B. From A and B, perpendiculars to the line are drawn to meet the y-axis at C and the
x-axis at D respectively. Show that the gradient of CD is 7.

26 A(x,y,). B(x,y), Clx,y) and Dix,y,) are Ihe v:nic:s of a parallelogram ABCD.
(@) ‘Show that X +x,=x+xandy, + .
(b) I ABCD is a thombus show that (x, ~ )(xz X0,
(c) If however ABCD is a rectangle show that x,x, + y,y,

Y0, =) =0.
XAV




Simultaneous
Equations

Two lincar equations, say 3x + 4y = - and 2x - 3y = 8, can be solved to find values of
xand y which satisfy both equations simultancously. As we have seen, this solution gives
the coordinates of the point of intersection of the two lines represented by the equations.

In this Chapter we consider two simultancous equations where one of them is not a
linear equation but is an equation of the second degree such as xy = 8 or x* +)? = 10, etc.
These are the equations of curves.

Example 1
Solve the following equations:
x+y=9 (i)
=8 (ii)
Equation (i) represents a straight line but equation (ii) is the equation of a hyperbola,
a curve with two branches (Fig.2.1).

X+y=9

Fig.2.1
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‘The line meets the curve at two different points (A and B) 5o we expect to obtain two
solutions, giving the coordinates of A and B.
e usual method i the variables. Make on

of the linear equation and then substitute this in the other (non-linear) equation. This
will lead to a quadratic equation, which can usually be solved by factorization.
From (i), x=9-y.
‘Then substituting for x in (ii),

©-yy
ie -9y +8=
Hence y=8or L.

or (y-8)(y - 1)=0.

Now find the corresponding values of x from ().
I
8.

So the solutions are x = 1,y = 8 (coordinates of A)
orx=8,y=1 (coordinates of B).

When y = 8,
when y=1,

Example 2
Find the coordinates of the points where the line

1 (i)
meets the curve x(x-y) (ii)

We use the same method but the algebra will be more complicated as neither x nor y
in (i) has a coefficient of 1.
Choosing y as the subject, we obtain from (i)
RS

y= A5
Then substituting for y in (i),

X(X_ ~I;2x) =2 or X(Ju;u.r) -
which simplifies to x(Sx + 1) = 6 or 537+ x 6 = 0.
Sorl

Hence (5x + 6)(x - 1) = 0 giving x = -

From (i), when x = Zisy=-lsoy=5%.,

g,
and when x=1,2+3y=-1soy=-1.

Hence the coordinates of the two points are (-2, % ) and (1,-1).
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Example 3

Solve the equations

x+2 (i)
and @ -dx+y=1l (i)
What is the geometrical meaning of your answer?

From (i), choosing x as the subject for simplicity. x = 7 - 2y.
Then substituting for x in (ii),

ie. 49 - 28y + 4
which reduces to
or(y-2(y-2)=
Then x =3 or 3.

‘We obtain two equal solutions. This means that the line is
a tangent to the curve. It touches the curve, which is a
circle. at the point (3.2) as shown in Fi

Example 4

A straight line through (0.~1) meets the curve x* + y' —4x - 2y + 4 = 0 at the point
(3.1). Find the coordinates of the second point where this line meets the curve.

First we find the equation of the siraight line:

Yl _ a0
T

which gives 2v =3y + 3 or x =

a3
=3
Then substitute for x in the equation of the curve:
(v+d e v =
(o428 3y 440

E
ie. W 4y —6y-6-2y+4=0,

Clearing the fraction.

9% + 18y + 9+ 4y - 24y~ 24 -8y + 16 =0
andso 13y = 14y + 1=0or (13y- [)(y—1)=0.

Hencey = 15 or
‘The corresponding values of x are then
So the second point is (4 . 5

21
Hora.




Example 5

If the line 3x - Sy 8 meets the curve 3 -
the midpoint of
First remove the fractions from the equation of the curve:

=4 at Aand B, find the coordinates of

3y-x=4yy [0]
From the linear equation, x = 4%,
Substituting for x in (i),

- 15 = gy(252)
Clearing the fraction, we have 9y — 8 — Sy = 4y(8 + 5y) = 32y + 20y°
or 20y + 28y +8=
ie. 5y’+ Ty+2= 0m’(5y+2)(y+l) 0
Hencey=-2 or-1.
Thenx=2or L.
‘The coordinates of A and B are (2,~ %) and (1,-1) and the coordinates of the midpoint
are therefore (11, - 35).

Example 6

If the sum of two numbers is 4 and the sum of their squares minus three times their
product is 76, find the numbers.

Suppose the numbers are x and y.

The sum of the numbers is x + .

Then x+y=4 [0}
‘The (sum of the squares) — (3  the product) is x* + 2 - 3xy.
Then  X+y-3y=76 (i)

We solve these equ:

From (i), x=4-y

Substituting in(ii):
(4-y)+)*=3y(4—-y) =76 which is then expanded.

16-8y +3+y ~ 12y + 32 =T6

or Sy-20y- 60=0

Hence y? - 4y - 12 = 0 which gives (7~ 6)(y + 2) =0 and y = 6 or 2.

Then from (i), the corresponding values of x are -2, and 6.

Therefore the two numbers are 6 and -2.

Arithmetically, there is only one solution. Geometrically, the line x + y = 4 meets the

curve given by equation (i) in two points (6,-2) and (-2,6).




Exercise 2.1 (Answers on page 608.)
1 Solve the following pairs of simultaneous equations:

@ x+y=5xy=x+3 () x-y=2,x5+2)=9
24y =10 @ x-2y=2,2+xy=20
(e) 2 +3y=5)y-0=5 ) x-29=7,2+y=10
(8) dr-y=T,2+xy-y=1 () x+3y=1,2-xy+y =2
@ 3X+4y=2.3f43;‘=31 6] 3I¢1y—136,3x"‘+y’ 31

®5-3=Li+i=3 o §-
(m)3x-2y=11,(x-1)+3)=4

2 The line y = x + 2 meets the curve y* = 4(2x + 1) at A and B. Find the coordinates of
the midpoint of AB.

3 Show that the line x + y = 6 is a tangent 1o the curve x* + )* = 18 and find the
coordinates of the point of contact.

4 A line through (2,1) meets the curve x* — 2x — y = 3 at A(-2,5) and at B. Find the
coordinates of B.

5 What is the relationship of the line 3x - 2y = 4 to the curve y = x - 2

6 The perimeter of a rectangle is 22 cm and its area is 28 cm’. Find its length and
breadih.

7 The line through (1,6) perpendicular to the line x +y = 5 meets the curve y = 2x + %
again at P. Find the coordinates of P.

8 A(3,1) lies on the curve (x — 1)(y + 1) = 4. A line through A perpendicular to
x + 2y =7 meets the curve again at B. Find the coordinates of B.

9 The difference between two numbers is 2 and the difference of their squares is 28.
Find the numbers.

10 Fencing is used to make 3 sides of a rectangle: two picces each of length a m and one
piece of length b m. The total length of fencing used is 30 m and the area enclosed is
100 m. What are the values of a and b?

11 The line x - y = 7 meets the curve x* + y* ~ x = 21 at A and B. Find the coordinates
of the midpoint of AB.

12 The line through (-3,8) parallel to y = 2x - 3 meets the curve (x+ 3y-2)=8atA
and B. Find the coordinates of the midpoint of AB.
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SUMMARY

® To solve simultaneous equations, one linear, the other of the second degree:
(a) make one of the variables the subject of the lincar equation,
(b) substitute in the second degree cquation,
() simplify and then solve the quadratic equation obtained,
(d) find the corresponding values of the second variable.

If two equal solutions are obtained, the line is a tangent to the curve given by
the second degree equation.

REVISION EXERCISE 2 (Answers on page 608.)
A

1 Solve the simultaneous equations 4x - 3y = 11 and 16 = 3y? =

1.

2 The line y - 2x - 8 = 0 meets the curve y* + 8x = 0 at A and B. Find the coordinates
of the midpoint of AB. ©

3 A straight line through the point (0,-3) intersects the curve ® +y? - 27x + 41 = 0 at
(2,3). Calculate the coordinates of the point at which the line again meets the curve.

©

4 Calculate the coordinates of the points of intersection of the straight line 2x + 3y = 10
and the curve 2 + 3 =5. ©

©
6 The perimeter of the shape shown in Fig.2.3 is 90 cm and the area enclosed is
300 cm. All comers are right-angled. Find the values of x and y.

5 Solve the simultaneous equations 2x + 3y = 6 and (2x + 1)? + 6(y — 2)* = 49.

y

Fig23

7 The point A(0,p) lies on the curve y = (x — 2)%. A line through A perpendicular to
y=x+ 3 meets the curve again at B. Find
() the value of p,
(b) the coordinates of B.



8 Two quantities u and v are connected by the equation u + 2v
is given by P = u(v - 3). Find the values of u and v when P

9 The hypotenuse of a right-angled triangle is (2y ~ 1) cm long. The other two sides are
xem and (y + 5) cm in length. If the perimeter of the triangle is 30 cm, find the
possible values of x and y.

10 Solve the simultaneous equations 2x + 4y = 9 and 4x* + 16y? = 20x + 4y — 19. (C)

7. A third quantity P,
-3

B
11 Solve the simultaneous equations 3x — 2y = 11 and x? + xy + 2 = 7.
12 A34) and B(7,8) arc two points. P(a,b) is cquidistant from A and B such that
AP = 26.
(2) Show thata +b=11.
(b) Find the values of a and b.

13 In Fig.2.4, ABE is an isosceles triangle and BCDE is a rectangle. The total length
round ABCDEA is 22 cm and the area enclosed is 30 cm.
(2) State the distance of A from BE in terms of x.
(b) Find the possible values of x and y.

A
5x 5x
B E
y
.24
Fig. c 73 D
14 Solve the simultaneous equations x +y = 6 and 17 = 3 + .

15 The point P(a,b) lies on the line through A(-1,-2) and B(3,0) and PA = V125. Find
the values of a and b.
16 A circle has centre (4,2) and radius \'5 units. P(x,y) is any point on the circumferenice.
(2) Show thatx® +y2 - 8x—dy + 15 =0.
(b) Find the coordinates of the ends of the diameter which, when extended, passes
through the origin.
() Find the coordinates of the ends of the perpendicular diameter.



Functions

RELATIONS AND FUNCTIONS

A relation links the members of two sets together. Relations can be of many kinds, e.g.
“is the father of”", i a divisor of”", “is the same age as”, “is the square of” etc. Fig. 3.1
illustrates the relation “is the father of " linking the set of men {A, B, C, D) and the set
of children {p,q, 1., t,u, v}. An arrow identifies the relation between a father and child.
The diagram shows that A has two children (p and q), B has 1 child (1), C has 3 children
(r, s and u) and D 1 child (v). So 2 arrows leave from A, | from B, 3 from C and 1
from D.

Men Children

Fig. 31 i the fatner of

In our work the relation will usually be some mathematical operation. Fig. 3.2 shows
the relation “y = 1 + x*” where the starting values (the inputs) are chosen values of x.
These are linked to the values of y produced by the relation (the outputs), i.e. the set
{1,2,5,26).

Fig. 3.2 =142

Note that only ONE arrow leaves each inpul, unlike the relation in Fig. 3.1. In Fig. 3.2
each input produces a unique output. This is a special type of relation called a function,
one of the most important concepts in Mathematis. The relation in Fig. 3.1 is NOT a
function.
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In Fig. 3.3, each member of set A s squared to produce the set of outputs B. As each input

Fig. 3.3

has a unique square, Fig. 3.3 illustrates a function f. f is “square the input”. So, if x is the
input, the output is x*.
A function is also called a mapping and we say that x is mapped onto x* by the function
f. We symbolize this as

fixb—y
Read this as f is the function which maps x onto x*".
f foperates on the input x to produce +* so we write f(x) = °. Hence the image of 2 is f(2)
=4. The image of -3 is f(-3) = (-3)* = 9. The image of a is f(a) = a* and 50 on. What
is the image of 57 What is f(6), f(~x) and f(21)? If f(x) = 49, what is the value of x?
Now look at the relation illustrated in Fig. 3.4(a).

— [

Fig. 3.4 (a) b}

I this a function? As you can see, each input has rwo outputs (2 arrows from each input).
So this operation (taking the square root, x = vx) is NOT a function. It does not
produce a unique image as x has 2 square roots ++x and —vx.

However, if we defined ¥ to mean the positive root only, then f{x) = + Vi would be a
function (Fig. 3.4(b)).



Summarizing,
+ afunction fis a process or operation which takes an input x and maps it onto a unique
output f(x), the image of x;

o fx b

+ to define f, we write, for example, f(x)

2 or f(x) = ++x or f(x) = sin x etc.

fand x are the usual letters for the function and the input respectively, but other letters
can be used e.g. F(x), g(x) or A(r), etc.

A function need not be defined algebraically. It may be stated in words, such as the
function 'Y is the father of ', or given in the form of a table such as a table of sines.

Example 1
A function f is given by f : x — X —x + 1. Find
(a)(2), (b) §(-3), (c) the image of -2, (d) f(r), (e) (3 ).
) =x-x+1

@ f@=2-2+1=3

®) () =(3P-(3+1=13

(c) The image of -2 is f(-2) = (-2)' - () + 1 =7.
Aor+l

GR-(f+1= 2xfet

Example 2

The function h is given by h(x) = £*4, x# 1. Find
(a)h(2), (b) (%), () hx + 1)

@ h@) 3

® W= =3

© htx+ )=
Note: A function may not produce an image for certain values of the input. In this
example, x# 1. 1f x=1,h(1)= 14 which is impossible as division by zero is
undefined. Hence 1 has no image under this function.

slel _ ox+2
Ter-T = x oo x#0




Example 3
F(x) = 2 + x~ I If F(x) = 5, find the values of x.
.e. x? + x — 6 = 0 which we can solve for the

F(x) = 5 is the equation x? + x
values of x.

2+x-6=0
(x+3)x-2)=0

Hence x=-30rx=2.

‘These are the two values of x which have an image of 5.
Check by finding F(-3) and F(2).

DOMAIN AND RANGE

‘There are special names for the sets of inputs and outputs. The set of inputs is called the
domain and the set of outputs the range.

Fig. 3.5 shows the domain and range ine to the funcion () = (1 - x)%. The domain is the
set (-1, 0,2, 4} and the range is the set {1, 4, 9).

S
>
Fig. 35

‘The domain can be any set of numbers which have images. It could be just a few
selected numbers or all positive numbers or all real numbers, ctc. If it is not specified it
is taken 10 be all real numbers. However, as we saw in Example 2, some numbers may
have no image and these must be stated. They are excluded from the domain.

Example 4
State the domain for the function f(x) = £

Every real number will have an image under this function except x = 0. So the domain
will be (all real values of x, x # 0}.

‘This is often briefly stated as f(x) = 1, x# 0.
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Example 5

State the domain for f(x) = Vx (positive roor).

Every positive number and 0 will have a square root but negative numbers will not.
‘These must be excluded. So the domain is {all positive numbers and 0} or just x 2 0.

Example 6
What values of x must be excluded from the domain of the function

‘This function will always produce an image except when x* +x -2 = 0 o
(c+2) (r-1)=0ie. whenx=—-20rx= 1.

‘These values must be excluded from the domain.

Hence the domain is all real values of x, x# -2 or 1)

Exercise 3.1 (Answers on page 608.)

1 For each of the following functions, find the images of -3, ~1,0, 1,2, 4:
@ f=x-x-5 ® 200 =(x+ 17
© hw = @ F@=(c+ Dx-2)

2 What value of x must be excluded from the domain of the function in Question 1
pan ()7

3 State the values of x which must be excluded from the domains of the following
functions:

©) g = £=%
@ Fw=3- 2

4 fis the function ‘square x and add 2.
(2) Write f in the form f(x) = ...
(b) Find (1), f(-1), £(0).
(¢) If f(x) = 27, find the values of x.
5 Fis the function ‘add 2 to x and then square’.
(a) Write Fin the form F(x) = ...
(b) Find F(1), F(-1), F©). -
(©) If F(x) = 25, find the values of x.
(d) IS'this the same function as  in Question 47

6 If f(x) = 3x + 2, what is the value of x which is mapped onto 87

7 A function such as f(x) = 5 is a constant function. State the values of f(0), f(~1) and
(5).
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8 The function E, where E(x) = 2, is an exponential function.
(@) Find the values of E(1), E(2) and E(5).
(b) IfE(x) = 16, state the value of x.

sr=zed
(@) What value of x must be excluded from the domain of this function?
(b) Find the positive value of x for which f(x) =

10 1f () = ££3, find the values of x for which f(x) = 2x to 2 ecimal places.

11 Given that g(x) = - 4x - 6 solve the equation g(x) = x.

12 Given that f(x) = x* - 4x + 1 solve the equations
@ flx)=x-3, () f2x) =13

13 For the linear function f(x) = ax + b, where a and b are constants, f(-2) = 7 and
£(2) = —1. Find the values of a and b.

14 f(x) = a¥* + bx + ¢, where a, b and ¢ are constants. If f(0) = 7, what is the value of ¢?
Given also that (1) = 6 and (~1) = 12, find the value of a and of b.

15 For the function f(x) = px? + gx + r, where p, ¢ and r are constants, f(0) = 4, f(-1) =
8 and f(-2) = 18. Find the values of p, g and r.

16 F(x) = x* - 2x. What values of x have an image of 15?

17 The function h is given by h(r) = 7r — 2. Find the values of 1 whose image is 5.

18 ) = A5
(@) Find f(2) and f(}).
(b) Find x if f(x) = 0.
(c) What values of x must be excluded from the domais

19 The number of diagonals in a polygon with n sides is given by the function D()
on=3)

=3
(a) State the domain of this function.
(b) Find the number of diagonals in polygons with 4, 5 and 10 sides.
(¢) 1f D(n) = 20, find the value of n.
20 The domain for the function f(x) = 2¢ + L is (~2,-1,0, 1,2}.
Find the range.
21 The domain of the function f(x) =
Find the range of the function.

22 If the range for the function g(x) = x* - 2 is {2, -1, 7], find the domain.
23 The range of the function f(x) s {~1, 2, 4). Find the domain.

24 S is the function Six +—— sin x°, 0 < x < 180.
(a) Find (correct to 2 decimal places) S(30), S(50), S(120).
(b) If S(x°) = 1, what is the value of x?
(©) State the range of S.



25 Functions f and g are given as f(x) = x* - x and g(x) = 2x 3.
(2) Find f(0), f(-1), g(0) and g(-1).
(®) 1 f(x) + g(x) = 3, find x.
(© Iff(p) +g(p) =1, find p.
@ D) =g + 1, find z.

26 Given that f(x) = x* - 3x + 6 and that g(x) = x + 6, solve the equations
@ f(x) = 2g(), () f(x) = g(2x), (©) f(2x) = g(x) - 3.

27 16 () = 74, find the value of k (other than k = 1) such that (k) = f(1).

28 Given the function f(x) = x? - 3x - 2, express f(2a) - f(a) in its simplest form in terms
ofa.

29 fux — 23—

Find f(p), f(-2p) .md f(p 1) in their simplest forms.

30 If f(x) = 3x + 1, find f(a), f(b) and f(a + b).

Is f(a + b) = f(a) + f(b)?

31 If f(x) = x* + x - 3, find f(x + h) where h is a constant.
Hence express X281 in s simplest form.

32 If f(~x) = f(x), f is called an even function, but if f(—x) = —f(x), f is called an odd
function. Which of the following functions are even, which are odd and which are
neither?

@ 2x ®) 3 © 2
@ 1-x @© 1 @=z0 ® x-Laz0)

GRAPHICAL REPRESENTATION OF FUNCTIONS

A simple way of illustrating a function graphically is to use two parallel number lines,
one for values of the domain, the other for the range. Fig. 3.6 shows the function
() =x~2,x=-1,0,1,2,3,4. An arrowed line joins x in the domain to f(x) in the range.

o

T T T T T T T T range 1(x)
Fig. 3.6 3 H S0 HoEg

x

46



Example 7
Hlustrate the function §(x) = X2 = x +2 on two number lines for the domain

(-2.-1,0,1,2,3}.
Verify that the range is {2, 4, 8).

2 - 0 1 2 3
L L L h L

T T T

2 4 8

‘This method is only suitable if the domain consists of a few values. If the domain
‘was all real numbers for example, it would be impossible to show all the arrowed lines.
Furthermore, the patter of the arrowed lines gives no idea of the type of function.

3.7 shows the result.

Fig. 3.7

A far better method is to use a Cartesian graph, with which you are already familiar.
Here we use two perpendicular lines, the x-axis and the y-axis (Fig. 3.8). Values of the
domain are placed on the x-axis and the range on the y-axis. Then x and its image £(x) give
the coordinates (x.y) of a point. If sufficient points arc plotted and joined up, we have the
graph of the function. y = f(x) is the Cartesian equation of the curve.

range
¢ =t
)
Fig. 3.8 ol 53 ‘domain
Using this method of representing a function, we find tht the graphs of various
kinds of functi . Hence functi be recognized from
their graphs.
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Common Functions And Their Graphs

Fig. 3.9 shows the graphs of some common functions.
y

O|

(a) Linear function

¥
x
° (© Sine
©) Exponcnial
.59 O function

(a) is a linear function such as y = =3x + 4.

(b) shows two quadratic functions such as y = x* — x + 4 (upper graph) and
y=2-x-x

(c) is an exponential function such as 2°.

(d) is the graph of y = sin x (see Chapter 7).

/N

(b) Two quadratic
functions

Example 8
Which of the graphs in Fig. 3.10 is the graph of a function?
y

\

v
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©

@

(e)

Fig. 3.10

For a function, each value of x in the domain must give just one and only one value of

. If there is more than one value of y for the same value of x in the domain, the graph

does not represent a function.

(a) is not the graph of a function, as there are 2 values of y for each value of x.

(b) is the graph of a function.

(¢) is the graph of a constant function y = 3. The domain s the set of all real numbers
but the range is just 3.

(d) is the graph of a function provided x = 0 is excluded from the domain.

(€) is the graph of a function for the domain {-3,~2,-1,0.1,2). The graph consists only
of the points marked and these must not be joined up. The range is (2,1,0-1).
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GRAPHS OF TRANSFORMED FUNCTIONS

Example 9

Fig. 3.11 shows part of the graph of a function y = f(x). Sketch the corresponding
parts of the functions (a) y, = ~(x), (b) y, = f(~x), (c) y, = 2 + f(x), (d) y, = 3 - f(x),
(e)y,=fx+ 1), (Ny,=f(x-2).

Fig. 3.11

() For each value of x, y, = ~. So the graph of of y, is the reflection of y = f(x) in
the x-axis (Fig. 3.12(a)).
Points where y = f(x) meets the x-axis are unchanged.

<

Fig. 3.12(a)
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(b) When x=a,y=f(a) and y, = f(a).
Now f(~a) is the value of y when x
is the same as the value of y when x
So the graph of y is reflected in the y-axis lu produce the graph of y, (Fig. 3.12(b)).
Points where y = f(x) meets the y-axis will be unchang

Fnr example when x = 2, the value of ,

Fig. 3.12(b)

(¢) Here 2 is added to each value of y.
So the original graph is shifted upwards through 2 units (Fig. 3.12(c)).

Y=2+100

/
/ y=109

Fig. 3.12(c)




@) y,=3-f)=3+(y=3
So the graph of y, is slufled upward\ through 3 units 1o obtain the graph of y,

(Fig. 3.12(d)).

Fig. 3.12(c)

(¢) Suppose.x = 1. Then y, = f(1 + 1) = f(2), which is the value of y when x = 2.
Again when x = 3, y,'= (3 + 1) = f(4), which is the valuc of y when x =
Al the values of y have been shifted 1 unit to the left o obtain y, (Fig. 3.12(¢)).

=10

Fig. 3.12(e)




() You will be able to work out that y, is the original curve shifted 2 units to the
right (Fig. 3.12(0).

y=10

,
7 y,=1x-2)

~

x

Fig. 3.12(1)

It would be useful to summarize such transformations of the graph of  function
¥y = £

+ y=~—f(x) is the reflection in the x-axis.
« = f=x) s the reflection in the y-axis.
« y =a + (x) shifts the graph through a units upwards if a is positive, and
Gownwards it is negative.

« y=f(x + a) shifts the graph through  units 10 the left if  is positive, but to the

right if a is negative.

Exercise 3.2 (Answers on page 609.)
1 Which of the following are graphs of functions?

y ¥

@ © @

I
- x :H
. x
(@ ()
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2 Bach of the diagrams in Fig. 3.14 shows part of the graph of a function f(x). Copy each
diagram and sketch the corresponding parts of
@ y =f=x) i) y,=fx-1)
(iii) , = fGx+ 1) W)y, =1+fx+1)

y

)

Fig. 3.14

3 On another copy of the diagrams | 1 !
in Fig. 3.14, sketch the corresponding.
parts of
@) y=f(x-2)

(i) yo=2-f(x-2)
(i) y, = K1 )

4 Fig. 3.15 shows part of the graph of
= f(x) with three graphs denved
from it. State y,, y, and y, in terms
of f(x).

Fig. 3.15



5 The domain of a function (x) is ~1 to 4 inclusive. What would be the corresponding
domain for the following?
@ y,=1x) (®) y,=fx-2)
©) y,=fx+1)

6 The range of the function y = f(x) is 0 10 5 inclusive. What is the corresponding range
for the following?
@ y,=-fx) ®) y,=1+f(x)
© y,=flx-3)

THE MODULUS OF A FUNCTION

Ify=x, the values of y are negative when x is negative. They can be converted to positive
values by using the modulus read as 'y = mod X', |x| gives the numerical or
absolute value of x. For example |3.5| = 3.5. It does not alter 0 or any positive number:
lol =0, 12 =2etc. |x| is never negarive.

So we define the modulus of x as

—xifx<0
|zl=qc o
xifx20

Similarly the modulus of a function f(x) written |f(x)| is the numerical value of f(x).

Example 10

State the values of |1 - x [for x = -3,2.4.
Whenx=-3, [ 1-x| =|1+3] =4.
Whenx=2, |1-x|=]1-2]=1
Whenx=4, |1-x|=]1-4]|=3.
Example 11

f(x) = x* - x — 6. Find the values of [f(x) | for x=
1 o 2 4

f) [-4 -6 -4 6
lf|| 4 6 4 6




Example 12
What is the least value of x if |2x = 3 | = 2x - 37

126.=3 | will be equal 0 2x - 3 if 2¢ ~ 315 0 or greater than 0. Hence the least value
of x will be when 2x— 3 = 0, i.e. when x = 11,

Example 13
Draw the graph of y = | x - I | for the domain -2 < x < 3 and state the range of y.
~2<x'$3 means that x can take any value between —2 and 3 (inclusive).

We make a table for the integer values of x:

x 2 -1 0 1 2 3
x-1 32 -1 0 1 2
y=lx-1]| 3 2 1 0 ] 2

Plotting the points given by x and y, the graph is seen to consist of the two lines AB
and AC (Fig. 3.16). The range is 0 < y < 3.

Fig. 3.16




However, if we extend BA to D (shown dotted) where D is (-2, ~3) we see that the part
AC is the reflection of AD in the x-axis. So a quicker method of drawing the graph is
to draw y = x — | for the given domain first and then reflect any negative part in the

x-axis.

To draw a graph of the type y = | f(x) |, draw y = f(x) first and
then reflect any negative part in the x-axis.

Example 14
Draw the graph of y = 2 - x [ for the domain -1 < x < 3 and state the range of y.
Draw the line y = 2 - x first (Fig. 3.17). (The negative part is dotted).

Fig. 3.17

Then reflect the negative part in the x-axis.
The graph consists of two lines meeting on the x-axis where x = 2.

The range is 0 < y < 3.

MODULAR INEQUALITIES
Suppose we know that | x | > 3. Suggest some values that x could take to satisfy the
inequality.

From the definition of a modulus, | x | > 3 means that cither x >3 or =x > 3. <x >3
means that x < -3 (dividing by -1 and reversing the inequality sign). So the range of x is
x <=3 orx>3. We can show the range on a number line:




x must lie on the thick lined parts. o means this value is excluded.

Soif | x | >k thenx <k orx>k.
Next suppose | x | < 3. Thenx <3 o —x < 3 i.e. x > -3. Hence x lies between -3 and 3
(not inclusive) and we write -3 <x < 3.

-3 3
‘On a number line we have

Soif | x | <k then & <x <k.

These rules apply also to linear and quadratic functions.

Example 15
Find and show on a number line, the range of values of x if () /x + 1 /> 4,
(b) [1-2x /<5,

(a) From the above, if | x + 1| > 4 then x + 1 < 4 or x + 1 > 4. Hence
x<-Sorx>3.

-5 3 x

®If|1-2c]<Sthen-5<1-2v<5. Takmgc.'nchpan—5<1»2xgwcs
—6<-2xor32xie.x<3;1-2c<5gives2uSdie x

So-25x<3

-2 3 X
In this case the @ means the value is included (due to the < sign)

Exercise 3.3 (Answers on page 610.)
1 State the values of
@ |-6] ® |-31 © leos120°] (@) |3-6]
2 By testing with x =-3, 0, 2 verify that | 1 —x | =[x~ 1].
3 What is the least value of x for which | 2x - 1 | = 2x - 1?
4 For what domain will the graph of y = | 3~ x | be the same as the graph of y =x - 3?
5 Find and show on a number line the range of values of x which satisfy the incqualities:

@ |26-3]>5 ® |

© |2 22 @ [1-3]<3




6 For the domain -3 < x < 4, draw the graphs of

@ y=|x ) y=|x+1]

@ y=|2-1] |3-x|
7 State the range for each of the functions in Question 6.
8 Using the graph you have drawn for part (a) in Question 6, add the graph of y=— | x |.

9 On the same piece of graph paper, draw the graphs of y = | 3x | and y = | x - 3 | for
the domain -2 < x < 3. Hence solve the equation | 3x [ = |x—3 .

10 By drawing two graphs, solve the equation | x—1]=]2x~5].
(Take 0 < x < 7 as domain).

11 The range of the function ~1is 0 <y<3. Find a possible domain. What is
the widest possible domai

12 The domain of the function y = | 2x — 3 | ends where x = 2. If the upper limit of the
range is 7, what is the least value of the domain?

13 Draw the graph of y = | x - 1 | for the domain ~1 < x < 2. Now add the graph of
y=2~|x~-1| for the same domain. State the range of this function.

THE INVERSE OF A FUNCTION

Fig. 3.18 shows the mapping of the domain (-3, 0, 1, 2} by the function
f1x ——= 3x-2. Verify that the range is (~11,-2, 1,4].

”
Fig. 3.18 Domain <———— Range

Is there a function that will map the range back to the domain?
‘The function f in Fig.3.18 mapped x onto y where = 3x - 2. Now we wish to start with

» and retumn to x. If 3x -

So this new function will map y onto 42



Testing this with y =11, we get =152 =3 which is the original value of x. Check the
other values.

Such a function, if it exists, is called the inverse function of f and is written as .
(Read this as ‘inverse £".) It is usual o take x as the starting’ letter so we have
[SETF—

Summarizing,

function fxx ——e 3x— 2 and inverse f:x - <52,
It then follows that the inverse of £-1is f.

Example 16

Find the inverse function to f:x —s *37.

£ maps x onto y where y = 33,

Make x the subject of this equation.

X-TJ =ysox-3=2yandx=2y+3.

Hence {1y 1—» 2y +3.

Changing to the usual letter x, £ : x —— 2x+ 3.

Suppose —4 was a value in the original domain. Then f will map this onto 3. f-' will
now map this value onto 2(-3}) + 3 =4, which is the original valuc. Repeat this check
with other values of x, say 0, I and 5.

Example 17

" + .
Given the function { : x ——w 35 (x 3), where p is a constant,

(a) find the value of p if £(5) = 14,
(b) find £ in a similar form,
(c) ‘state the value of x for which £ is undefined.
_5tp gt
@ (5= FL=11
Then S +p=3and p=-2.

S

From (a), f(x)

3
Hence v= 222,

Therefore F': x

£ is undefined for x = 1. (This means that there is no value of x in the original
domain which had an image of 1. So I does not exist in the range and therefore
cannot be used).




Example 18

Find the inverse of f : x ——» 3 -x.
f maps x onto y where y =3
Sox=3-yand the inverse funcion will be £ 55 +—= 3 —x, which s the same
function as f.

Check this by taking x = 3, -1 and 5.
Such a function f is called self-inverse, i

it is its own inverse.

Functions With No Inverse
Some functions do not have an inverse. Take the function f : x —— x* (Fig. 3.19).

Fig:3.19

Two arrows arrive at | in the range. An inverse would have two paths to return from 1 1o
the domain and so could not be a function. There is no inverse function.

An inverse function can only exist if the original function is a one-to-one function
(Fig. 3.20(a)), ie. there is only one arrow reaching each member of the range. There will
be no inverse if the function is a many-to-one function (Fig. 3.20(b)), i.c. more than one
arrow reaches some members of the domain.

one-o-one many-to-one
@ ®©
’ <]
Fig. 3.20
has inverse no inverse

The inverse function f exists only if f is one-to-one.



Graphical lllustration of an Inverse Function

Verify that the inverse of £ : x ——w 2v=3is £ 1x p—w 133
Now draw the lines
y=2u-3 0]
and y=23t G

on graph paper (Fig. 3.21). Add the line y = x (shown dotted).

Fig. 3.21

How do the two lines (i) and (ii) appear in relation to the line y = x?

Consider the point where x = 4 (point A) on (i). The image of 4 from f is 5, so the
coordinates of A arc (4,5).

Now if we take x = 5, i
on line (ii).

‘The gradient of AA” is —1 s0 AA” is perpendicular to the line y = x and the midpoint
of AA (4}, 4!) lies on the line y = x. Hence A and A" are reflections of each other in the
line y = x.

We can repeat this for any other point. The coordinates will be interchanged by the
inverse function, so the two points are reflections of each other. Hence lines (i) and (ii)
are reflections of each other in the line y = x. You can also test this by folding the graph
paper along the line y = x.

image in £ will be 4. This gives point A’(5,4) which lies

The graphs of y = f(x) and y = £'(x) are reflections of each other in the line y = x.
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Exercise 3.4 (Answers on page 611.)
1 Find the inverses nl the following functions in the same form:
— frx e x+2
gix = dx+d
M frx —=9-x
fix
hix

) Fix—e3 +2(20)

(m) fix e I

(n) hix
2 Which of the functions in Question 1 are self-inverse?

3 Given ' :x —— 2v~3,find f in the same form.
k43

AUy , find f in the same form.

§ f:x —— a — x, where a is a constant, is a sclf-inverse function. Given that
'(4) = 3, find the value of a.

6 Given the function h: x - ~=3 (x #4), find the value of h'(=3).

7 Given the function g : x ——s -3 (v #-2), find g'(-1).

8 Given the function f:x ——e £24(x# 1) and that f(2) = 5.
find (@) the value of d, (b) .
What can be said about ths function?

9 f:x — 2+L where r and 5 are constants and f(4) = 6, f(-1)

(a) the values of r and s,

(b) the value of x for which f is undefined,
(c) f'in the same form,

(d) the value of x for which ' is undefined.

10 Fig. 3.22 shows part of the graph
of a function y = f(x). Copy the
diagram and skeich the graph of .

Fig. 322
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11 On graph paper, draw the graph of £ : x 1+—» 3 —x, Construct the reflection of this
graph in y = x. Explain your result

12 () Find the inverse of f:x ——»
(b) On graph paper.draw the graph of y =
(¢) Construct the reflection of the graph in pan (b) in y = x. Show that this is the

graph of £,

x+3forxz0

13 The function fis defined as £ x —w { i foraz0

Sketch the graphs of f and .
14 Copy Fig. 3.23 and sketch the inverse of the function y = f(x).

Y,
y=10)

Fig. 323

15 (@ 1f fx) =3 -2, solve the equation f(x) = x.
(b) Draw the graph of f(x) fory Sx<2.
(c) Add a sketch of the graph of f'(x) for -1 S x<2.

Composite Functions

Consider the function f: x ——= 2¢ - 3 (Fig. 3.24). 4 is mapped onto 5.

X 0

Fig. 3.24



Let g be another function such that g :
We now use g on f(4) to obtain g(f(4)] =
by g (Fig. 3.25).

L

. So 4 has been mapped onto 6 by f followed

— () ————glf(x)]

Can we find a single function h which combines f and g?

x is mapped onto 2x — 3 by f and this is the starting value for g. So g maps 2x — 3
onto (2x—3) + 1 =2x 2. Hence h: x = 2c~2. If x =4, the final result is 6 as
we have seen. h is called the composite (o combined) function glf(x)] which we write

briefly as h =jﬁ
L first

Fig. 3.25

second-
Note carefully that the first function is written on the right.
Now suppose we do g first, followed by f, i.c. fg.
xEert it 23201
fg
‘The result is different. fg is not the same function as gf. We say the combination of
functions is not commutative, i.e. the order in which they are done is important and
‘cannot (in general) be interchanged. However for some values of x, fg may be equal to gf.

NB: Take care! fg does NOT mean f x g when dealing with functions.

Example 19

Iff:x = 2x-3.find (a) { and (b) 1-f.

@ y=2x-3s0x= 233
Therefore £ :x +——» 5

(b) f'f means that we do f first, f' second,
e T

Sof'fix —w x
ie () =

Verify that ff gives the same result.
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Part (b) above is an example of an important result:

This follows from the definition of the inverse function. f maps x onto the range giving
(). £ operates on f(x) to return to the original element x. So £f(x) = x. Similarly, if we
start from the range, fF(x) = x.

Example 20
ifix —>xandg:x —mx- 1, find in a similar form, (a) fg and (b) gf.
(@ fgis g first, f second.
xrEexo 1 Lo -1y
So the combined function fg s fg : x —— (1 — 1.
(b) gfis f first, g second.
P e S |
The combined function gf is x* ~ 1.
Note that fg # gf.

Example 21

Functions f and g are defined as

fox —w 27 andg:x —w3x-2.
Find (a) fg. (b) gf. (c) (fe)", (d) (gf)".

(e) For what value(s) of x is gf = fg?

@ x B2 L =t = 22y

2 1
Hence fg:x = 327 .x% 5.

®) x e 25 B 3(E) -2
Hence gf:x — 432 xa_1.

(©) (fg) is the inverse of the combined function fg.

Now fg maps x onto y = 3= from ().

Sodxy-y=2
i€ dry=y+2givingx= Lst}
Hence (fg)" : x —= 2, x20.




(d) (g0 is the inverse of gf.
Verify that (g0)1 1 x —» 435, x# 2.

(e) 1f gf=fg, then 453
So2x+2=(3r—1)4-20) =6 + 14x—4 or 62~ 12+ 6 = 0.
Then 2 —2x+1=0or (x— 1)~ 1) =0 giving x = 1.

‘This is the only value of x for which gf = fg.

Example 22
Using the functions f and g in Example 21, find £ and g'. Show that (fg)" = g'f".
Suggest and test a similar result for (gf)".

Ven‘fyrharf":x/——z"andg' £+2

X EE2

I¥

From (¢) in Example 21, (fg)" : ¥ —— *
£ is given by x £ e 222 £,
Hence (f2)" = g'f".

So the inverse of fg is the inverse of f followed by the inverse of g. This suggests that
()" = £'g-". Show that this is correct using (gf)"' from Example 21.

The results of Example 22 are true in general:

Example 23

Given that { : x —— 43 (x#-2), find in a similar form () &, (b) £, (c) & and
deduce an expression for .

(a) f means ff, i.c. f done twice in succession.

I £, T3
) LR R e

(b) f* means f* followed by f

8
So £2(x) = f[f‘(x)]— *2 un.x# -2, <, 77
x 8 16
© o =fPw] = = e rr - bl
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Studying the patiem, the numerator is always x. The denominators are 3x + 4, 7x +8,
15x + 16 50 the next denominator will be 3Lx + 32.

. x 4 8 16 32
Pisx —— 55, %2 -3, -3, 15, ~3

Example 24

Iffix —=ax+b(a>0)and f: x /—w 9x~8,find (a) the values of a and b,
(b) P, () .
(d) Deduce £

(a) We first find f in terms of a and b.
x e ax+b L aar+b)+b=ax+ab+b
But this is 9x - 8.
Hence o = 9 which gives a = 3 (since a > 0) and ba + b= 8 s0 b= 2.

(b) () = fifF00] = 3(9x - 8) -2 =27x - 26

(© () = FIPW] = 90x ~ 8) -8 = 81x - 80

(d) The pattern in these results is:
£:00-8 =3w-(-1)

- (- 1)

- (3~ 1)

so we can deduce that P = 3% — (3%

243x - 242

Example 25

Given f:x ——w2x 5. find a function g such that fg : x ——w 6x~1.
Clearly g must be a linear function as no squares appear in fg.

Take g as x —— ax + b,

Then fg: x —— 2(ax+b) =5 = 2ax +2b - 5.

But this must be identical to 6x —
Then 2a = 6, giving a = 3 and 2b— 5 = -1, giving b = 2.
Hence g:x = 3x+2.
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Example 26

Express in terms of the functions f : x +———sx + 3 and g : x +——> 2,

(@)X +3,(b) 2 + 6x+ 9, (c) x + 6. (d) X + bx + 12, (e) 2~ 6x + 9.

(a) This is fg.

(b) Note that x* + 6x +9 = (x + 3)2 f gives (x + 3). g gives the square. So this is gf.

(¢) Here g is not involved as there is no square. Try ff.

(d) Note that x* + 6x + 12 = (x + 31 + 3. We get (x + 3)" from gf.
If we now use f, we obtain the result. The answer is therefore fgf (first f, then g
and lastly f again).

(€) ¥~ 6x+9 = (x - 3. Now f does not produce (x — 3) but ' :x r—— x—3,
Hence the answer is gf*".

Exercise 3.5 (Answers on page 613.)

1 Using the functions f : x +—— x+2and g : x ——= x -3, find in the same form
(@) fg, (b) gf, (©) ff, (d) gg.
X +——= sinx®and T:x —» 2x are two functions.
Fmd (a) ST(20), (b) TS(20).
3 Taking f:x ——= x+2and g : x —— 3x — 1, find (a) fg, (b) gf, (c) F',
@g'@f' gt
4 Iff:x —=x+1,find (a) £, (b) £ and deduce (c) ', (d) £ (&) "
5 Taking the function fas f:x — <33 x# -2, find (@) £, (b) £, (©) (B)". In
each case, state the values of x which must be excluded from the domain.
61ffrx—=x-2andg:x = x+3, find (2) fg, (b) gf.
For what value of x is fg = gf?

7 Given that g :x +——s x+2and h:x +—— x' -3, find the value of x for which
gh=hg.

8 For the functions f : x ——w x~4and g : x —— 3x - 2, find similarly () £,
b g, © fg”, (@) ()"

9 Functions f and g are defined by x s 2x+ 1 and x —— 1 - 3x respectively.
For what value of x is fg" = f'g?

10 Functions f and g are defined as f:x —» andgix — L (x#0)
respectively. Find similaly (a) fg, (b) £, (6 5 . In ach case, stae the valuesof
x which must be excluded from the domain. (d) For what values of x is g-1f = 1g-1?

11 The functions fand g are defined as f : x ——» 3x+2andg:x —» 1 (x#0).
Find similar expressions for (a) fg, (b) gf, (c) £'g, (d) gf"". In each case, state the
values of x which must be excluded from the domain.

Find the value(s) of x for which (e) fg = gf, () f'g = gf"

69



'
T-x°

12 Given fix —=1- %, x#0,and g:x —»
gf(). Hence state the inverses of f and g.

x#1, find fg(x) and

a1

L z1).

13 £ s the function that maps x onto
(a) Show that f is self-inverse.
(b) Find .

(c) Show that P=1f.

14 f:x —— ax + b (a, b constants) and g : x = 2x + 3 are two functions.
(a) If fg = gf, find a relation between a and b.
(b) Given that (7) = -1, find the values of a and b.

15 If f maps x onto 5 — § and g maps x onto 2x + 1, show that fi and gf are both self-
inverse.

16 fix —e 252 xa)
(@) Find . State the value of x which must be excluded from the domain.
(b) If £(x) = -1, find the value of x.

17 1 f0) = <51, x# -2, find 2 and F'. In each case, state the values of x which must

be excluded from the domain. Solve the equation £(x) = 1.
18 f:x +— 3x + 1. Find a function g 5o that gf : x —— 3x+2.

19 1f f:x ——» 2¢+3, find a function g 5o that fg :x +——w 2c— 1.

20 Express the following in terms of the functions g : x +———x+2andh:x ——3x.
2

@ x —=3x+ () x —=3x+6
(©) x—wmx+4 (@) x —=3x+12
(€) x —=9x M x ——=9x+2
(8 x—>=x-2 () x —=3x-6
21 Given f:x —wx+3 and g :x ——wx - |, state the following in terms of f
and g.
(@) x —=2+2 ®) x —= 2 +60+8
© x—>x+6 (@) x —= 2+ 120435
(€) x —>=—6x+8 0 x+—=x-4

22 Given f:x —— Vx (positive root) and g : x —— x + 2, express the following
in terms of f and g:

@ x —=Vx+2 ®) x —»=Vx+2
€ x r—>x+4 (d)xr—v\‘1+4
© x——=Vx-2 ) x —e2+dx+4
() x—>2-dr+4 (h) x —» x4+ 8x+16

23 If f: x = x—3, what is the function g which makes gf : x +——# x?~6x + 107

Ufx—e2+ 3
form.

,x#1,and g : x —— x + 4. Find the inverse of fg in a similar

25 fis given by f:x -—= X3 (x#3). Find (@) £, (b) F', (©) f*. Deduce .
In each case, state the values of x that must be excluded from the domain.
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SUMMARY

© A function f maps an input x (domain) onto a unique image y (range).
fix ey = f(x)

® y=f(x) is the equation of the graph of the function.
¥ = —f(x) i the reflection of y = f(x) in the x-axis.
¥ = f(=x) i the reflection of y = f(x) in the y-axis.
y = a + f(x) shifts the graph upwards through a units if a > 0, and
downwards if @ < 0.
3 = f(x +a) shifts the graph through a units to the left if a > 0, and to the
right if a < 0.

© Modulus of x: |x | =x for x>0,
=—xforx<0.
® If|x|>kthenx<—korx>k
if | x| <k, then % <x<k
® To draw the graph of y = | f(x) |, first draw the graph of y = f(x) and then
reflect any negative part in the x-axis.
® Iff is one-to-one, the inverse function f exists.
f1(x) = Ff(x) = x
® Iff=f",fis self-inverse.
© The graphs of y = f(x) and y = f-'(x) are reflections of each other in the line y = x.
© Functions may be combined, but the order is important.
gfix e () —Ew glf(x)]
second ) L first
fgix e g0 —e Mlg0)
© 2 means ff, and so on.
o (fo)'=g'f; (g =f'g*

REVISION EXERCISE 3 (Answers on page 614.)

A
1 f:x = 2x - 3. Find the domain of x if -5 < f(x) < 3.
2 fis a function given by f:x ——s 250 (r£3),
(@) Find . :

(b) State the value of x for which ' is undefined.



3 (a) Solve these inequalities and show the results on a number line for each one:

()] dx-3]22 (ii)llf

(b) Given that | ax+b | <5 where a and b are constants and that -4 < x < 1, find the
value of @ and of b.

4 On the same diagram, sketch the graphs of

l.
| x=2| for the domain -2 < x < 4.

5 On graph paper, skeich the graphs of

@ y=|x+1],
®) y=|3-x|.
Hence solve the equation |x+ 1| = |3 -x|.

6 Fig. 3.26 shows pat of the graph ofy = ). Copy the dingram and add he graphs of
(@) y, = f(=x),
®) y,=f(x-1),
(© y,=f1-x).

Fig. 3.26

7 Given the function f : x s 3x— 10, x#0, find the value of f(2) and the values

of x whose image under f is 1.

243 2. Show that gg(x) = x for all values of x except x = 2.

8gix—»
9 For the functions f:x 1+ x*~4and g :x +——» 2¢+ 3, find in a similar form

(@) fg, (b) gf.
() Find the values of x for which fg = gf.

10 The function R maps x onto the remainder when 16 is divided by x. If the domain is
(2.3,5.7}. state the range. Does R~ exist?

11 A function fis defined as f - x ———= 2, x # 1. Prove that

1x = 35T, ¥ # -1, . Obtain a similar expression for f* and hence suggest
a possible expression for f". ©

12 Given that f:x +—— x+ 2 and gf : x +——= x* + 4x + 2, find the function g.
Hence express x ——— x* - 4x + 2 in terms of f and g.
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13 () The function f : x ——= 3x +a is such that ff(6) = 10. Find the value of a and
of £1(4).
(b) Functions f and g are defined by

(i) Find expressions for 7, fg and gf.
(ii) Find the value of x for which fg(x) = gf(x).

(¢) The function  : x —— 2x— 5 i defined for the domain x > 1. State the range
of f and the corresponding range of ff

14 Fig. 3.27 illustrates part of the function f : x F——y, where y = ax + b.
Calculate the value of a and of b.

loumvvroovwoed

blosnvwasnowood

!
&

Fig. 327

Find the end-points of the shortest arrow that can be drawn for this function.

15 (a) Functions f and g are defined by f:x ——3x — 2 and g:x — 124
(x#0). Find an expression for the function () ff, (i) fg, (i) g-'.
(b) The function h:x ——x* + ax + b is such that the equation h(x) = x has
solutions of x = 2 and x = 3. Find the value of a and of b. ©
16 The functions f and g are defined over the positive integers by  : x ——— 6~ 2xand
gix— Z,x20.
Express in similar form () fg, (b) gf, () F' @eg', (© @y
Find the value of x for which ff(x) = gg(x)

17 Express in terms of the functions f : x r——‘l;,xaoandg:x —=x+5

@ x —=x+5,x2-5 ®) x —>x-5
© x —ex+10 @ x —=Vx+10,x20
© x —=2+5 ©



18 Fig. 3.28 shows patof the mapping of x 0 by the function {+.x +—e- 92~a and
part of the mapping of y 1o z by the function g1y —= 2,y # 12.
(2) Find the values of a and b.
(b) Express in similar form the function which maps an element x to an element z.
() Find the element x which is unchanged when mapped to z.

©
x y z
6 6 6
5 5 5
4 4 4
3 3
2 2 2
1 1 1
(] ) [
-1 1 -1
-2 2 2

Fig. 3.28

19 Given that £:x —e X8 (x3) and that f(4) = 9, find
(a) the value of p,
®) £-3).
(c) Obtain a similar expression for £
(d) Find the value(s) of x which have the same image under £ and .
20 The function P maps x onto 7o, x# - &
) Given that P(3)= 2 and P(-3) = &, find the values of a and b.
(b) Find the value of x whose image under P is §.
() Obtain a similar expression for P-.

z

21 (a) Given the functions f:x +——s2x=Sandg:x +— 2 (forx#0), find in
a similar form (i) fg, (ii) gf.
Hence solve the equation fg(x) = g(x).
(b) Functions pand qare definedasp: x —— iz, x#-3,andq:x — .
Find in a similar form () p'q and (ii) pq".
(c) The function h is defined by h: x —s 222 (x#1).

Find the value of ¢ for which the equation h(x) = x has the solution x = 3.

22 The function f is defined as f: x — { 20T ¥20
x+2forx<0
Sketch the graphs of f and .
23 If f(x) =3 + 2, x#0, sketch the graph of f(x) for 1 Sx S 4.
Now add a sketch of the graph of f'(x) for 3}<x< 5.
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24 (a) Given that f 2 x +——= —L- (r#2) find £1(2) and F(x). Hence solve the
equation f(x) + 2f'(x) = 5.
(b) I g:x ——= 4 (x32) find the values of a if gi-1) + 2g™-1) =

B

25 For the domain -3 < x < 3, sketch the graph of y
integer less than or equal to .x (for example, [3.4] =
of this function for this domain.

26 Draw the graph of y = | 1~ | 2 || for the domain -3 S x< 5.

27 Fig. 3.29 illustrates the function y = f(x) over the domains ~1 <x <0 and 0 <x<3.
The function is undefined for all other values of x. Sketch the functions given by
@ y=f+1,
®) yy=foc+ 1),

[x] |, where [x] means the greatest
, [-3.4] = -4 etc). State the range

Fig. 3.29

28 f, g and h are functions defined by f: x —— VX, g:x — 3 and
hox +—— x+ 1. Express in terms of f, g and h:

e 1y
(a) x —» () x — S5

© x — 2Ax+ 1) (@ X e 224 1

29 The functions f and g are defined by
f:x +——s remainder when +? is divided by 7,
g:x ——» remainder when +* is divided by 5.

() Show that f(5) = g(3).
(b) If n is an integer, prove that f(7n + x) = f(x) and state the corresponding result
forg. ©
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30 The function T maps (x,y) onto (x + y, x — 2y).
(2) Ads the point (2,1). T maps A onto B and B onto C. Find the coordinates of B
and C.
(b) The point D is mapped onto E(1,7) by T. Find the coordinates of D.
(c) Another point F is mapped onto G(0,9) by T2 Find the coordinates of F.
(d) Express T in the same form as T.
31 Given that the range of y = f(1 — ) ~ 1 is 2 <y < 3, find the range of (a) f(x),
B fGc+ 1)+ 1.



The Quadratic
Function

You have solved quadratic equations such as x? — 4x — 5 = 0 in previous work. In this
Chapter we study the quadratic function

fixr—ad+bx+c (@#0)
First we review some essential techniques for solving quadratic equations. These will
always give two solutions or roots, though sometimes they may be equal.

SOLVING QUADRATIC EQUATIONS

1 By factorization
‘This is the simplest method if it is possible. For example x* —4x -5 =0 gives
(x=5) (x+ 1) = 0'50.x = 5 or 1. However, certain quadratic equations, like
X! = 4x— 4= 0 for example, cannot be factorized.

It is useful to remember that the equation with roots o and B is

(-ax-p=0.

1l By completing the square
To solve x* — 4x — 4 = 0, we can complete the square i.e. we make the x* - 4x part into
a square.
Rewrite x* - 4x as (x - 2)" - 4. (Check by expanding this.)
Then 2% — 4x — 4 = 0 becomes (x —2)’ =8 =0 or (x-2)* = 8.

Now take the square root of each side: x — 2 =+ V8 and x = 2 + V8 giving x = 4.83 or
—0.83 (correct to 2 decimal places).



1l By formula

We can derive a formula for the roots of any equation as follows.
ar+brtc=0

o X+bx+§=0

Then x+5x=-§

Completing the square: (x + £
So (x+2)

. b
and then x+ 2 = £ —dac

giving
b+ VP -dac _ -5+ VD

% %

x=

where D = b* — 4ac. D is called the discriminant. You will find out why later.

When using the formula note carefully that it begins with —b and that the denominator
is 2a.
Note: The formula is the preferred method but it is essential to know the technique of
completing the square for later use.

Example 1
Solve 22 - 3x I = 0.

Check that the left hand side does not factorize.
Using the formula, @ =2,b=-3,c=-1.

et 2ch _ 317
W 20 =Ta
giving x = 1.78 or -0.28 (2 decimal places).

Example 2
Solve 2x* ~ 3x + 4 = 0.
3+ Vo_a@@ _ 3:V2
s T3
But 23 has no (real) square root. Hence the equation has no real roots. We shall see

the significance of this later. Such an equation is said to have complex roots. We shall
not however use complex numbers in our work.




GRAPH OF THE QUADRATIC FUNCTION
f(x) =ax*+ bx+ ¢

As you will have noticed in drawing such graphs, the graph of a quadratic function,
y=ax +bx +c, has a characteristic shape. It is a curve called a parabola (Fig4.1).

Maximum
Minimum
a<0

Fig4.1

When a> 0, as in 2¢* - 3x - 1, the parabola has a minimum value at the bottom of the

curve.

When a <0, as in 1 —x - 222, the graph has a maximum value at the top of the curve.
The position of the curve relative to the x-axis depends on the type of the roots of the

equation f(x) = 0. These roots are the values of x where the curve meets the x-axis.

TYPES OF ROOTS OF ax* + bx+ c=0

The roots are given by x = 242

where D = b? — 4ac.

1 If D is negative (D <0 i.e. b* < 4ac), then there is no value of VD. The equation has no
real roots and the curve does not meet the x-axis (Fig.4.2).

Fig4.2



Example 3
What type of roots does the equation 5x° = 3x + I = 0 have?
Using the formula, a = 5,b=-3,c= L.

Then D = (=3 - 4(5)(1) =-11.

As D <0, the equation has no real roots.

HLIf D is positive (D > 0 i.e. b > 4ac), then VD has two values. The equation has two
different real roots and the curve meets the x-axis at two points (Fig.4.3).

Fig4.3

Example 4

For what values of p will the equation x* +px +9 = 0 have two real roots?

Using the formula, a = 1,b = p, ¢ = 9.

Then D = p* - 36.

For real roots, D must be > 0.

Sop?-36>0ie. p > 36.

Tt follows that p must be numerically greater than 6, i.e. p > 6 or p <~6. (We could also
write this as | p | > 6).

If D is a perfect square, YD will be an integer. Then the roots will be rational numbers,
i.e. fractions and whole numbers.

Example 5

What type of roots does the equation 2:° +3x - 5 = 0 have?
D =31-42)(-5) =49

As D i positive, the equation has two different real roots.

The roots are 2£7 = Lor- 3.

The equation could have been solved by factorization.
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H1 IfD = 0 (i.e. b* = dac), then x = & This means that the roots are equal (also called
repeated or coincident roots). The curve fouches the x-axis with the two roots merging
into one (Fig.4.4).

Fig.44

Example 6

(a) For what values of k will the x-axis be a tangent to the curve
y=ke + (1 + kx4 K
(b) With these values, find the equations of the curves.

(a) On the x-axis, 0. So the roots of kx* + (1 + k)x + k = 0 must be equal if the
x-axis is to be a tangent. Then b* = 4ac wherea =k, b=1+kand c = k.

Therefore (1 + k)? = 4kk = 4k’
So 1 +2k+ k= 4k or 3k - 2%
Solving this we get (3k + 1)(k — 1) = 0 giving k = 1 or — 5.

=0.

(b) If k= 1, the equation is y = x* + 2¢ + 1.

1fk =~} the equation is y el

Summarizing the conditions for the various types of roots of the equation
av+ by + c=0:

D<0 D=0
b <dac b2 4dac
No real roots [ Real roots ———
Different Equal
if b > dac if b = dac

As we have leant, D is called the discriminant: it discriminates between the types of
roots.



Example 7

The equation px* - 2(p +3)x +p — 1 = 0 has real roots. What is the range of values
of p?

For real roots, b* > 4ac.

Herea=p, b=-2(p+3)andc=p- 1.
Then [-2p + 3 2 4p(p — 1).
Simplifying, 4(* + 6p + 9) 2 4p* — 4p
or 6p+92-p.

Hence 7p2-9 andp2-3.

Example 8
Find the range of values of p for which the line 2x—y=p [0}
meets the curve x(x-y) = 4.

(ii)
“The line may meet the curve at two points or touch the curve. The coordinates of these
points will be the solutions of the simultaneous equations (i) and (ii).
From (i), y = 2x - p.
Substituting in (i), x(x - 2x + p) =4
‘which simplifies 10 x* - px +4 = 0.

The roots of this equation are the x-coordinates of the point(s) where the line meets the
curve. These must be real. So b* > 4ac wherea=1,b=-pandc=4.

‘Then (-p)? 2 4(1)(4) or p 2 16 which gives p 2 4 or p < 4.

Example 9

(a) Find the relation between m and k if the line y = mx +k is a tangent io the curve

®) ifm
contact.

(c) Find the equations of the two tangents to this curve which pass through the point
(3.-5).

4. find the equation of the tangent and the coordinates of is point of
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(2) As in Example 8, we solve the simultaneous equations.
Substituting y = mx + & in the equation of the curve:

(mx + k) =
Then mrix? + 2mkx + K = 8x=0 ie. mix + 2mk 8 + K= 0
Now this equation must have equal roots as the line is a tangent.

‘Then b* = 4ac where a = m?, b = (2mk - 8) and ¢ = k%, 50 (2mk — 8)* = 4m%* or
4m'i2 = 32mk + 64 = 4ni’k which gives mk = 2, the relation required.

(b) If m =} then k = 4. The equation of the tangent is therefore y = § +4.
"To find the coordinates of the point of contact, we solve this equation with that of
the curve.

Then (§ +4)=8x ie. & +4x+16=8¢
or - 16x+64=0.
Hence (x - 8)? = 0 giving x = 8.
‘The corresponding value of y is § +4 = 8.
Hence the coordinates of the point of contact are (8,8).
(€) As mk =2, the equation of any tangent is y = mx + 2.,
If (-3,-5) lies on the tangent, then =5 = ~3m + 2
which simplifies to 3m* ~ 5m ~ 2= 0.
Solving this, (3m + 1)(m —2) = 0 giving m =2 or — 3.
Hence the equations are y = 2x + land y = - § -6 i.c.x+3y=-I8.

Exercise 4.1 (Answers on page 616.)

1 Without solving these equations, state the type of roots they have i.e., real, real and
equal or not real:

(@) ¥~ 10x+25=0 (b) ¥-6x+10=0
© F=dr+7 @ 2¢-x+2=0

() 3¢+ () 4¢-20r+25=0
® 1+ @ =21
@) 2¢ =px+p? () a’-x=a(@>0)

2 Find the values of k if the equation x* + (k — 2)x + 10 - k = 0 has equal roots.

3 What is the largest value m can have if the roots of 3x* — 4x + m = 0 are real?

4 For what values of p does the equation x* — 2px + (p + 2) = 0 have equal roots?
S The equation x* - 2r + 1 = p(x - 3) has equal roots. Find the possible values of p.
6 Show that the equation @ + ax + 1 = 0 can never have real roots.

7 Find the values of k if the line x + y = k is a tangent t0 the circle x* +y* = 8.
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8 The equation kx® + 2(k + a)x + k = a has equal roots. Express k in terms of a. Show
that the line y = k(x-3) is 2 tangent t0 the curve y = k(<—3x + 1) for any value of k
except 0.

9 (a) Find the range of values of m for which the line y = mx + 5 meets the curve

+9 in two distinct points.

() T his e i 10 be tangent, find the two possible equations of the tangent and
the coordinates of the points of contact.

10 The line y = mx + 1 is a tangent to the curve y* = 2x - 3. Find the values of m.

11 The line y = 2x + p is a tangent to the curve x(x + ) + 12 = 0. Find the possible values
of p.

12 (a) Find the relation between m and c if the line y = mx + ¢ is a tangent to the curve
y¥=2x
(b) Hence find the cquations of the o tangents o his curve which pass through the
point (2,21).

13 What is the range of values of ¢ if the line y = 2x + c is to meet the curve x* + 2y* =
8 in two distinct points?

14 The equation (p + 3)x* + 2px + p = | has real roots. Find the range of values of p.

15 If the equation x* — (p - 2)x + 1 = p(x - 2) is satisfied by only one value of x, what
are the possible values of p?

16 1f the equation * — 2kx + 3k + 4 = 0 has equal roots, find the possible values of k and
solve the two equations.

17 Find the values of k for which the line x + y =
Xx-p)+2=0.

is a tangent to the curve

MAXIMUM AND MINIMUM VALUES OF A
QUADRATIC FUNCTION
‘The maximum or minimum values of the function f(x) = ax’ + bx + c are the values of

f(x) at the top or bottom of the curve. These are also called the turning points of the
curve.

By completing the square, we find that ax’ + bx + ¢ = a(‘ + ’—) — P, where
50, Now th least o minimum value ofthis expression will be when the squ;\ud ferm
is 0 (it cannot be negative) as the other terms are fixed. This occurs when
inimum value of f(x) = ax* + bx + ¢ (a > 0), i.e. at the bottom of the curve,

If a < 0, the turning point will be a maximum (the top of the curve) where x = — ’; .

This can be proved in a similar way and is illustrated in Example 11.



Example 10
What is the minimum value of 3x° - 4x + 1 and for what value of x does it occur?
) =3¢ ~dx+1,a=3 b=
As a >0, the minimum value of f(x) occurs when x = -
‘The minimum value = f(2) = 3x § - $ +1=-1.
‘This s illustrated in Fig.4.5. The line x = 2 through the tuming point is called the axis
of the curve and the curve is symmetrical about this line.

y

Axis

YO —dx+1

Py

Fig. 45 -

Example 11

Express 5 —x - 2¢° in the form a — b(x + cF and hence or otherwise find its maximum
value and the value of x where this occurs.

=5-2(2+3)

=5- 2[<x +1y- R] by completing the square

= 1V,
_572(X+;)+§‘ i b
Now the least value of (x + 1) is 0 when x =

i
L

5

—2(x+

3 50 the maximum value of the

expression is 5‘ when x =

Altematively as the question a allows us to use another method (otherwise) we can use

the rule stated above. Here a =2, b=—1. Verify thatthe same result s obtained. This

is illustrated in Fig. 4.6. The equation of the axis of summetry is x =
¥

y=5-x-2¢

1o *
Fig. 4.6 N
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SUMMARY

"To find the maximum/minimum value of f(x) = ax® + bx + ¢, rewrite f(x) as
a(x® + 5 + £) and complete the square on x* + 2.
1) is then converted 1o a(x + ) = 5 + 5.

“The turning point of f(x) is a ™™™ <0 and occurs where x = -L
The ™ value is f(—
min

SKETCHING THE GRAPH OF A
QUADRATIC FUNCTION

To draw the graph, we need a table of values. For a sketch, we need only know:

(1) the shape of the curve;

(2) where it cuts the y-axis. This is given by f(0);

(3) the positions of the roots (if any). If f(x) factorizes, the roots are easily found; other-
wise, approximate values will be sufficient;

(4) the position of the turning point. Remember that the curve is symmetrical about the
axis through this position.

Example 12 00 Fga7
Sketch the graph of f(x) = 2x* - 3x 4.
(1) Asa> 0, the shapeis \_J.
@) f0)=-4.

This is the point A (Fig.4.7).

) = 2¥-3x-4

0 (3-55)
() f(x) does not factorize.

The roots of f(x) = 0 are given by x = “4—”‘ =326 _23and 038
(points B and C respectively).

@ W=20-%-2
=2[(e-3) -% -2
)
=23 -4

So the minimum is at point D( 3.

The curve can now be sketched through these points.
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Example 13 e

Sketch the curve -2 +2x -2

(1) @<0so the shape is ().
(2) Whenx=0,y=-2
(point A in Fig. 4.8).
(3) b <4ac so the curve
does not meet the x-axis.
@) f) =~ -2+2)
-1 -1+2)
=—(xr-1p-1
So the maximum is at (1,-1) (point B).

Example 14
Sketch the graph of f(x) = [ ~x~2 |.

To sketch this graph, we use the same method as before.
First sketch f(x) = x* —x - 2 and then reflect the negative part in the x-axis.

— 2= (x=2)(x + 1) 50 the graph meets the x-axis at -1 and 2 (Fig 49).
Tt meets the y-axis at -2 and the minimunm is at (§,-2}) .

When reflected, these values become 2 and  §, 2} ) respectively.

10)

1% = V- x-2|

Fig. 49




RANGE OF A QUADRATIC FUNCTION

Example 15
Find the range of f(x) = x* = 2x - 3 for the domain -2 < x < 5.
Atthe end points, f(-2) = (-2)' = 2(-2) -3 = S and f(5) = 5* = 2(5) - 3= 12.
‘We might be tempted to say that the range is 5 to 12, but does the curve rise continu-
ously from 5 to 12? It may go down 10 the minimum and then rise.
Verify that the minimum is 4 at x = 1 and sketch the curve (Fig.4.10).
‘The minimurm lies within the domain.
So the actual range is —4 < f(x) < 12.
Hence for such questions it would be wise to make a sketch.
), ——— 12

s range 00 = - 2x-3

Fig. 4.10

Example 16

Sketch the graph of 3 - 5x - 2x¢ and state the range of the function
fix A 3= 5x= 20 for real x.

As a < 0, the curve has a maximum where

The maximum value is 3 + 2 - 30 = ¥ =61,
Fig. 4.1 shows the sketch. As x can take any
real value, the function takes values <61 so the

range is 'f(x)sé%.

Fig. 4.11




Example 17
Find the range of the function f(x) = | x(x - 2) | for the domain § < x <2

First sketch the graph (Fig4.12).
The minimum of x(x - 2) is ~1 at x = 1 which becomes a value of | when reflected.

1 = |xx-2)|
1
3 K
4 /\ range.
T
[N 3 22
\ 2
N~
Fig.4.12 ‘domain

Atthe end points. (1)

Atx =2 however, f(2) = 0.
Hence the range is 0 < f(x) < 14,

= Jand f2}

Exercise 4.2 (Answers on page 616.)

1 Find the maximum or minimum values of the following functions and the values of
x where this occurs:

@ @ -6x-1 () #+2x-3
© 1-4x-22 @ 3-x-2¢
(e) 2¢-x-4 0 £+3

(2) 42 -3x-1 (h) 5-2x-4x*
@) (1-x)x+2) ) x+2bx+c

2 Sketch the graphs of the functions in Question | (except part ().

3 The graph of a quadratic function meets the x-axis where x = 3 and x = k. If the turning
point of the function occurs where x = 3. find the value of &.

4 Sketch the graph of f(x) = | x* — 4x + 3 | and find the range for the domain 0 S x < 2.
5 Sketch the graph of f(x) = | x(2 - x) |. State the range if the domain is -2 < x < 3.
6 Sketch the graph of the function f(x) = | x* +x ~ 2 | and find its range for 0 < x <2,

7 Find the range of the function y = | 3 + 2x —x* | for the domain 0 < x < 2.



8 (a) A function V is given by V(r) = 21 — 8¢ + 30. Find the minimum value of V and
the value of r where this occurs.

(b) What is the range of this function for 0 < 1 < 37

9 Find the range of the function f : x —— 2 - 6x - 1 for real values of x.

10 Find the range of the functions (a) | ~ 3x — * and (b) 26 — x ~ 3 for the domain
-1Sx<2.

11 Find the range of (a) 2 - x ~ 3 and of (b) 1 ~ 2 —  for the domain -2 Sx< 2.

12 Convert y = 4 [(x + 47 + (x = 2)'] to the form y = (x + p)* + q and hence find the
‘minimum value of y and the value of x where this occurs.

13 (a) Express 7 - x - 3x* in the form a - b(x + c)*, showing the values of a, b and c.
Hence state the range of the function f : x ——= 7 — x - 32 for all real values

of x.
(b) If the minimum value of x* + 4x + k is -7 find the value of k.

14 The height (h m) of a ball above the ground s given by the function h(r) = 15¢ - 5
where 1 is the time in seconds since the ball left ground-level. Find the range of the
height for 1 1< 3.

15 A spot of light is made to travel across a computer screen in a straight line so that, at
 seconds after starting, its distance from the left hand edge (d cm) is given by the
function d(r) = 7¢ — £+ 2. Find the furthest distance the spot travels and how long it
takes to travel this distance .

16 The function f(x) = I + bx + ax* has a maximum value of 4 where x
value of a and of b.

~1. Find the

17 The function f(x) = ax® + bx + ¢ has a minimum value of -5} where x = } and
(0) = -5. Find the value of a, of b and of c.

18 A rectangular enclosure is made against a straight wall Fg. 4.13
using three lengths of fencing, two of length x m (Fig4.13).
The total length of fencing available is 50 m.
(a) Show that the area enclosed is given by S0x - 2¢.
(b) Hence find the maximum possible area which can be
enclosed and the value of x for this area.

QUADRATIC INEQUALITIES
For D>0 and a> 0, the equation f(x) = @ + bx + c = 0 will have unequal roots. Call these:
o and B (where o < B). Then we see from the graph of such a function (Fig.4.14) that

for x<a, f(x)>0

for a<x<B, <0

for x>, ()0



Fig. 4.14

For D > 0 and a < 0, the signs of f(x) will be reversed (Fig. 4.15),

for x<a, flx) <0
for a<x<B, f(x)>0
for x>P, fx) <0

D>0

Fig4.15

Keep the graphical illustrations in mind when dealing with such inequalities.
If, however, D < 0 (Fig4.16) then

£(x) s always positive if a >0

D<0  f(2) is always negative if a <0

(a) D<0,a>0

Fig. 4.16

() D<0,a<0
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Example 18
Show that 3. — 2x +4 is always greater than 1.

This means we have to show that 3 — 2¢ + 3 is always greater than 0.
Now for this function, D = 5° - dac = 4 - 36 < 0. Therefore the function is always
positive. (Similar to Fig.4.16 (a)).

Example 19

For what domain of values of x is 3x* = 2x < 17

‘This is equivalent to 3¢ — 2¢ — 1 SO i.e. Gx + D(x - 1) 0.
The roots of the function are o=~} and f = 1.

Then 3x2 - 2x — 1 is 0 or negative if - & < x < 1 (Fig4.17).

Fig. 4.17

Alternative method
‘This method uses the signs of the two factors (3x + 1) and (x — 1) to find the sign of
the product (3x + D) 1.

ol




On the first number line, 3x + 1 will be negative for v <~} 0 at x=
thereafter.

On the second number line, (x — 1) wilt be negative if x < 1,0 at x = 1 and positive
thereafter.

The signs of the product are shown on the third number line. Hence we see that
(Bx+ 1) (x- 1) S0 for—§ Sx 1 as before.

1 and positive

Example 20

For what range of values of p will the equation x* ~ (p +2)x + p* +3p = 3 have real
roois?

The equation is x* = (p + 2x + p* +3p -3 =0.

For real roots, b* 2 4ac where a = 1,b=—~p +2) and c = p* + 3p - 3.
Then [p + DI 2 4(p* + 3p 3)

ie.pedp+d24pi+12p-12

which simplifies to 3p? + 8p ~ 16 <0

ie. Gp-4Hp+4<0.

Hence, as in Fig4.14, 4 <p< .

Example 21
Find the domain of x for which | - 3x -7 [< 3.

Exlendmg the result for | x | < k found in Chapter 3, if | x* = 3x = 7 | < 3, then
32— 3.
Take these separately:
(1) 3s2-3x-7

gives X - 3x-420

ie. (x-4)x+1)20

‘This is true if x < -1 or x 2 4,
@ #-3x-753

gives - 3x - 10<0

ie. (r-5)x+2)<0

This is true if -2 S x < 5.
These inequalities are shown on number lines.

-1 4




Now x must satisfy both sets of conditions. Hence x must lie in the shaded regions i.c.
between -2 and -1 (inclusive) and between 4 and 5 (inclusive). Hence -2 < x < -1 and
4<x<s.

‘This solution is shown on the graph of y = | * - 3x — 7 | (Fig.4.18).

y=1E=3x=7

Fig. 4.18

Exercise 4.3 (Answers on page 617.)
1 Find the domain of x if

@ x-x22 () 2+x<6

(©) P+5:>6 @ 272x+1

(€) x(6x-5)<-1 (H @24x

(8) 3PSx+2 (h) (v +3)x+1)>24

@ 3<4-llx G 20+7x24

2 1 8 + 4x + k is never negative, find the least possible value of &.

3 Find the range of values of ¢ if the equation 31— 3tx + (¥ ~ - 3) = 0 has real roots.
4 If the roots of p(x? +2) = 1 - 2v are real, find the range of values of p.

5 If the equation px(x — 1) +p + 3 = 0 has real roots, find the range of values of p.

6 Find the domain of x if

@ |FP+x-7|<5 ®) [x*-5x-10|24
© |4+x-2|s2

7 Find the range of values of p if the roots of the equation p’® ~ (p + 2)x + 1 = 0 are.
real.

8 Show that the equation (1 + 32 + (2¢ + 5)x + (1 + 2) = 0 has real roots for all values
of 1.

9 Show that the equation px® + (2 + 1)x + (p + 1) = 0 has real roots for all values
of p.

10 A rectangle has sides of length (2x + 3) cm and (x + 1) cm. What is the domain of x
if the area of the rectangle lies between 10 cm® and 36 cm? inclusive?
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11 If the equation +* + 3 = f(x + 1) does not have real roots, find the range of values
of 1.

12 For what domain of x is |2¢ —

x - 3| <37 Nlustrate your result on a sketch of
y=l2e-x-3[.

13 1 | (x + 3)(x — 2) | < 6. find the domain of v and show your result on a sketch graph.
14 State the domain of x for which 3y - 2 and x + 3 are

(a) both positive,

(b) both negative.

Hence find the domain of x for which 33* + 74 < 6.

15 ‘The equation px’ + px + 2p = 3 has real roots. Find the range of values of p.

16 The function * + 3x + K is never negative. Find the least whole number value of k.
If & = 4, find the minimum valuc of the furction.

SUMMARY

4ac, the roots are real and different
ac, the roots are real and equal
4ac, the equation has no real roots.

® Ifa> 0, the function ax* + bx + ¢ has a minimum value;
if @ <0, it has a maximum value.

© To find the maximum/minimum, write as a(x* + % + £) and complete the square

on x4+ &
© If the roots of f(x) = ax* + by + ¢ = 0 are & and B (where & < ), then
1) >0 forx < o
f)<Ofora<x<B ¢ when b’ > dac and a > 0 (Fig4.19)
1(x) > 0 for x > B

) <0 forx<a
f0)>0fora<x<B  when b > 4ac and a <0 (Fig4.20)
1(x) <0 forx > B

D>0
a<o

g 420 *<e/ | a<x<B| \xop
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If b* < 4ac and a > 0, f(x) is always > 0.
If b < 4ac and a < 0, f(x) is always < 0.

) D<0,a>0

Fig.4.21

() D<0,a<0

REVISION EXERCISE 4 (Answers on page 617.)
A
1 Without solving the following equations, state the nature of their roots:
(@) 3@-x=1 ®) (x+Dx-2)=5
© (-9=:5 @ §+3
(© Qu+5)2c+3)=26x+7)
2 Find the range of values of x for which 3x* < 10x - 3.

3 Show that the equation (7 - 3)x* + (21— 1)x+ (¢ +2) = 0 has rational roots for all values
of 1.

4 Show that the equation (p + 1)x* + (2p + 3)x + (p + 2) = 0 has real roots for all values
of p. ©
5 The quadratic equation  + px + ¢ = 0 has roots -2 and 6. Find (i) the value of p and
of g, (ii) the range of values of r for which the equation * + px + q = r has no real
roots. ©

6 Express 8 + 2x — % in the form @ — (x + b)’. Hence or otherwise find the range of
8+ 2x—xfor-1 Sx<5.

7 (a) Find the range of values of x for which 6 — 11x2 7.
(b) Find the coordinates of the tumning point of the curve y = (2x — 3) + 6 and sketch

the curve. (

8 Find the range of the function 2+’ - 7x + 3 for the domain 0 < x < 4.

9 State the range of values of k for which 2k — | and & + 2 are (i) both positive, (ii) both
negative. Hence, or otherwise, find the range of values of k for which 2’ + 3k < 2.
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10 (2) Find the value of p for which the line y = 6 is a tangent to the curve
=2+ (1-phx+2p.
(b) Find the range of values of g for which the line x + 2y = g meets the curve
x(x+y)+8=0. ©
11 Find the domain of x for which | 24 - 4x -3 | > 3.

12 (a) The quadratic equation kx? + 2(k + a)x + (k + b) = 0 has equal roots. Express k
in terms of a and b.

(b) The quadratic equation (p + 1)x* + 2px + (p + 2) = 0 has real roots. Find the range

of values of p. ©

13 The function 2ax® - 4x - @ has a maximum value of 3. Find the values of a.

14 Sketch the graph of the function | x* —x - 6 | and find its range for 0 < x < 3.

15 The curve y.=axt + bx + ¢ has a maximum point at (2,18) and passes through the point
(0,10). Evaluate a, b and c. ©

16 The two shortest sides of a right-angled triangle have lengths (x + 1) cm and
(x+2) cm. If the area A cm? of the triangle is such that 15 < A < 28, find the range
of values of x.

17 The equation of a curve is y = 4x* ~ 8x - 5. Find
(i) the range of values of x for which y 2 0,
(i) the coordinates of the turning point of the curve.
State the coordinates of the maximum point of the curve y = | 4x?~ 8x 5 | and sketch
the curve y = | 4x* — 8x -5 |. C)
18 A square has side x cm and a rectangle has sides x cm and 2(x + 1) cm.
For what range of values of x is the total area not less than 1 cm? and not more than
5em??

19 (a) Find the value of p for which the equation (1 - 2p)x* + 8px ~ (2 +8p) = 0 has two

equal roots.
(b) Show that the line x + y = ¢ will interscct the curve x* - 2x + 2y = 3 in two

distinct points if ¢ < 2q + 5. ©
20 (a) The function  : x —— ' + px + g is negative only between the values x = 2
and x = 5.

(i) Find the value of p and of q.
(i) If f(x) = -2, find the value of x.

(b) The function ax’ + b + c is positive only when -3 < x <2 and meets the y-axis
where y = 6. Find the value of a, of b and of c.

21 Find the domain of x if V5x — 2 — 2x? is real.
22 f(x) = 0.3 - 0.2x. I 0.1 < f(x) < 0.5, find the domain of x.

B
23 Find the domain of x if 2 < V(2 + x + 3) < 3,



24 1f the equation x* + 3 = k(x + 1) has real roots, find the range of values of k. Hence
find the two values of x for which the function £ has (i) a maximum, (i) a
minimum value.

25 ‘The function f(x) = ax + bx + ¢ has a minimum value of 5 when x = 1 and f(2) = 7.
Find the values of a, b and c.

26 The roots of the quadratic equation 1% + 2x + 3 = p(x? - 2x - 3) are real. Show that p
cannot have a value between —1 and 3.

27 The function ¥* + px + g is negative for 2 <x < 4. Find
(a) the values of p and g,
(b) the domain of x if 15 <<% + px + ¢ < 48.

28 (a) Solve the equation * + 2x + 2 = 2a* + 5 10 oblain x in terms of a.
(b) If these values of x are real, find the range of values of a.

29 If o and B are the roots of ax® + bx + ¢ = 0, show that & + B = & and that
0of = £. Hence show that o + B = =29 and that o - B
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Binomial
Expansions

A binomial is an expression of two terms, such as (x + ), (a - b), etc. If the binomial
(a+ b) is squared, the result is the expansion of (a + b)’. Write down this expansion.
Now examine the pattern obtained if we expand (a + b)", (a + b)', etc.
(a+b) =(a+bia+b)
=(a*+2ab + b)a + b)

"To find this, multiply each term of (a? + 2ab + b?) by a, then by b and add the results.
Multiplying by a: @ + 2a% + ab?
Multiplying by b: @b + 2ab* + B
Adding: @ + 3 + 3ab* + b
Note that the powers of @ and b add up to 3 and that the coefficients are 1 3 3 1.
Now find (a + b)* = (a + b)*(a + b) in the same way.
You should obtain a* + 4a’h + 6a’h? + 4ab* + b*.
The powers add up to 4 and the coefficients are 1 4 6 4 1.
Once more, find the expansion of (a + b)*. Can you see the pattern?

121 coefficients of (a + b)?
1331 coefficients of (a + b)’
14641 coefficients of (a + b)*

1510105 1 coefficients of (a + b)*

Each line starts and ends with 1. Go along the (a + b)* line and add the coefficients in
pairs. You will find that the sum of each pair gives the coefficient in the next line. Repeat
for the other lines. Hence find the coefficients for (a + 5)° and (a + bY'.

Note that the coefficients are symmetrical and that the second coefficient is equal to
the power of the expansion. For (a + )" there are (1 + 1) terms, where 7 is an integer.
Make & copy of the triangle up to a power of 8 o keep for reference.

‘This patiem is called Pascal’s Triangle after the French mathematician Pascal (1623
~1662) but it was known in China long before his time. By working through the triangle
we can find the coefficients for any power 1 of (a + b).

Later in this chapter, we will introduce the Binomial Theorem which gives a formula
for the coefficients, but for most of our work the triangle will be sufficient.
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Example 1

Expand (a +b).

From the triangle the coefficients are 1 8 28 56 70 56 28 8 1.

Then (a+b)* = 1d* + 8a'b + 28a%* + 56a’h’ + T0a*b + 56°6° + 28a’b* + 8ab” + 16*

Note that the powers of a decrease from 8 to 0 while the powers of b increase from 0
10 8. The sum of these powers is always 8.

(a +b) is the model binomial but we can replace a or b by other expressions.

Example 2

Expand (2x - 1.

‘The initial coefficients are 1 4 6 4 1. Herea=2x,b=
Then (2x - 1)' l(Zx)‘ + 4(Zx)’( 1) + 6(21)’(—1)' +4@O1 + 11

The coefficients are now quite different. The powers of x are in descending order.

Example 3

Find in ascending powers of x the expansion of (2 - 5 ).

‘The initial coefficients are 1 6 15 20 15 6 1. The expansion is

2462~ 3) + 1529 (- 57 +209(- 3 + 15@(- ) + 62(- 3 + (- 3

= 64— 62 + 15(2¢* - 200" + 15(5) - 6] %
=64 96x +60x - 200 + 3£ _ 2 4 2
Exercise 5.1 (Answers on page 618.)
1 Find, in descending powers of x, the expansions of:
@ -2 (b) (2x-3y (© (2x+1)°
) d
@ (x-1y © (x+ 1) ® (§-2)
2 Expand, in ascending powers of x: ™
@ (1-29° () @-3 © (2-3) @ (-2
3 Find, in ascending powers of x,the first four ferms n the expansion of;
@ -0 () (-2 © (1-3) @ (4-3



4 Find the expansions of (2) Gx-20)" (®) (x~ 1)’

5 Expand (a + b.Ifa= i andb=1, ﬁml the value (as a fraction) of the fourth term
of the expansion.

6 Write down the first four terms of the expansion of (1 —x)" i ascending powers of x.
Using these terms, find an approximate value of (0.99)".
7 (a) Write down the expansions of (1 + x)* and (1 — x)*.
(b) Hence simplify (1 +x* + (1 - x)". Use your result to find the exact value of
(W +V2) + (1= V2p.
8 By using the expansions of (2 + x)* and (2 — x)*, find the exact value of
@+V3)r+2-V3)
9 (a) Write down the expansions of (1 + x)* and (1 - )",
(b) Hence simplify the expression (1 +.)* ~ (1 - x)%. Use your result to find the value
of 1014~ 0.99*
s

10 (@) Obuin the expansions of (x + 1) and (x - 1
(b) Hence simplify (x + 1')’ ~(e- Iy
(¢) Choosing a suitable value of x, find the value of 2.5° - 1.5%.

A

Example 4

(a) Expand (I +y)" in ascending powers of y.
(b) Hence find the expansion of (1 +x ~ ) as far as the term in x'.
@ (+yF=1+4y+67+4y +y
(b) Now substitute (x - x*) for y.
(4 x =) = 1 +4(x - ) +6(x - ¥P +4(x - ) + (x - )
=14 dx -+ 602 - 20.) + 40 + .
(where we do not keep
any terms higher than )
=144x -4 + 62 - 120 + 4x* (up to the term in 1)
=1+4x+2¢ -8 (up to the term in x)

Example 5
(a) Find, in ascending powers of x, the expansions of (1  2x)' and (2 +x)'.
(b) Hence find the first four terms of the expansion of (1 - 2x)'(2 +x)'.
@ (1-20%= 1 +3(-20) + 3(-20° + (-2
= 1-6x+ 12¢ -80
@+ =2+ 42)0) + 62N + 42 + 5
=16+ 320+ 240 + 8¢ + '
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(b) (1-20%Q2 +x)* = (1 — 6x + 12 = B)(16 + 32x + 24x” + 8 + x)
‘The first four terms will o up to the power of x*. So we multiply the terms in the
first bracket by 16, 32x, 24x* and 8x’ and leave out any terms higher than x°,

Multiplying by 16 16 - 96x + 192 - 1282

Multiplying by 32x 32x- 1922 + 3842

Multiplying by 242 242 - 1445

Multiplying by 8x* 8¢

Adding 16— 64x + 2423 + 1208
Example 6

(a) Find the terms in x* and x* in the expansion of (3 - f in ascending powers of x.
(b) Hence find the coefficient of x' in the expansion of (1 - 5)(3 - 3).
@ (3-§)=3+6(3)- )+ 1539 57 +203) 37 + 1539 3.
So the ° term is ~20+" and the " term s + 5~
—_—

(®) Then (1- $)3 - 5= (1 - $).= 20+ )
i

‘The term in * is found by multiplying the relevant terms as shown, and is
10¢* + 2 giving a coefficient of 4.

Example 7

Write down and simplify the first three terms in the expansions (in ascending powers
of x) of (a) (1 - 37’)’ and (b) (2 + x).

Hence find the coefficient of x° in the expansion of (2 - 2x — % ).

@ (- 2P =1452) + 102 . =1 - 1504 492

(B) (24 2)° =25+ 529(0) + 10Q)(F) .. = 32 + 80x + 80«

We notice that (2 - 2x is the product of (a) and (b)

T
= 3
=[0- HHe+op

—
= (1= 154 452132 + 80x + 80F.

[ —
=

The term in  will be the sum of the products linked together, so the coefficient of x*
is 80— (17 x 80) + (4 x32) =200
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Example 8

Find, in ascending powers of , the first three terms in the expansions of

(@) (1+2xF and (b) (I +px)'.

(c) If the coefficient of ¥* i the expansion of (1 +2x}(1 +px)* is ~26, find the value
of p.

(a) The first three terms of (1 + 20 are 1+ 5(2x) + 10207 = 1 + 10x + 40¢%
(b) The first three terms of (1 + px)* are 1+ 4(px) + 6(px)? = 1 + 4px + 6%
e

5 - 2
(© (1+20%(1 +px)* = (1 + 10x + 402)(1 + 4px + 6px)

We only require the term in x* so we pick out the terms (linked together above)
whose products produce <%

1 x 6p2t = bpix?
10x X 4px = 40px*
406 x 1 =408

giving (60 + 40p + 40)2°.

Hence 6p? + 40p + 40 = -26

e3P+ 20p +33=0 o Gp + 1P +3) =0
3

Example 9

(a) Find the first three terms in the expansion of (1 - 3xP in ascending powers of x.

(b) If the first three terms in the expansion of (p +qx)(1 - 3x) are 3 +rx +300, state
the value of p and find the values of q and r.

(2) The first three terms of (1 - 31)° are' 1 + 5(-3x) + 10(-3x” = 1 - 15x + 90

(b) The first three terms of (p + gx)(1 — 3° will come from (p + gx)(1 — 15x +90x?).
‘The first term is p so p = 3.

The term in x is gx - 15px s0 g~ 15p =1 @
The term in  is 90px* — 154 s0 90p — 15 = 300 i)
From (ii), 270 - 15¢ = 300 s0 ¢ = -2.

From (i), r = -2 - 45 = -47.
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Example 10

(a) Expand (1 -3 ) in ascending powers of x.
(b) If this expansion is used to find the exact value of (0.995', what value should be
taken for x?
(c) Using this value, find (0.995)".
(a) The coefficients in the expansion of (a + b)*are 1 4 6 4 1 and, in this case,
a=1b=-}
All the powers ofa=1.
Then (1 - 3)' =1 +4(-3) +6(- 5P +4(- 5 + (=5
R
(b) If 1 =5 =0.995, then 3 =0.005 and x = 0.01.
(c) Substitute x = 0.01 in the expansion.

(0.995) =1-2(001) + 2000 _ Q90" , OO
Writing the positive and n:ga!lve terms separately:
positive negative
~2(0.01)=-0.02
001" — 0,000 15 7%2"' 0000000 5
Mii = 0.000 000 000 625
1.000 150 000 625 ~00200005

which gives a sum of

1.000 150 000 625
-0.020 000 5

0.980 149 500 625

This is the exact value of (0.995)%
Compare this value with that obtained by using a calculator.

Exercise 5.2 (Answers on page 619.)

1 Write down the expansion of (1 - x)*. Use your result to find the expansion of
vl : A ;
(1-x+ %)*in ascending powers of x as far as the term in .

2 Use the expansion of (1 + x)" to find the first three terms in the expansion of
(1+ £ - in ascending powers of x.

3 Find the first three terms ir the expansions in ascending powers of x of (2) (2 ~)* and
(6) (3 - £)* Hence find the coefficients of x and *in the expansion of (6 -~ 4x-+ )"

4 () Write down the expansion of (1 +x)° in ascending powers of x as far as the term
inx.

(b) Hence find the first four terms in the expansion of (1 +x — )%
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5 Expand in ascending powers of x, (a) (1 + 2¢)* and (b) (1 - )"
Hence find the first three terms in the expansion of (1 + 2x)%(1 - x)’.
6 Write down the expansions of (1 + 2x)’ and (2 - §)* in ascending powers of x. Hence
find the coefficient of the term in +* in the expansion of (1 + 2x)%2 - 3)*.
7 Find the coefficient of x* in the expansion of (1 - 20%(1 + 3)%.
8 Expand each of the binomials (1 + x)* and (2 - x)* as far as the term in x”. Hence find
the coefficient of x* in the expansion of (2 +.x - x2)%.
9 Inthe expansion of (a-+ bx)* in ascending powers of x, the irst two terms are 16— 96x.
Find the values of a and b.
10 The coefficient of the third term in the expansion of (ax - 1) in descending powers
of x is 80. Find the value of a.
11 (2) Expand (1 +av* and (b + x)* in ascending powers of x.
(b) If the first two terms in the expansion of (1 + ax)’(b + x)* are 16 - 64x, state the
value of b, where b >0, and find the value of a.
12 In the expansion of (p + )" in ascending powers of x,the first two terms are 16 -8
Find the values of p (> 0) and g. Hence find the third term in the expansion.
13 (2) Expand (1 +px)* and (1 + gx)" as far as the terms in x*.
(b) Given that the coefficient of x* in the expansion of (1 + px)*(1 + gx)’is 6 and that
p+4q=1,find the values of p and q.
14 (a) State the expansions of (i) (1 +ax)* and (ii) (1 + bx)* in ascending powers of x.
(b) If the second and third terms in the expansion of (1 +ax)'(1 + bx)* are Sx and 3x*
respectively, find the values of @ and b.
15 (a) Find the coefficients of x* and x* in the expansion of (2x - 5.
(b) Hence find the coefficient of x* in the expansion of (§ — 2)(2x -

16 Find the coefficients of x* and x* in the expansion of (3 - x)°.
Hence find the coefficient of x* in the expansion of (1 + 3x)(2 - x)¢.

17 Write down
() the first four terms in the expansion of (1 ~ 2x)*, and
(b) the first three terms in the expansion of (1 - x)%.
If the sum of the terms in (a) equals the sum of the terms in (b) where x # 0, find the
value of x.

18 State the first three terms in the expansion of (1 + x)* and hence find the first three
terms in the expansion of (1 + ax + bx*)*. If these are | + 8x + 12, find the values
of aand b.

19 If the expansion of (1 - x - x%)'° is used to find the value of (0.89), what value of x
shouid be substituted?

20 Write down the first three terms in the expansion of (I - x)* in ascending powers of
x. Use this expansion to find the value of (0.999)" correct to 5 significant figures.
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THE BINOMIAL THEOREM

‘The expansion of (a + b)" is given in full by a formula known as the Binomial Theorem.
The formula is as follows:

@rby=a+(1)a b+ (4)a b+t (D)ab +..+ b

where (1) = A= Dn=2.n=r+ ) 4og
2 5
rlis factorial rand rl = 1 X 2X 3 X 4 X . X.
For example, 2! = 1x2,3/ =1x2x3,5!= 1 x2x3 x4 x5 etc.
Hence (1) = 2,(4) = =D, (1) = H0=11-2) g0 5o 0n.
There are (n + 1) terms in mc expansion of (a + b)". The coefficients of the expansion are
n n
LR C VA € VR ¢ B

term Ist 2nd 3rd (r+ Dth (n+ th

The first and last ients are always | when n i itive i (which it always
will be in our work). Note that the coefficient for the (r + 1)th term is (7).

Some calculators give the numerical value of (") (shown as "C,) but the formula needs to
be known for algebraic terms.

Example 11
Show that (19) = (19).

(19)=10x9x8 _ 19

(19) = M0x9x8xTx6x3X4 — 120 afier cancelling 4 X 5% 6 X 7.

Tx2x3x4x5x6x7
We could have expected this as the coefficients of (a + )" are symmetrical.
This is an example of a general rule: ()= (," )

Hence to find, say (1) it is easier and quicker to find (1?).

Example 12

Using the theorem, find the mzﬁ'nenu in the expansion of (a +b)'.

The coefficients are 1,(7),(3). (] )(7) (D.(2)and 1.

(== ()= Jets3 =
H=G ®=()=7

So the coefficients are 1, 7, 21, 35,35, 21,7 and 1 as we have found from Pascal’s
wriangle.




Pascal’s Triangle is the easier and quicker way of finding coefficients provided n is not
t0o large. If n s large or is not known, then the Binomial Theorem must be used. The
theorem is essential in more advanced work when n may not be a positive integer.

Example 13
Find the first four terms in the expansion of (x - 2)"*.
Herea=x b=-2andn=12.
The first four terms are
22+ ()02 + (R)eo2y + 2y
=it 22 i) 4 L2XUL gy 4 J2XUXI0 g
=21 - 242" 4 264110 - 17602°

Example 14

Find the Sth and 6th terms in the expansion of (2x - § ).
Herea=2x b=—} andn=10.

‘The Sth term is given by r = 4 and the 6th term by r = 5.

“The 5th term = (10)(20"4 3¢ = {R22XEXT @urdy = s40x

Verify that the 6th term = {22 XEXTXE 00 (3" = -252¢%.

Example 15

Write down (without simplifying) the first three terms in the expansion of (x + by
where n s a positive integer. If the coefficients of the second and third terms are -8
and 30 respectively, find the values of n and b.

ek by =t (7wt + (3 w2

Hence the coefficients of the second and third terms are nb and 55 b* respectively.
Then nb=-8 W
and #2022 30 ke nn - 16 = 60 (i)

We solve these equations for n and b.

In (i), substitute b = 32,
nn-1)% =60 or @

Then 64r 64 = 60n from which we find n = 16.

From (i), b= 1o =-3.
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Example 16

Find the term independent of x in the expansion of (2x — 4 b,

From the theorem, the (~ + 1)th term is

(10 Ly = (10)20xe iy y.

If this term s to be independent of x, then the x's must cancel i.¢. the powers of x in
the numerator and denominator must be equal.

Then 10~r=rorr=>5.

So the 6th term is independent of x.

This term is therefore (10)24-1)* = 0XIXBXT X6 (37) = _go64.

Exercise 5.3 (Answers on page 619.)
1 Find the value of () 31, () 41, (©) 3t (@) 3125
2 Find the value of @) (§), ®(3). @ (12), @(13).
3 What is the value of xif (1) = (', )?
4 Write down and simplify the first three terms of (a) (1 + ), (6) (x~ 4)% (©) (x— 1.

5 For the following expansions, find
(a) the coefficient of the ninth term in (2x - 1)'%
(b) the coefficient of the fourth term in (1 - 3x)';
() the coefficient of the fifth term in (x - 1)°.

6 The coefficient of the second term in the expansion of (1 +2v)" in ascending powers
of x is 40. Find the value of n.

7 1f the first three terms in the expansion of (1 + ax)” in ascending powers of x are
1+ 6x + 162 find the values of 1 and a.

8 In the expansion of (1 + px)"in ascending powers of x, the second term is 18x and the
third term is 135x%. Find the values of # and p.

9 Find the term independent of x in the expansion of (x - 5"

10 I the ratio of the Sth to the 6th term in the expansion of (a + )" is 5x: 1, find the
value of a.
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SUMMARY

© The coefficients in the expansion of (a + b)", where 1 is a positive integer can
be found from Pascal’s Triangle:
%3 1 (@+b)?
15 1 @+b)’
14641 @+b)
1510105 1 (@+by
ete.
.

The powers of a decrease from 1 10 0, the powers of b increase from 0 to . The
sum of these powers is always 7.

Alternatively, the expansion of (a + b)" can be found using the Binomial
Theorem, where n is a positive integer:

+ot (W)a b+t b
where ()= f‘i"'luﬁ',"“'—""l,andrhlex}x...xr

@+by=a+(")ab+ (1) Jarh

REVISION EXERCISE 5 (Answers on page 619.)
A

1 Find, in ascending powers of x, the first four terms in the expansion of (i) (1 - 3x)%,
(i) (1 + 5x)". Hence find the coefficient of x* in the expansion of (1 - 3x)*(1 + Sx)’.

2 Obain the first three terms in the expansion o (@ + ) i ascending powers of . If

the first and third terms are 64 and — respectively, find the values of a and b and
the second term.

3 Find the first three terms in the expansion of (1 - 2x)* in ascending powers of x,
simplifying the coefficients.
Given that the first three terms in the expansion of (a + bx)(1 ~ 20)° are
2+ cx + 1022, state the value of  and hence find the value of b and of c. ©
4 (a) Expand (1 + 2% and (1 - 2x)’ in ascending powers of x.
(b) Hence reduce (1+2x)* — (1 - 20° to its simplest form.
(c) Using this result, evaluate (1.002)° — (0.998)".

d, in ascending powers of £, the first three terms in the expansions of (i) (1 + 0,

(ii) (1 - Br)". Hence find, in terms of o and B, the coefficient of * in the expansion of
(14 any’(1 - Byt ©

6 The first three terms in the expansion of (1 + 3 1" in ascending powers of x are
1+x+ % Find the values of n and p.
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7 Write down and simplify the expansion of (1 — p)®. Use this result to find the
expansion of (1 - x - x%)* in ascending powers of x as far as the term in ', Find the
value of x which would enable you to estimate (0.9899)° from this expansion.

©
8 Find which term is independent of x in the expansion of (x - )"
9 Obiain and simplify
() the first four terms in the expansion of (2 + ¢ in ascending powers of x,
(i) the coefficient of x* in the expansion of (1 — )2 + 1), ©

10 In the expansion of (1 -x)", the sum of the first three terms is # when a certain value
of xis substituted. Find this value of x.

11 Evaluate the coeffiients of x* and ' in the binomial expansion of (§ - 3. Hence
evaluate the coefficient of x* in the expansion of (5 — 3)'(x + 6). ©

12 If the first three terms in the expansion of (1 + kx)' in ascending powers of x are
1-6x+ 25, find the values of k and n.

13 Find, in ascending powers of x, the first three terms in the expansion of (1 + ax)".
Given that the first two non-zero terms in the expansion of (1 + bx)(1 + ax)® are 1 and
2% find the possible value of a and of b. ©

14 Find the ratio of the 6th term to the 8th term in the expansion of (2x + 3)!" when
x=

15 In the expansion of (1 + px)(1 + gx)* in ascending powers of x, the coefficient of the
X term is —5 and there is 1o ? term. Find the valuc of p and of g.

16 If the fifth term in the cxpansion of (x + L )" is independent of x find the value of 1.

B

17 In the expansion of (2 + 3, find which term will have the form 4 where A is an
integer. Hence find the value of A.

18 The first three terms in the expansion of (1 + x + ax2)" are 1 + 7x + 14x2. Find the
values of n and a.

19 (a) Obtain the expansions of (1 +x)° and (1 + x* in ascending powers of x.
() Show that (1 +x)(1 +x) = 1 +x+ 2+,
(c) Hence find the first four terms in the expansion of (1 +x + % + x°)in ascending

powers of x.
20 For what value of x is the fifth term of (1 + 2x)'° equal to the sixth term of (2 + x)*?
21 Show that () (x - ' =~ 3 =3(x- }) and

®) (=P =rt-F -5 —,y)+lo<x——
Hence show that x* — 35 = p* + 5p* + 5p where p=x— 1.
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Radians, Arcs
and Sectors

‘The practical unit of measurement for angles is the degree (<) which is 355 th of a com-
plete revolution. The number 360 comes from Babylonian times but it is an arbitrary
choice. There is another system of measurement called circular or radian measure
which is more suitable for further mathematics, particularly in Calculus. This system does
not depend on the choice of any particular number.

RADIAN MEASURE Fg. 61
Inacircle of radius r, centre O, we take an ~38
arc AB also of length r (Fig. 6.1a). Then

the angle AOB is the unit of radian P
measurement, one radian.

In Fig. 6.1b, for example, arc PQ = 1rs0

£POQ = | radian. If arc PR = 2r, then o G A
ZPOR is 2 radians, and 5o on. If the arc is

kr then the angle subtended is k radians.

Note that the size of 1 radian does not

depend on the length of ror on any arbitrary

number.

So we define 1 radian thus:




One radian is the angle made by an arc of length
equal to the radius.

© radians is sometimes written 8 rad or & or 6¢ but normally
justas 8. So we write sin @ meaning sin (@ radians). If degree
measure is used, the degree symbol © must be written.

Now the circumference of a circle of radius r has length 2nr (Fig.6.2).

2nr

Fig. 62
So a complete revolution is 2 radians = 360°.
Therefore mrad = 180°

Hence 5 rad = 90°, § rad = 45°, etc.

xrad =15 and x° = F5 rad.

As 7 rad = 180°, then | rad = (120)° = 57.3°.

‘This value cannot be found exactly as ¢ is an irrational number. Usually radian measures
are left as multiples of m, for example 3 7.

Tables or calculators may be used if necessary for conversion. When we use a
calculator to work with trigonometrical ratios (sine, cosine and tangent) involving radi-
ans, it is convenient to put the calculator in the ‘radian’ mode. The input and output of
angles will then be in radians.

Example 1
Convert (a) 36° to radian measure and (b)3F to degree measure.
(a) 180° = rad 50 36° = 7h X 36 = § rad.

(b) 7 rad = 180° s0 35 rad = 35 x 18" _ 1500,
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Example 2
Find the value of (a) sin 04 (b) tan 1.5.

Put the calculator in *radian’ mode and key in the appropriate function.
(a) sin 0.4 = 0.389
(b) tan 1.5 = 14.1

Example 3

Find the value of 0 (in radians) for 0< 0< 5 if

(a) cos 6= 0.5 (b)tan 6= 05

Again put the calculator in the ‘radian’ mode.

(@ cos e =05

cos™ 0.5 = 1.05 rad

() tan e 05
in! 0.

=046 rad

Exercise 6.1 (Answers on page 619.)
1 Convert the following radians to degree measure:
@ 3 [OF © % (@) 4n © 2 R4
@® % o 5@ ¥ 0§ k)2 15
2 Convert the following to radian measure as a multiple of 7:
@ 30° () 135° () 270° (&) 540° () 105°
® 40° () 200> (h) 22i° (i) 400° G 75°
3 Find the value of
@ sinf (cosi ©@unk (@ cosE
I sin2 (9 cos05

4 Fmd Lhe value of © (in mdmns) for0<0s<}
in 6 =0.5 ) cos 6 = 0.6
(d) cos 8=0.25

5 Find the value of 6 - sin 6 if 6 = 0.75 rad.

() sin

6 Using a calculator, investigate the value of
(Take = 0.5, 03, 0.1, 0.05, 0.01 for example).

£ S5 when 6 is small.
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LENGTH OF AN ARC

In Fig.6.3, the arc AB is of length s in a circle with centre O

and radius . The arc subtends an angle of  radians (ZAOB)

at the centre.

As we saw above, an arc of length kr subtends an angle of k

radians. Here the arc length is s so s = krand k= £ = 6. g

VA
= - & 5 A

‘This formula is only valid if 8 is in radians.
If ZAOB = °, then s = 7 x 75. The formula is simpler in
radian measure.

Fig. 63

Example 4

Ina circle of radius & cm, find
(a) the length of the arc which subtends an angle of ¥ radians at the centre,
(b) the angle subtended by an arc of length 6 cm.

(@ s=rB=8x 3 = 6mcm (= 18.8 cm)

(b) From the formula, 0 = § = § = 0.75 rad (= 0.75 x ‘2 ~ 43.0°)

AREA OF A SECTOR OF A CIRCLE
In Fig.6.4, AOB is a sector of angle 0 rad in a circle with
centre O and radius 7. ZAOB = 0 rad. "
The area of the sector will be proportional to 6.
=2 and

Fig. 6.4

Hence = ciele

i L
area of sector = & X 2 = 470,

Area of sector of angle 6 =

Once again, this formula is only valid if 8 is in radians.

Example 5

In Fig.6.5, O is the centre of a circle of radius r and ZAOB = 6. State
(a) the area of sector AO.

(b) the area of AAOB.

Hence deduce the area of the segment which is shaded.

(c) Find the difference in length between the arc AB and the chord AB.
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Fig. 65

() Area of sector
(b) Areaof AAOB = 4r? sin © (using the formula: area of &

Hence the area of the segment = 3% — 3 sin 8 = (8  sin 6).
(©) Lehgth of arc AB =8

The length of the chord AB is found from the Fig. 66
isosceles AAOB (Fig.6.6), where AD is the 8
perpendicular bisector of AB.
£DOA= 2
Then AD =7 sin $ and AB = 2r sin 3. '\
Hence the difference in length between arc AB
and chord AB %
=r8-2rsin § =r@-2sin 3). o r A
Example 6 Fo.67
0 s the centre of a circle of radius 6 cm. AOB is a s
sector of angle % (Fig.6.7). Find
(@) the area of sector AOB, c
(b) the area of segment ABC.
(c) the diference in length between arc AB and
chord AB.
o 6 A

(a) Area of sector = 30

(b) Area of segment = area of sector — area of 25
=6m-§ x6xsin
= 6 18 x 0.866 = 3.26 cm?
() Difference in lengths = r8 — 2r sin 3
=6x§-12sin§
=2m-6(assing

.5) = 0.28 cm

115




Example 7

In Fig.6.8, OACB is a sector of a circle centre O and radius 5 cm. AB = 8 cm. Find
(a) 8in radians,
(b) the length of the arc ACB.

Fig. 6.8
o
(@ 10D bisects ZAOB (Fig.6.9) Fig. 69
then D is the midpoint of AB and BD = 4 cm.
Thensin § = # and § =0.927 rad. A 48
0= 1.85rad
5

(b) Length of the arc = 5 X 1.85 = 9.25 cm

Example 8

A circular dise, centre O and radius 30 cm, rests on two vertical supports AB, CD,
each 20 cm all and 45 cm apart (Fig. 6.10). Calculate, correct 10 3 significant figures
(a) ZAOC in radians,

(b) the height of the lowest point of arc AC above BD,

(c) the fraction of the area of the disc that lies above the level of AC.

Fig. 6.10

Take ZAOC = 6.
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m
ARZEs L
Fig.6.11 I

(@) In Fig. 6.11, OM bisccts ZAOC, AM =225, 0A =30 and ZAOM = 2.
OM? = 30° - 22.5% giving OM = 19.8 cm.

sin & 0 2 =0.848 rad and 0 = 1.70 rad.

e
(b) L is the lowest point of AC. OL =30 and OM = 19.8 so ML = 10.2.
Then ML + x = 20 so x = 9.8 cm.

(c) Area of the disc = = 900n cm?,
Area of segment ALC = 3% 30x0-1 3% 307 x sin &
=450(1.70 - sin 1.70) = 318 8 cm®
Then area above AC = 900m - 318.8 and fraction of area above AC
— 900m - 3188 _
= SRR 2SS = (0,887,
900%

Example 9

The area of the sector OAB (Fig.6.12) is 150 cm. Calculate

(a) 6(in radians),

(b) the length of arc AB.

(c) If this sector is folded up to form a cone, what is the radius of the cone?

o 12em
Fig6.12 °

(a) Area of sector = 310 = 150
Then § x 1446 = 150 and § = 2.083 rad.

(b) Length of arc = r0 = 12 x 2.083 = 25.0 cm

(c) When folded up, the arc AB becomes a circle of radius, say R (Fig.6.13).
Then 2nR = 24.96 and R = 3.97 cm.
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o>

Fig6.13

Example 10

A sector of a circle has radius r and angle 6. Find the value of 0 correct to
3 significant fgures f the perimeter o the sector equals haf he circunference of
the circle.

The perimeter of the sector = r +r + 8 = r(2 +6).

Then r(2 +8)=rand 2 + 8 =7 giving 6 =~ 2 = 1.14 rad.

Example 11

A sector of angle 8 in a circle of radius r cm has an area of S cn and its perimeter
is 9 cm. Find the values of r and 6.

Area=3r0=550 0 = 10 @
Perimeter=r+r+r@=2r+r9=9 (i)
We solve these lwn equations.

From (i), &

Snbsnmlem(n).lri»r;:— 9 which gives 22 + 10=9r or 2 - 9r + 10 = 0.
Hence (2r - 5)r-2)=0and r =2} or 2 cm.
From (i), the corresponding values of 8 are 1.6 or 2.5 rad.

Exercise 6.2 (nswers on page 619.)
Where the answer is not exact, 3-figure accuracy is sufficient.

1 The length of an arc in a circle of radius 5 cm is 6 cm. Find the angle subtended at the
centre.
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2 An arc of length 5 cm is drawn with radius 3 cm. What angle does it subtend at the
centre?

3 The area of a sector of a circle is 9 cm’. If ts radius is 6 cm find the angle of the sector
and the length of its arc.

4 The area of a sector of a circle is 15 cm? and the length of its arc is 3 cm. Calculate
(a) the radius of the sector and (b) its angle.

5 Find the missing values in the following table for sectors:

Radius | £ of sector | Lengthof arc | Area of sector
(cm) | (radians) (cm) (cm?)
(@ 4 13
(b 08 8
© 8 16
@ 3 18
© 04 72

6 A sector of a circle of radius 4 cm has an angle of 1.2 radians. Calculate
() the area of the sector,
(b) its perimeter.

7 In Fig. 6.14, DOBC is a semicircle, centre O and radius 6 cm. AC is perpendicular to
DOB where AB is 2 cm.
Calculate
(a) the length of AC,
(b) ZCOA in radians and
(©) the perimeter of the shaded region.
(d) Express the area of th ion as a percentage of the area of th

Fig. 6.14
8 If the arca of a sector is 6.4 cm? and its angle is 0.8 radians, calculae the radius of the
sector.

9 A chord AB is 8 cm long in a circle of radius 5 cm. Calculate
(2) the angle it subterds at the centre of the circle,
(b) the length of the shorter arc AB.
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10 The perimeter of a sector is 128 cm and its area is 960 cm?.
Find the possible values of the radius of the sector and its angle.

11 A wheel of radius 0.6 m rotates on s axis at a rate of 4.5 radians per second.
Calculate the speed with which a point on its rim is moving.

12 A disc is rotating at 33} revolutions per minute.
(2) At what rate, in radians per second, is it rotating?
(b) At what speed, in metres per second, is a point on the rim moving, if the radius
of the disc is 15 cm?
13 Fig.6.15 shows a cross-section through a tunnel, which is part of a circle of radius
m. The width AB of the floor is 8 m. Calculate
(@) the angle subtended at the centre of the circle by the chord AB,
(b) the length of the arc ACB.

Fig. 6.15 A gm B

14 Fig 6.16 represents the action of a windscreen wiper of 4 car. It rotates about O and
travels from AB to A’B’and back. Calculate
(@) the area AA'B'B swept clear,
(b) the perimeter of this area.

A

\

] \6//5
o\

Fig. 6.16 o

15 A cylindrical barrel floats in water (Fig. 6.17). The diameter of the barrel is 120 cm
and its highest point P is 80 cm above the water level AB.
(2) Calculate ZAOB in radians, where O is the centre of the circular face.
(b) What fraction of the volume of the barrel is below the water line?



=

8ocm

Fig. 6.17

In acircle centre O, AOB and COD are two concentric sectors as shown in Fig.6.18.
‘The lengths of the arcs AB and DC are 2.8 cm and 2 cm respectively and AD =2 cm.
Calculate

(a) the length of OC,

(b) ZAOB in radians,

() the area of ABCD.

[}
o
®

Fig. 6.18

In Fig6.19, the chord AB, of length § cm, is parallel to the diameter DOC of the

semicircle with centre O and radius 5 cm. Calculate

(2) ZAOB in radians, £ Fig. 6.19

(b) the area of the segment ABE,

(c) what fraction the arca of the segment
ABE is of the area of the semicircle.

A wheel of radius 20 cm rolls without slipping on level ground. A point P on the rim
is in the position P, at the start (Fig.6.20). When the centre of the wheel has moved
through 50 cm, P is now in the position P,. Calculate the angle (in radians) through
which the wheel has tumned.

Fig. 6.20 ®



19 A piece of wire, 10 cm long, is formed into the shape of a sector of a circle of radius
rem and angle O radians.
(a) Show that 8 =
(b) Show also that the area A cm? of the sector is given by A = 5r - r%.
(c) f4<A<6and0 <3, find the limits within which r must lie.

20 In Fig.6.21, O is the centre of the circle containing the sector OAB. DC is a parallel

arc and BC =
Fig. 6.21

If OC = r cm and ZAOB = 6 rad, show that Tem
(@) the shaded area = § (6r + 9) em?,
(b) the perimeter of the shaded area equals 6 + 8(2r + 3) cm.
() Given that the shaded area is three-quarters of the arca of the sector OAB,

calculate the value of r.
(@) If, however, the total perimeter of the shaded area equals the total perimeter of

the sector OAB, find the value of 6.

SUMMARY
© 1 radian is the angle sublended by an arc of length equal to the radius.

® mrad=180°
70 (6 in radians).

® Length s of an arc of radius 7 subtending an angle 8 is s
10 (0 in radians)

® Area A of a sector of radius r and angle 0 is A

REVISION EXERCISE 6 (angyers on page 620.)
Where the answer is not exact, 3-figure accuracy is sufficient.
A

1 InFig.6.22, ADB is a semicircle with centre O and radius 20 cm. DC is perpendicular

to AB where C is the midpoint of OB. Calculate o Foez

(@) £DOC in radians,
(b) the area of the shaded region.

A 2cm O C B
Fig. 6.22
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2 Fig.6.23 shows a circle, centre O, radius 10 cm. The tangent to the circle at A meets
OB produced at T. Given that the area of the triangle OAT is 60 cm? calculate the area
of the sector OAB. ©)

A T

Fig. 6.23

3 In Fig.6.24, O is the centre of the sector OAB. CD is another arc, with centre O and
radius r cm. DB = 2 cm. If the area of ABDC is one-third the area of the sector OCD,
find the value of r.

A

Fig. 6.24 o D2cm B

4 In Fig.6.25, ADC is an arc of a circle, centre O, radius r and ZAOC = 26 radians.
ABC is a semicircle on AC as diameter. Show that AC = 2r sin 6.
Find expressions, in terms of  and @, for the areas of
(i) the sector OADC,
i) the segment ADC,
(iii) the shaded region. ©

Fig. 6.25

5 OBD is a scctor of a circle with centre O and radius 6 cm. ZBOD = %
A s a point on OB where OA = 2 cm and C is a point on OD such that OC = 4 cm.
Find the area of the region bounded by BA, AC, CD and the arc BD.
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6 Fig.6.26 shows a circle, centre O, radius 5 cm and two tangents TA and TB, each of
length 8 cm. Calculate
(i) ZAOB,
(i) the length of the arc APB,
(i) the area of the shaded region. ©

Fig. 6.26

7 Fig.6.27 shows part of a circle centre O of radius 6 cm.
(i) Calculate the area of sector BOC when 6 = 0.8 radians.
(i) Find the value of 8 in radians for which the arc length BC is equal to the sum of
the arc length CA and the diameter AB. ©

c
A [ B

8 InFig.6.28, OAB is an equilateral triangle of side 10 cm. The arc ADB is drawn with
centre O. A semicircle is drawn on AB as diameter. Find the area of the shaded
region.

Fig. 6.27

o

Fig.6.28

9 Fig.6.29 shows the circular cross-section of a uniform log of radius 40 cm floating in
water. The points A and B are on the surface and the highest point X is 8 cm above
the surface. Show that ZAOB is approximately 1.29 radians. Calculate
(i) the length of the arc AXB,

(ii) the area of the cross-section below the surface,
(iii) the percentage of the volume of the log below the surface. ©
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Fig.6.29

10 Fig.6.30 shows two arcs, AB and CD, of concentric circles, centre O. The radii OA
and OC are 11 cm and 14 cm respectively and ZAOB = 8 radians.
Express in terms of  the area of
(i) sector AOB,
(ii) the shaded region ABCD.
Given that the area of the shaded region ABCD is 30 c?, calculate
(iii) the value of 8,
(iv) the perimeter of the shaded region ABCD. ©

Fig. 630

11 Fig. 6.31 shows a semi-circle ABC, with centre O and radius 4 m, such that angle
BOC =90°.
Given that CD is an arc of a circle, centre B, calculate
(a) the length of the arc CD,

(b) the area of the shaded region. ©)
c
Fig. 6.31 A DO 4m B



12 In Fig.6.32, ABCD is a square of side 4 cm. Equal arcs AE and EB are drawn with
radius 4 cm and centres B and A respectively. Calculate the area of the shaded region.

D c

Fig. 6.32 A acm B

13 The two circles in Fig.6.33 have centres A and B and radii 5 cm and 12 cm
respectively. AB = 13 cm. Calculate the area of the shaded region.

T
i i
Fig. 6.33 p—t3emt

14 A sector of a circle radius r has a total perimeter of 12 cm. If its arca is A cm?, show
that A = 67 — 2. Hence find the value of r for which A is a maximum and the corre-
sponding value of the angle of the sector in radians.

15 In Fig.6.34, the sector OAB has centre O and radius 6 cm and ZAOB = § s,
OC is the bisector of ZAOB and P is the midpoint of OC. An arc DE of a circle is
drawn with centre P to meet OA and OB at D and E respectively.

(a) Find the size of ZOPD.
(b) Calculate the area of the shaded region.

Fig. 6.34
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16 In Fig.6.35, ABCD is a thombus of side x and ZA = @ radians. Arcs each of radius
‘% are drawn with centres A, B, C and D. If the shaded area is half the area of the
rhombus, show that sin 6 = %" and find the two possible values of 8.

17 A, B and C are three points in that order on the circumference of a circle radius 5 cm.
‘The chords AB and BC have lengths 8 cm and 4 cm respectively. Find the ratio of the
areas of the minor segments on AB and BC.
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Trigonometry

TRIGONOMETRIC FUNCTIONS
FOR A GENERAL ANGLE

‘The trigonometric functions sine, cosine and tangent of an angle 8 were originally defined
as ratios of the sides of a right-angled triangle, i.e. for a domain 0° < 8 < 90°. We now
extend the definition to deal with any angle (the general angle).

‘The actual values of sin 6, cos 6 and tan @ for any given angle can be found directly
using a calculator. To solve equations, however, we must know how to use these
definitions inversely.

Suppose the arm OR (of unit length) in Fig.7.1 can rotate about O in an anticlockwise
direction and makes an angle 8 with the positive x-axis. We divide the complete
revolution into 4 quadrants and take the positive y-axis at 90°. Let (x,y) be the coordi-
nates of R. x and y will be positive or negative depending on which quadrant R lies in.

R(x. )

2nd 1st
quadrant quadrant

180°

3rd ath
quadrant quadrant

Fig.7.1
¢ 270°

We define sin = =coondimie o R
cos @ = Zcoordinae of R
1

Y-coordinate of R
x-coordinate of R
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tan 6 =



Note that both | sin 8 | and | cos 8 | are less than or equal to 1 as both |x | and | y | are
less than or equal to 1, but that tan 6 can have any value. In the first quadrant, where
0° < 8 < 90°, each of these functions will be positive (Fig.7.2).

Fig. 7.2

In the second quadrant (Fig.7.3), where 90° < 8 < 180°, the angle @ is linked to the
corresponding angle 180° - 8 in the first quadrant.

sin@ = +y = sin(180° - 6) 7.3
cos(180° - 6)
tan(180° - 6)

cos 8=

tan g = &

For the third quadrant (Fig.7.4), where 180° < 8 < 270°, the corresponding angle in the
first quadrant is 6 — 180°.

sin® = -y = —sin(d - 180°) 74
c0s 0= —x = - cos(d - 180°)

tan(® - 180°)
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For the fourth quadrant (Fig.7.5), where 270° < 8 S 360°, the corresponding angle in
the first quadrant is 360° - 8.

sin® = -y = - sin(360° - 6)
x = cos(360° - 6)
wn®= F = -un(360° - 0)

cos 6=

Summarizing:
SIN + All+
sin@ = sin(180°-6) sin @
cos 0 = —cos(180° - 6) cos @
tan © = —~tan(180° - 6) tan 0
2nd | Ist
3rd | 4th
sin © = —sin(8 - 180°) sin 0 = sin(360° - 6)
cos 6= —cos(@ - 180°) 05 8= cos(360° - 8)
tan = tan(®-180°) tan 8 = ~tan(360° - 6)
TAN + cos +

Each function is positive (+) in the first quadrant and one other.
Each function is negative (-) in two quadrants.

Note on Special Angles 30°, 45°, 60°
As these angles are often used, it will be useful for future work to have their trigonom-
etrical ratios in fractional form.
45°
In Fig7.6(a), ABC is an isosceles right-angled triangle with AB = BC = 1. Hence
AC=V2and ZA = £C=45°.

c

Fig.7.6
(a) ®
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Then sind5° = 5 = cos 45°

tan 45° = 1

30°, 60°
In Fig.7.6(b), ABC is an equilateral triangle with side 2.

CD is the perpendicular bisector of AB so AD = 1 and CD = V3.
ZA = 60° and ZACD = 30°.

Then sin 60° = cos 30° =
sin 30° = cos 60° =

an 60° =3, tan 30° =

Using the special ratios above, the ratios for other angles related to 30°, 45° and 60° can
be found in a similar form if required.

For example, cos 210° = ~cos(210° ~ 180°) = —cos 30° =
Copy and complete this table:

0 120° | 135° | 150° | 210° | 240° | 300° | 315° | 330°

sin @

cos 6

tan &

NEGATIVE ANGLES

If the arm OR rotates in a clockwise direction (Fig.7.7), it will describe a negative angle,
8. To find the value of a function of a negative angle, convert the angle to 360° - 8 or
2n - 8, if working in radians.

Fig.7.7

Thus sin(-30°) = sin 330°, tan (- §) = tan(@x - §) = tan(%} ) and s0 on.
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BASIC TRIGONOMETRIC EQUATIONS

We apply the above trigonometric functions to the solution of basic trigonometric
equations, i.c. equations in one function such as sin 8 = 0.44, cos 8 = ~0.78 or tan 6 =
125, As we shall see later, all other equations are reduced to one (or more) of these. A
basic equation will usually have two solutions for 0° < 8 < 360°.

To solve a basic equation, such as sin
step I find the 1st quadrant angle o for which sin c = | |
step 2 find the quadrants in which © will lie;
step 3 determine the corresponding angles for those quadrants.

Unless exact, angles in degrees are 1o be given 1o one decimal place.

Example 1
Solve (a) sin 8 = 0.57, (b) sin 8 = —0.38 for 0° < 6 < 360°.
(a) If sin o= 0.57, then o = 34.75°.
9 will lie in the 1st and 2nd quadrants (6 and 180° - )
Then 6 = 34.75° or 180° - 6 = 34.75% i.c. 6 = 145.25°.
The solutions are 34.8° and 145.3°.
(b) From sin a = +0.38, a = 22.33°.
8 will lie in the 3rd and 4th quadrants.
Then 6 - 180° = 22.3° or 360° - 8 = 22.3° giving 6 = 202.3° and 337.7°.

Solutions for the equations cos 8 = k and tan = k are found in the same way.

Example 2
Solve (a) cos 8= ~0.3814, (b) tan 6 = 125 for 0° < 6. 360°.
(a) The Ist quadrant angle for cos o = +0.3814 is 67.58°.
6 lis in the 2nd and 3rd quadrants.
Then 180° - 8 = 67.58° or 6 — 180° = 67.58° giving 0 = 112.4° and 247.6°.
(b) The It quadrant angle for tan 8 = 1.25 is 51.34°.
8 lies in the 2nd and 3rd quadrants.
Then 6 = 51.34° and 6 — 180° = 51.34° i.e. 6 = 231.34°.
Hence the solutions are 8 = 51.3° and 231.3°.

Example 3
Solve the equation 3 cos® 6 +2 cos 8= 0 for 0° < 0 < 360°.

‘The left hand side factorizes giving cos 8(3 cos 8 +2) = 0 which separates into 2 basic
equations:
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c0s8=0
and 3 cos 6+ 2 =0 which gives cos 0= —
Note: Do not divide through by the factor cos 8. This would lose the equation
cos 8 = 0. Never divide by a factor containing the unknown angle.

For cos 6 = 0, 8 = 90° or 270°.

For cos 6 = ~0.6667, 8 lies in the 2nd and 3rd quadrants.

The Ist quadrant angle is 48.19°.

Then 180° — 0 = 48.19° and 6 - 180° = 48.19° giving 6 = 131.8° and 0 = 228.2°,
Hence the solutions are 90°, 131.8°, 228.2° and 270°.

Example 4

For 0°'S 8 < 360°, solve 6 cos? @ + cos 6= 1.

‘This is a quadratic equation in cos 8:
6cos’O+cos0-1=0

and so (3cosB-1)(2cos 0 +1)=0

which separates into cos 8 = 0.3333 and cos 6 = -0.5.
Verify that the solutions are 8 = 70.5°, 120°, 240° and 289.5°.

Example 5
Solve the equation sin(6 — 30°) = 0.4 for 0° < 6 < 360°.
Write ¢ = 8 — 30°.

Then sin 04.

Solve for .

Verify that ¢ = 23.6° and 156.4°.

Then 8 = 53.6° and 186.4°.

OTHER TRIGONOMETRIC FUNCTIONS
‘There are three other functions which are the reciprocals of the sine, cosine and tangent.
‘They are

cosecant:  cosec 0 =

-
@

secant: sec® =

@

cotangent: cot8 =

g
3|
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Example 6
Solve (a) cosec 8 = ~1.58, (b) 4 cot = tan 6, for 0° < 6.< 360°.
(@) Replace cosec 0 by Lo

m:»ls&msms-—m——(ﬂi}ﬁ

Now verify that 8 = 219.3° or 320.7°.
’ o
(b) Replace cot 0 by Lo
Then 45 = tan Oic. tan* 6 = 4.

So tan 9 42 (NB: don’t forget the negative root)
Verify that the solutions of these equations are 63.4°, 116.6°, 243.4° and 296.6°.

Exercise 7.1 (answers on page 620.)
1 Solve the following equations for0° < 05 360°;

(b) cos 8.=0.762 (© tan8=115
. () sinB=-025 (0 tan0=-081
(®) sin@=-0.1178  (h) sin0=-0.65 (@) cos8=023
() tn@=-15 (k) cosec 8= 1.75 () cos®=-0.14
(m) sec 8 =-1.15 (n) cot 8 =0.54 (0) sec =207
2 Solve the following equations for 0° < 0 < 360°:
(@) 5sin’0=25sin0 (b) 9tan 6= cot &
(c) 3tan*0+5tn0=2 (@ dcos?@+3cos0=0
() Ssin*0=2 () 6sin'0+7sin8+2=0
(h) tan(@ - 509 =-1.7
() 4sec?0=5

(1) 6sin?@=2+sin6
() sec(d -50°) =2.15

(o) sin(® + 60°) = -0.75
3 Find @ for 0° < 0 < 360° if 3 cos’ 6 -2=0.
4 If 5tan © + 2 =0, find 6 in the range 0° < 6 < 360°.
5 Solve the equation 5 cos 6 — 3 sec 8 = 0 for 0° < 8 < 360°.
6 Find all the angles between 0° and 180° which satisfy the equations

(a) sinx=045 (b) cosy=-0.63 (c) an0=2.15
7 Find the values of
(a) sin(-30°) (b) cos(fﬁ) (c) tan(-200°) (d) sec(-150°)
© o300 () sin(-H) @® cosecl- ¥)
8 'Show that
(a) sin(-8) =-sin®, (b) cos(-8) = cos O, (c) tan(-8) = —tan 6.



9 Solve the equations
(@) sin(-6) =035, (b) sin(-6) = -0.27
(c) cos(-0) =-0.64 (d) tan(-8) = 1.34,
for 0° < 0 < 360°.

GRAPHS OF TRIGONOMETRIC FUNCTIONS

sin 6 and cos ©

Complete the following table of values of sin 8 and cos 6, taking a domain of 0° to 360°
at 30° steps:

0 | 0°  30°  60° 90° 120° 150° 180° .. 270° .. 360°
sing | 0 05 1 0 -1 0
cos 8 1 05 0 -1 1

Plot these values on graph paper using scales of say 1 cm = 30° on the O-axis and
4cm = 1 unit on the function axis (Fig.7.8).

‘The graph shows one cycle of each function. Fig.7.8

The sine curve has a maximum of 1 when 6 = 90° and a minimum of -1 when 6 =
270°. The cosine curve is identical to the sine curve but is shifted 90° to the left. This
difference is called the phase difference between the two functions.

For angles greater than 360° or less than 0° the curves repeat themselves in successive
cycles (Fig.7.9). Functions which repeat themselves like this are called periodic func-
tions. The sine and cosine functions each have a period of 360° (or 2m). Hence

sin(8 + n360°) = sin 8 or cos(8 + 2n7) = cos 8
where n is any integer. This means that we can add or subtract 360° from any solution of
sin @ = k or cos © = k and obtain other solutions outside the domain 0° < < 360

For example, if the solutions of sin 8 = 0.5 for 0° < 0 < 360° are 30° and 150°, then
30° + 360° = 390° and 150° - 360° = ~210° are also solutions of the equation. These
solutions are marked by dots on the graph of sin 8 in Fig.7.9.
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Fig.7.9
tan 6

Values of tan @ begin at 0 for = 0°, increase to 1 when 6 = 45° and then increase rapidly
as © approaches 90°. tan 90° is undefined. Between 90° and 270° the function increases
from large negative values through 0 to large positive values. The curve approaches the
90° and 270° axes but never reaches them. Hence the curve consists of 3 separate
branches between 0° and 360° (Fig.7.10).

Fig.7.10

tan @ is also a periodic function but with a period of 180°. Hence tan(8 + nm) or
tan(6 + n180°) = tan O where n is an integer.
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MULTIPLE ANGLE FUNCTIONS

Functions such as sin 26, cos 3, etc. are multiple angle functions as 26, § are multiples
of 6.

Example 7

(a) Sketch the graph of y = sin 26.
(b) Solve the equation sin 26/= 0.5 for 0° < 05 360° and show the solutions on the
graph.
() If the domain of  is 0° to 360°, 26 will take values from 0° to 720°. Hence the
curve completes two cycles as 8 increases from 0° to 360° (Fig.7.11).
-sin20
, yesin

055 y=055

e

n‘ v v N
)

2 oycles ———————1

Fig.7.11

(b) For convenience, write 28 = ¢ so sin ¢ = 0.55.
o lies in the st and 2nd quadrants so @ = 33.37° or 180° - ¢ = 33.37°.,
Hence ¢ = 33.37° or 146.63°.
But ¢ takes values from 0° to 720°, so we add 360° to each of these to obtain
further solutions.
Then ¢ = 26 = 33.37° or 146.63° or 393.37° or 506.63°.
Hence 6 = 16.7° or 73.3° or 196.7° or 253.3°.
So we obtain 4 solutions, 2 for each cycle. These solutions are marked on the
graph.
Note that all the solutions for 26 must be obtained first before dividing by 2 to
obtain the values of 8, which are then corrected to 1 decimal place.

Example 8

(a) Sketch the graph of y = cos ¥ for 0° < 0.5 360°.

(b) Solve the equation cos 2 = ~0.16 for this domain.

(@) If the domain of @ is 0° to 360°, then § will take values from 0° to 180° only. So
the graph will be a half-cycle of the cosine curve (Fig. 7.12).
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(b) Write = 0. Then cos 0 = ~0.16.
@ lies in the 2nd and 3rd quadrants.

Then 180° — ¢ = 80.79° or ¢ — 180" 0.79°
Hence ¢ = 99.21° or 260.79° and l.herefme G 198.4° or 521.6°.

The second solution is outside the domain and is therefore discarded.
The only solution to the equation is 8 = 198.4°. This is to be expected as there is
only a half cycle of the function.

Example 9

Salvz lhe equation 5 sin 3¢ +4 0 for the domain 0° < 0 < 360°.
Let 2 =g Thensing=-% =-08.

¢ lies in the 3rd and 4th quadrants.

Then ¢ — 180° = 53.13° and 360° - p = 53.13°.

Hence ¢ = 233.13° or 306.87°.

If the domain of  is 0° to 360°, then ¢ = & la.kes values from 0° to 270°.

Hence the only solution is ¢ = 233.13° i.e. 9 x 233.13° = 310.8°.
(p =306.87° would give 6 = 409.2°).

Example 10

Solve cos(26 +60°) = ~0.15 for 0° < 6. 360°.

Put ¢ = 20 + 60°. Then cos ¢ = —0.15 giving ¢ = 98.63° and 261.37°.
However if the domain of @ is 0° to 360°, then the domain of p is 60° to 780°.
So we must add 360° to each of the above values.

Therefore ¢ = 20 + 60° = 98.63° or 261.37° or 458.63° or 621.37°
and hence 6 =19.3° or 100.7° or 199.3° or 280.7°.
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Exercise 7.2 (Answers on page 620.)

1 Sketch the graphs of (a) y = sin 36, (b) y = cos 38 for 0° < 8 < 360°.
‘What is the period of each of these functions?

2 Sketch the graphs of (2) y = tan 20 , (b) y = tan § for 0° < 6 < 360°.

3 On the same diagram, sketch the graphs of y = sin 20 and y = cos 8 for 0° < 6 < 360°.
How many solutions of the equation sin 20 = cos 8 are there in this domain?

4 Sketch on the same diagram, the graphs of y = sin & and y = cos 0 for 0° < 8. 360°.
State the number of solutions which the equation sin § = cos 8 will have in this
domain.

5 On the same diagram, sketch the graphs of y=cos 30 and y=sin 9 for0°<0<360°.
State the number of solutions of the equation cos 30 = sin 3 you would expect to
obtain in this domain.

6 Solve, for 0° < 8 < 360°, the following equations:
() sin20=0.67 (b) cos 30 =0.58
© tan § =15 (@) sind
(€) 3cos20=2 ® sec =
(® sin § =-028 (h)3m29+l-0
<i)xsin§=z u)4cosz+3 0
(k) 2cosec20+3=0 M cotd =135
(m) cos 2 = 2 (n) tan20=-1
(0) 3sin20+25in20=1 () 2cos? § =cos 3
(@ sin20=-076 () sec§ =188
) cnsZB —0.65 ® wnZP+2=0
W Ssin P +3=0 () 2cosec § =
7 For 0° < 0 < 360°, solve the following
(@) sin(§ +20°) =047 (b) 1an(26 - 60°
© cos(®)=075 () sin(20 + 80°) = -0.54

() seci(§ -50°) = 1.2
8 State the values of (a) sin(30° + n360°), (b) cos(n360° — 50°), (c) tan(45° + n180°)
where  is an integer.
9 State the values of (a) sin(2n + 1), (b) cos(6n — 1) 5, (c) tan(3n + 1) §, where n is
an integer.
10 Solve the equation 4 cos?

3 = 1for 0° <8 <360°

MODULUS OF TRIGONOMETRIC FUNCTIONS
| sin 8 | has the same meaning as | x |, i.e. it is the numerical value of sin 8. For example,
| sin 300° | = | -0.866 | = 0.866, and s0 on.
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Example 11
For 0° < 05 360°, sketch separate graphs of (a) y = 2 sin 6, (b) y = |2 sin 8],
(c)y=1+[cos26 (d)y=1-|cos26].
(a) First sketch y = sin 8 (Fig.7.13)
For y = 2 sin 8, each value of y = sin 8 is doubled to give the graph of
y=2sin6.

Fig. 7.13

(b) As we did earlier, we reflect the negative part of y = 2 sin 8 in the 8-axis to obtain
y=1|2sin 0| (Fig7.14).

y=l2sin6|

T +
o 90° 180° 270°  360°
Fig. 7.14

(¢) First sketch y = cos 20 (Fig.7.15) which has two cycles. Now reflect the negative
part in the B-axis to obtain y = | cos 20 |.
‘This curve is now shifted up through 1 unit to obtain y = 1 + | cos 20 |.




y=1+lcos 26|

y = Icos 26|

g

Fig.7.15

-1

() Start by sketching y = | cos 20 | as in part (c) (Fig.7.16).

‘Then obtain y = - | cos 26| by reflection of the whole curve in the 8-axis.
‘This is now shifted up through 1 unit to obtain y = 1 - | cos 26 | (Fig.7.17).

y=lcos 20|

4

90° 180°

< y=-lcos 26}

y=1-lcos 20|

270° 360°
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Example 12

Sketch on the same diagram, the graphs of y = |2 sinx [and y = § for 0 Sx<2m.
Hence state the number of solutions of the equations [ 2n sin x | = x and 21 sin
for0sx<2m

We have o work in radians here as y =
(& = {307 is not meaningful.)

=x

is a Jinear equation.

The graph of y = 2 sin x is drawn and then

To draw the line y

‘The equation | 2rtsin x | = xis the same as | 2sinx | = § asis positive. The solutions

will occur at the intersections of the curve and the line, giving 4 solutions at the points
0,A,Band C.

| 2 sin x| (Fig.7.18).
0,y=0andx=2my=2.

we take the points.

(2n.2)

y=l2sinxl

Fig.7.18

‘The equation 2 sin xis the same as 2 sin %- So we look for the intersections
of the original curve y = 2 sin x with the line, which reduces the number of solutions
102 (points O and A).

Example 13

Sketch on the same diagram the graphs of y = /2 cos x [and 3y = x for the domain
0 < x £ 2n. Hence state the number of solutions in this domain of the equation
6/cosx /= x.
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P, 2.1)

LS
Fig.7.19

Fig. 7.19 shows the graphs. The graph of 3y = x . y = § is the line OP, where O is
the origin and P is the point (27, 2 = 2.1). There are 3 solutions 1o the equation

l2cosx | =4ic 6] cosx|=x.

Exercise 7.3 (Answers on page 621.)

1 State the values of (a) | sin 200° . (b) | cos 2 . (¢) sin | 200° |, (@) | tan 3F |.

2 By sketching the graph of y = sin 26 for 0° < 0 < 360°, find how many solutions the
equation sin 20 = k will have in this interval, where 0 < < 1. How many solutions
will the equation | sin 26 | = k have in the same interval?

3 Sketch the graphs of y = | cos 6 | and y = | cos 8| - 1 for 0° < 6 < 360°.

4 On the same diagram, skeich the graphs of y = | sin 8] and y = | cos 8] for 0° <@ <
360°. How many solutions will the equation | sin 8| = | cos 8| have in this interval?

5 Sketch the graphs of y= 1 +2 sin@and y=| 1 +2sin 0 | for 0° < < 360°. On another
diagram, sketch the graph of y = 1 +| 2 sin 0 |.

6 On the same diagram, for 0° < 0 < 360°, sketch me graphs of y = 2 cos 6 and
y=]2cos 8]. Now add the graph of y = 1 —| 2 cos 8 |.

7 On the same diagram, sketch the graphs of y = | 2 cos x| and y = 35 for 0<x < 2.
Hence state the number of solutions of the equations |47 cos x| = x and 4 cos x = x
for 0 Sx<2m

8 Sketch the graph of y = | tan 8 | for 0° < 0 < 360°.

9 Sketch on the same diagram the graphs of y = | cos 2x | and 2y = x for the domain
0 < x < 7. Hence state the number of solutions in this domain of the cquation
|2cos2x | =

10 For 0 S.x<2m, sketch the graphs of y = | cos x | and y = sin 2 on the same axes. State
the number of solutions of the equation sin 2x = | cos x | in this interval.
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11 Sketch the graphs of y = | sin 3x | and 27ty = x for 0 <.x < 2. How many solutions do
the equations 21 sin 3x = x and | 21 sin 3x | = x have in this interval?

12 On the same diagram, sketch the graphs of y = | sin x — 1] and y = 2 cos x for
0 < x5 27, Hence find the number of solutions of the equation 2 cos x = [ sinx— 1
in this interval.

IDENTITIES
¥

We have defined earlier, for an angle 0, sin 8 =y, cos 8 = xand tan 6 = 3 where (x.y)
were the coordinates of R and OR = 1 unit (Fig. 7.19).

cos 8
‘This is an identity which is true for all values of 8. So we use the symbol =
“identical to” or ‘equivalent to". In any expression, tan 8 could be replaced b
vice-versa.

As cot 0= g, then cot = 2 (i)
From Fig.7.19, ¥+ 2 = 1 for all values of x and y.

Hence ~sin? 8+ cos' 021 (i)
(Notes sin? © means (sin 6]

ad  sint0=1-cos’ [
ad  cosO=1-sin’e )

Taking identity Gii), divid: both sides by cos? 8:
then S8 4y =
cos' 6

=
ie. tan'@+1=sect® i)
Dividing both sides of identity i) by sin® 6

cost

then 1+ <25 L
sin’ @ sin’ 8
ie. 1+ cot’ 8= cosec’ 0 (vii)



Summarizing:

_ sin0 _ cos®

tan 0= 55 cotb= ‘=g
sin? 0 +

sin? 0= 1 - cos? 0 cos?f=1-si

tan’ 6 + 1 =sec’ cot? 8 + 1 = cosec’ O

‘These identities are used to transform trigonometric expressions into another form.

Example 14 l

Prove that cot 6 + tan 6 = cosec 6 sec 6.

We take one side and convert it to the expression on the other side. It is usually easier
to start with the side which is more complicated or which involves sums of functions.
‘This gives more scope for manipulation.

Taking the left hand side (LHS):

cosO  sin@
cot®+tan 6= 5+ g

cos? @ + sin’ @
sin 8 cos 6

o1

= SinBcos @

=1y

=no * so

= cosec Bsec ®
If we start with the RHS, then

1 1
Sin® X Cos6 - smBeosO
but it s not obvious that we should now replace 1 by sin?® 8 + cos? 6. Do this and then
divide the numerator by sin 8 cos © to complete the proof.

Example 15
1
Show that s + i 22502 0
We take the more complicated LHS.
n @ + 1 +sin O
Then e I ol

11
T+sin6 * T-sin

2sec?®

2
cos* @
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Example 16
Prove that tan® = sin*6(1 + tan’0)

RHS

in’e[n “"Z“]

05?6,

2 2
= sinte <% B:sm a]
cos?@

=sin0( L) =t

o5’

Exercise 7.4

Prove the following identities:

1 5in 6 cot 0= cos 2 (1 + tan? B)cos? 8

3 (1 +tan? 8)(1 - sin? 6) 4 cos?@-sinB=1-25in'0

5 sec®—cos 0= sin6tan 6 cot? 8 (1 - cos? 0) = cos? @
1 T cot®

7 s - e =1 8 tog +1=cosec’®

9 tan? § — sin? 6 = sin* 6 sec’ §

10 (sin © + cos B)(tan O + cot 8) = sec © + cosec O

11 sin 6 - cos* 0= 1 2 cos? 6

12 (cos 6 + sin 6)? + (cos 0 —sin ) =2
=

13 g =tn'@

o
14 sec 0 +an 0= — L

15 sec* @ - sec? 0 = tan’ O + tan* ©

16 (cosec 6 — cot 6)* = : = :::g

EQUATIONS WITH MORE THAN ONE FUNCTION
Further types of trigonometrical equations can be solved using the identities we have just

learnt. Some methods of solution are now shown. The object is to reduce the equation to
one function.
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Example 17
Solve the equation 3 cos 6 +2 sin 8 = 0 for 0° < 6/ 360°.

The equation contains two functions but if we divide throughout by cos 8, this will be
reduced to one function.

Then 3 + 2328 ~oruan 0=-15.

Now solve this basic equation.

Verify that the solutions are 123.7° and 303.7°,

Example 18

Solve the equation 2 sin 8 = tan 6 for 0° < 6 S 360°
Hlustrate the solutions graphically.

N . .o sin®
Rewite the equation as 2 sin 6 = 1.8
ic. 25inBcos8-sin8=0
or sin 62 cos 8~ 1)=0.
‘This can be separated into two basic equations sin 8 = 0 and 2 cos 8
ie.cos0=
‘The solutions of sin 8 = 0 are 0°, 180° and 360°.
‘The solutions of cos 8 = 0.5 are 60° and 300°.
Hence the solutions are 0°, 60°, 180°, 300° and 360°.
‘The graphs of y = 2 sin 8 and y = tan 6 are shown in Fig. 7.21, with the positions of the
solutions marked.

Fig. 7.21
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Example 19
Solve 3 sin 8+5 cot 8 = cosec 8 for 0° < 6. 360°.
This involves three functions. Reduce this to two by replacing cot  and cosec 6.

1
Tlven!sm9+5‘m° ——.

Now esov th fasions: 3 i 6.+ cas 0= 1
We can now reduc 10 one function by replacing sin 0 by 1~ cos? 6.
Then 3(1 —cos? 6) + 5 cos 8= 1 or 3 cos® 8 - 5 cos 8 -
This is 2 quadratic in cos ® and gives (3 cos 8+ 1(eos 6 2) =
We now have o basic equations:

cos @ =~} which gives 8 = 109.47° or 250.53°,

and cos =2 w)uc)l has no solution.
Hence, the solutions are 6 = 109.5° and 250.5°.

Example 20

Solve the equation 4 cosec? 87 = 4 cot 8 for 0° < 0S 180°.

If we replace cosec? @ by 1+ cot? 8, we shall have an equation in cot 8 only.
Then 4(1 +cot2 6) =7 =4 cot @ i.e. 4 cot! 6 -4 cot 8- 3 =
This is a quadratic in cot 8 and gives (2 cot 8~ 3)(2 cot 8 + 1.
equations cot 6 = 1.5 and cot 8 = -0.5.

Hence tan 6 = 0.6667 and tan
Now solve these but note that the domain is 0° to 180°.
The only solutions are therefore 8 = 33.7° and 116.6°.

.0 leading to the basic

Exercise 7.5 (Answers on page 622.)
Solve the following equations for 0° < 6 < 360°:

18cotB8=3sin0 25in@+4cos?B=1

3 8sin@=3cos’ 4 25ec?9=3-1tan’ 0

5 cot®+tan 6 =2sec 6tanB+3cotB=4

7 cotl @+ 3 cosec? =5 8 3(sec @ —tan ) =2 cos &
9 2cot? 6+ 11 =9 cosec 6 10 3sin® 6 =1+cos §

11 5cos0—secH=4 12 3cot20+25in26=0
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SUMMARY

® Iffisanyangle,sinB=y,cos B=xandtan 6= where 3
(x) are the coordinates of R and OR = 1 (Fig. 7.22). 4 R(x))
All + 1

sin 6
cos 6 o x
tan 6 (e}

2nd | 1st

3rd [ dth

sin(8 - 180°)
cos B = —cos(8 - 180°) cos B
tan(8 — 180°) tan 6

sin(360° - 8)

cos(360° - 0)

6)
0S +

® To solve a basic equation such as sin 0 = &:
(1) find the angle o in the 1st quadrant such that sin ot = | & |;
(2) find the quadrants in which @ will lie;
(3) determine the corresponding angles in these quadrants and solve for 6. A basic
equation will usually have 2 solutions in the interval 0° to 360°.

o cosecO= 5 secf= oo cot9= s
® Graphs of sin, cos, tan (Fig. 7.23).
ano
%0 siw 180° 277350“

Fig. 7.23

sin and cos have a period of 360°:
sin(n360° + B) = sin 8, cos(n360° + ) = cos 6, where 7 is an integer.

tan has a period of 180°: tan(n180° + 8) = tan 6.

® For equations with a multiple angle A9, solve for A9 first and then derive the values
of 6.
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® identities

To solve equations with more than one function, use the above identities to reduce
to one function.

REVISION EXERCISE 7 (Answers on page 623.)
A

1 Find all the angles between 0° and 360° which satisfy the equations
() cot2x=-1, (b) 2siny=3cosy.

2 Sketch on the same diagram, for 0 < x < 21, the graph of y = 2 cos x — 1 and the graph
of y = sin 2x. Hence state the number of solutions in this interval of the equation
2cos x in 2x. ©

3 Sketch the graph of (a) y =| cos x|, (b) y=| cos x| = 1 and (c) y =
values of x between 0 and 2r.

| cos x| for

4 Prove the identity sec x - cos x =sinx tan x.

§ Find allthe angles between 0° and 180° which satisfy the equations
2

(@) cos 2x=2, (b) 3coty-4cosy=0,
() 3sectz=T+4tnz ©
6 Solve for 0° < 6 < 360°, the equations
(a) cosec20=3 (b) 4cot®=5cos @
(c) 105in? @+ 31 cos @ = 13.
7 Prove the identity LS 4 _€OSX_ =) gec x. ©)
cos x 1+sinx

8 On the same diagram, sketch the graphs of y = 1 + cos x and y = | sin x| for
0 < x < 2x. Hence state the number of solutions of the equation 1 + cos x = | sin x |
in this interval.

9 Find all the angles between 0° and 180° which satisfy the equations
(@) tan(x +70°) =1,

(b) 8siny+3cosy=0,
(€) 3sin 0+ 5 5in© cos 0 — 2 cos 0 =0.

10 Sketch on the same diagram, the graphs of y = | 2 cos x | and y = $%
State, for the range 0 < x < 21, the number of solutions of i) | 3% cos x| =
(i) 3 cos x = 2x.

11 State the range of y = 2 - | cos x| for the domain 0 < x < 3.
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12 On the same diagram, sketch the graphs of y = sin 2xand y = sin . for 0 < x < 21.
Hence state the number of solutions of the equation sin 2x = sin § in that interval.
What would be the number of solutions of | sin 2¢ | = sin § ?

13 For the domain 0° < 0 < 360°, solve
(a) sin @ +cos B cot8=2,

(b) 6co?0=1+4cosec? 6.

B
14 Solve the equation sin 8 = 4 sin® 8 for 0° < 6 < 360°.

15 Solve, for 0° < 8 < 360°, the equations
(a) 8sin® @ = cosec 6,
(b) 4cos?8=9-2sec’ 6.

16 Sketch the graphs of y=| 2sinx |and y=| £ - 1 for 0 <.x < 2x. How many solutions
are there of the equation | 2rt sin x | = | x — 7t | in this interval?

17 A segment ACB in a circle is cut off by the chord AB where ZAOB = @ radians
(O s the centre). If the aréa of this segment is § of the area of the circle, show that
8-sin@

Draw the graphs of y = sin 8 and y =8~ § for 0 <0 <, taking scales of 4 cm for
3 on the x-axis and 4 cm per unit on the y-axis. (Take % = 3.14). Hence find an
approximate solution of the equation 6 — sin 6 = 3.

18 In Fig. 7.24, ACB is a semicircle of radius r, centre O and ZABC = 6°.

(a) Using the identity 2 sin 8 cos 8 = sin 26, show that the area of the shaded region
is 72 (5 - sin 26).

(b) State in terms of r, the maximum and minimum possible values of this area and
the corresponding values of 6.

(¢) Find the values of @ for which the area of the shaded region equals § the area of
the semicircle.

o

A o s
Fig. 7.24 A r Mo B Fig.7.25

19 A goat is tied to one end of a rope of length <, the other end being fixed to the
midpoint M of the side AB of a square ficld ABCD of side 2r (Fig. 7.25).
(@) Find, in radians, ZEMF. (c) Calculate what percentage of the area
(b) Find in terms of r the area ABFE. of the field the goat can cover.



20 In Fig. 7.26, OA and OB are two radii of a circle centre O where angle BOA = 0
radians. The tangent to the circle at A meets OB produced at C. If the area of the sec-
{or OAB i twice the aea of the shaded region. Show that 2 tan 0 = 30. By drawing
the graphs of y = tan 6 and y = 2 for a suitable domain, or otherwise, find the
approximate value of 8. (Otherwise, a solution could be found by trial and error using
a calculator in radian mode. Test values of 8 to make tan 8 — 1.5 reasonably small.)

C
\

A
Fig. 7.26
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Vectors

SCALARS AND VECTORS

A scalar is a purely numerical quantity with a unit, such as $20 or a mass of 2 kg. No
idea of direction is involved. A vector quantity, however, has a direction which must
be stated, such as a velocity of 20 m 5™ northeast (NE). A velocity of 20 m 5™
southeast (SE) would be quite different.

To specify a vector, its magnitude (c.g. 20 m ') and its direction (c.g. NE) must both
be given.

Scalars are added and subtracted by the usual rules of arithmetic but to ‘add” or ‘sub-
tract’ vectors, we use a special rule — the parallelogram law.

REPRESENTATION OF VECTORS

A simple example of a vector is a displacement. Suppose a piece of board is moved,
without rotation, across a flat surface (Fig.8.1).

8
7
Fig. 8.1 n

Points on the board such as P, Q, R are displaced through the same distance and in the
same direction to points P*, Q', R”. So we can represent this vector by any line segment
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AB where AB = PP" = QQ" = RR" and AB // PP' // QQ' // RR’. The arrow head shows
the sense of the dircction. AB is drawn to, scale 1o give the correct magnitude of the
displacement, We write such a vector as AB.

EQUALITY OF VECTORS

InFig.8.2, the line segments AB, CD and EF are parallel (in the same direction) and equal
in length. Then these lines can each represent the same vector and AB = CD = EF.

/ °
A
o
/' i
. /
Fig. 82 E

Conversely, if AB = CD (Fig8.3), then
(@) the line segments AB and CD are equal in length and
(b) AB//CD.

Fig. 8.3 c D

It s important to remember that both parts are implied by the statement AB = CD. The
figure ABDC is therefore a parallelogram.

NOTATION FOR VECTORS
We state the endpoints of a vector by writing it as AB, as above or we can use a single

letter (Fig.8.4). A vector could then be given as a (printed in bold). We write this as
Gor a. Always distinguish a vector a in this way from an algebraic quantity a.

Fig. 8.4 A



MAGNITUDE OF A VECTOR

The magnitude or modulus of a vector AB is the length of the line segment representing
the vector 1o the scale used. We denote this as | AB|.

1f AB in Fig.8.4 is drawn to a scale of 1 cm = 10 m s for example, then |AB| =30 m s™.
The magnitude of the vector a is written as | a | or as a.

Note this carefully: a is the vector but |a | or a i its magnitude.

Zero Vector
The vector which has no magnitude (and of course no direction) is the zero vector,
written 0 or 0.

Scalar Multiple of a Vector

Given a vector a (Fig.8.5), we can make multiples of this vector.
For example, PQ 2a. PQ has the same direction as a but twice its magnitude.
1PQ]=2la]=

Fig. 85

RS =-a, . it has the same magnitude as @ but i in the reverse direction.
Note that RS = -SR.

= 1

U

8.

If a = kb, where k is a scalar (a number) # 0, then the vectors a and b are
parallel and in the same direction if k> 0 but in opposite directions if k < 0,
lal=1k[x[b]

Conversely, if a and b are parallel, then a = kb. (k will be positive if a and b are in the
same direction, negative if they are in opposite directions.)

Scalar multiples of a vector can be combined arithmetically. For example 2a + 3a = 5a
and 4(2a) = 8a.

So ma + n: (m + n)a and m(na) = mna for all values of m and n.
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Example 1
Given the vector a (Fig.8.6(a)). draw the vectors (i) 3a. (ii) - }a.

‘The vectors are shown in Fig.8.6(b). They arc all parallel but (ii is in the opposite
direction to a.

/'

Fig. 8.6(a) Fig. 8.6(b)

Example 2
S oo
What type of quadrilateral is ABCD if (a) AB = DC. (b) AB = 3DC?
(a) AB=DC and AB // DC,_T;h:n i\’BCD is a parallelogram (Fig.8.7(a)).
1t follows therefore that AD = BC.
(b) AB =3DC and AB // DC. Then ABCD is a trapezium (Fig. 8.7(b)).

Fig. 8.7(a) Fig. 8.7(b)

Exercise 8.1 (Answers on page 624.)
1 Copy Fig8.8 and draw the vectors (a) 2a, (b) -a, (¢) 3a.

Fig. 8.8 /
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2 In Fig8.9, state each of the vectors p, q and r in the form ka.

Fig. 8.9
3 The line AB is divided into three equal parts at € and D. I AD = a, state as scalar
multiples of a, (a) AB, (b) CB, (c) BD.

4 In Fig.8.10, ABCDEF is a regular hexagon. Given that AB =a, BC =b and CD = ¢,
state the following vectors as scalar multiples of a, b or
e followng veeloy 1y multipey
@DE M EF. @ FA @BE (@ AD.

Fig. 8.10 A

—
5 1 AB = kBC (k # 0), what can be said about the points A, B and C?
6 A the point (4.0) and B the point (0.3). State the value of | AB |
7 1P is (-2.-5) and Q is (3.7), find | PQ |.

)
8 O is the origin, | OR and the line OR makes an angle 8 with the x-axis where
sin @ = 3. Find the possible coordinates of R.
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ADDITION OF VECTORS

To *add” two vectors a and b, i.e. to combine them into one vector, we place them so as
to start from the same point O (Fig.8.11).

Fig. 8.11

Now complete the paraliclogram OPQR.
>
We define a + b = OQ i.c. the diagonal starting from O.
BQ is called the resultant of a and b.
“This is the parallelogram law for the addition of vectors. Note that we use the symbol
“+" though here it means ‘combined with’ and not arithmetical addition.

As RQis parallel and equal to OP, RQ = a.
18 pare) oy
Then OR +RQ=b+a=0Q=a+b.
Hence a+b=b+a.
In practce, it is not necessary to draw the parallelogram. The vectors can be placed

‘end-on’. PQ s equal and parallel to OR 5o PQ = b. We draw a and then b starting from
the end of a (Fig.8.12).

Fig8.12

‘The third side OQ of the triangle gives a + b.
More than 2 vectors can be combined in this way. For example,in Fig.8.13,
a+b=0QandOQ+c=a+b+c=0K.

asbic

Fig. 8.13 o
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DIAGONALS OF A PARALLELOGRAM

In Fig.xi.u.ab ,OR = b. A

Then GQ = a + b. v
b
Fig8.14 ° A A

EP=§Q*@=|+(—h)=n-b.
AlsoPR=-RP=—a-b)=b-a.

‘These last two results are important and can be remembered as follows:

a~b s the vector from the endpoint of b to the endpoint of a;
the vector from the endpoint of a to the endpoint of b

b
where a and b start from the same point (Fig.8.15).

b

Fig8.15

Example 3
(i) 2a+ b, (ii) a = b, (iii) a - 2b.
(), [0}
A /
(3
/ /
g

Fig. 8.16(a)

Fig. 8.16(b)

(The vectors are shown in Fig. 8.16(b).)
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(i) Draw 2a followed by b.

(ii) Draw a followed by -b. Alternatively draw a and b from the same point and use
the rule above.

(iiii) Draw a followed by -2b.

Example 4
In AABC, AB = a, AC = b and M is the midpoint of AB (Fig 8.17).
s e meports,
State in terms of a and b, (a) AM, (b) MC, (c) CM. Fig. 8.17

> o
(@) AM=3AB=3 c

R
(b) MC = AC — AM (from the end of AM to end of AC)
=b-ja b

o o
© ChM=-MC=Ja-b.

Example 5

OA, OB and OC are the vectors a, b and  respectively. D is the midpoint of AB and
E lies on BC where BE = 2BC (Fig 8.18). State in terms of a, b and c,

o — P
(a) AB, (b) AD, (c) OD, (d) BC, (e) BE, (f) OF, (g) DE.

Fig. 8.18




-
@ AB=b-a
ol
®) AD= 3 (b-9)
g |
© OD=0A+AD=a+ib-2="L@+b)
iy
@ BC=c-b
oy
(¢) BE=2(c-b)
g
() OE=0B+BE=b+2c-b)=2c~b
o o
DE

OE-Ob=2c-b-t@+hy=20-%-2

Exercise 8.2 (Answers on page 624.)

1 Given the vectors a and b in Fig.8.19, draw the vectors
(a) a+2b, (b) 2a-bh, () 3a-2b,

o

Fig. 8.19

- = -, -
2 In AABC, AB = a and BC = b. State in terms of a and b, (a) AC and (b) CA.

3 Given the vectors a, b and ¢ in Fig.! ), draw
(@ a+2b, () a+2b+e, () a-b+c,  (d) ja+tb-2c

Fig.8.20

41f|a|=|b|butab, explain why a + b bisects the angle between a and b and is
perpendicular 1o ~b.

S5in AOAB Cl:\‘ a, OB b and M is the midpoint of AB. State in terms of a and b,
(@) AB (b) AM, (c) OM
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6 In 20PQ, OF = p. 6Q = q. R is the midpoint of OP and $ lies on OQ such that
0S = 35Q. State in terms of p and q, (@) OR, (b) PO, (c) 08, (d)RS.

7 In £:0AB, GA =, OB = b. BC is drawn parallel to OA (in the same diection) and
BC = 20A. Sute intems of . and b, (&) AB, ® BC. (©) OC. (&) AC

8 OACB is a parallelogram with OA = a and OB = b. AC s extended to D where
AC = 2CD. Find, in terms of a and b, (2) AD, (b) O, (c) BD.

9 OAB is a triangle with OA = a and OB = b. M is the midpoint of OA and G lies on
MB such that MG = £ GB. State in terms of & and b () OM, (b) MB, (c) MG, (d) OG.

10 OA=p +q, OB = 2p - q, where P and q ar two vectors and M is the midpoint of
AB. Find in terms of p and g, (a) AB, () AM, (c) OM.

POSITION VECTORS

I O is the origin, then the vector OA is called the position vector of A. For cxample, if
Y

the position vector of A is 2a ~ 3b, then OA is 2a - 3b.

Using Vectors

The following principles should be carefully noted:
(1) I ma-+nb=pa+qbthenm=pandn =g, (Scc Examples 6 and 9).

(2) Ifthe points P, Qand R llinear, then PO =kQR (and 7]
and QR are parallel but meet at Q. (See Examples 7 and 8). We could also use
s
PQ = kPR.

(3) I the vectors ma + nb and pa + gb are parallel, then % = 7. (See Example 10

Example 6

Ifp=2a-3band q=a+2b, find numbers x and y such that xp +yq =2 - I2b.
Xp +yq = x(2a - 3b) + y(a + 2b) = (2x + y)a + (3x + 2b

By (1) above, if this vector is to equal a — 12b, then the multiples of a and the multiples
of b on cach side must be separately equal.

Hence 2¢ + y = 1 and —3x +2y 2
Solving these equations, x = 2, y
Checking this, 2(2a - 3b) - or Zb) = a- 12b as required.
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Example 7

The position vectors of P, Q and R are a—2b, 2a - 3b and jia - 6b, where L is a scalar
constant. If the points P. Q and R are collinear, find
(a) the value of u and (b) the ratio PQ:QR.

= -
First we find PQ and QR.

5 o o

@ Py=00-0b=2a-3b-@-20)
QR =OR~0Q = y1a - 6b - (2a-3b) = (- 2)a~3b
Nowif P, Q and R areto be colinear, PO = kOR.

band QR = (u-2)a-3b
Comparing these, the multiple of b in QR is 3 so the multiple of a must also
be 3. Hence p~2 =3 or p=5.

(®) Whenp=>5,| P |=|a-b|and| QR |=| 3a—b) | which gives the ratio PQ:QR
as 13,

Example 8
> >
0P = 3a +b, 00 = (a ~b) and OR = 4a +4b.
Given that P, Q and R are collinear, find the value of i and the ratio PQ:QR.
S o o
PQ=0Q-OP=pa—-pb-3a-b=(-3a-(@+b
QR =0OR-0Q =4 +4b—pa + b =(4—)a + (u+4)b
‘The relation between these vectors is not as straightforward as it was in Example 7.

We shall have to find an equation for 1, If P, Q and R are collinear, PQ = kQR so the
multiples of a and of b in the two vectors must be in the same ratio.

u-t
Then = iy
Py -
Hence PQ = -a - 3b and QR = 2a + 6b = -2(-a - 3b).

‘The ratio PQ:QR = 1:-2 which means that QR is twice as long as PQ but in the
opposite direction as shown in Fig.8.21.

which leads to 4 + 1 - 12 = 2 - 3t = 4 giving t = 2.

N
R QR =-2PQ

P

a
Fig8.21 \
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Example 9

-
InFig822, 00 = a and OB = b. C lies on OA where OC = % OA, D is the midpoint
of AB and BC and OD intersect at M.
S .
(a) By taking OM = pOD and BM = gBC, where p and q are numbers, find two
vector expressions for OM.
Hence find (b) the values of p and q. (c) the ratios OM:MD and BM:MC.

Fig.8.22

=

Fusl find OM as_Pm of OD To obtain OD we find AD

AB= b~as0AD ib-a
ThenOD 0A+AD—I+2[h—.=%(n+h)
SoOM=pOD =5(a+b) = 5a+ Zb. @

. gy oo
Now to find another expression for OM, we use OB + BM.

First find BM as e of BC.

BC= oc ob= Ja-b s0BM=g(Za-b)

Then GV = GB + BM =b +g(2a-b)= Ya+(1-gb i)
(®) As (i) and ;i) are expressions for the same vector, then by (1) above, the multiples

of a and b are cqual

Sof=%
-qgiving ¢ =
© OM— 0D so OM:MD = 4:1 andBM_ 5lat:soBM MC = 32,

- g. We solve v.hesc equations.

% and hence p =

Ratio Theorem (Optional)

‘This theorem is not necessary for this syllabus but may be found useful. It gives a direct
way of finding the position vector of a point dividing a line in  given ratio. In Fig. 8.23,
G =2, OB = b and P divides AB in the ratio pig. We wish to find OP.



Fig. 823

o

S o o -

OP = OA + AP =a+ ;R  AB=a+ ;8 (b-a)= Q“qg;,l’

‘This is known as the ratio theorem for vectors. Note carefully that ¢ multiplies a (on the

other side of P) and p multiplies b.

For example, if P was the midpoint of AB, then p
iy o 5

So OP = 240 If AP = [AB thenp =1, q—Znnd ob =

Ab=} AB where the position vectors of A and B are 3a — 2b and -a + 5b, then p = 3,

be 23a=2b)

"' Similarly, if

q=2 and the position vector of P will

Note: Care must be taken when P divides AB externally i.c. P lies outside AB. One of
p or g must then be taken as negative (Fig. 8.24).

A Fig. 824

Ob = zqatrb
—q+p
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Example 10

In Fig. 8.25, the position vectors of the
points A, B and C are 2a - b, 4a + 5b and

~a + 4b respectively. L and N are the o
midpoints of AB and AC respectively.

M s a point such that LM = i .

(a) Find the position vectors qu. Mand 2a-b

N and (b) show that B, M and N are

collinear and state the ratio BM:MN.

(c) P is a point on BN produced such that B

BP = pBN. If PC is parallel to AM, find L

the value of p. A Fig. 8.25

~a+4p

4a+5b

(a) The position vector of L is 28=b)+(a+5b) — 35 4 op,
AsLM = JLC,LM:MC = 122 :
The position vector of M is 288+ 20)+ 1catdb) _ Sav8h
The position vector of N is “—--_hw =atdh

o -

(b) We find BM and MN.
ﬁl:(ﬁd—O_)B—S%"—(4n+5b =
-

b
oL
]
=]
=
W
*

© Bb+ ﬁ: B

50 pBN + PC = (-a + 4b) — (4a + 5b)
~@a+5b)+ P =-5a-b
)4 BE =-Sa-b

giving PC = (2510 »,(71';_111,

A=smss_0q_p)=

1If these are parallel, the multiples of a and of b must be in the same ratio.
p-10 7p-2

Hence —2— = —2—je. 22510 T2

+ 11

l+”h

3 3
which simplifies t0 77p ~ 110 =-Tp + 2 or p = 4.
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Exercise 8.3 (Answers on page 625.)

1 Given that p = 3a - b and q = 2a - 3b, find numbers x and y such that
xp+yq=a+9b.

20fa=3i+2jb
patgb=c.

3 Given p =2i +3j and q = i - j, find numbers x and y such that xp + yq = ~4i ~ 11j.

41fp=2a-5bq=a+2bandr=a- I6b, find numbers x and y such that
Pp+yq=r.

= o

5 1fOP =2a-5b,0Q
and state the ratio PQ:QR.

6 The position vectors of P, Q and R are a ~ 2b, 2b and —4a + kb respectively. If P,
Qand R are collinear, find the value of k. What is the ratio PQ:QR?

7 Given that OP = a + b, OQ = ka and OR = 7a — 2b, find the value of k if Q lies
on PR

~2i + 3f and ¢ = 12i - 5j, find numbers p and g such that

bmdal=lll+7b,5hnwlhllP.andmellinur

8 The position vectors of P, Q and R are 22— b, ji(a — b) and a + b respectively. Find
the value of p if PQR is a straight line. State the ratio PQ:QR.

9 (a) The position vectors of L, M and N are p +2q, m(p + q) and p - g respectively.

Find the value of m for which LMN is a straight line, and state the ratio LM:MN.

(b) The position vectors of A, B and C are a + 2pib, pa — b and 2a — 3b respectively.
If AB is parallel to OC, where O is the origin, find the value of

10 The position vectors of A and B are
meorem or omerwise, find me posi
) AP= H AB.(©)4AP =3AB, (&) Plies on AB extended and AP = 3BP, (¢) P lies
on BA exténded and AP = 2BA.

11 GA =2a - 4b and OB =4a + 6b, where O s the origin. P and Q are the midpoints
of OA and AB respectively. (a) State the position vectors of P and Q. (b) G lies on BP
such that BG = 2GP. Find the position vector of G. (¢) Show that O, G and Q are
collinear and state the ratio OG:GQ. (d) R lies on OA where OR =pOA. If BR is
parallel to GA find the value of p.

12 P and Q divide the sides BC and AC respectively of AABC in the ratio 2:1.

If AB = a and AC = b, find (a) QP and (b) show that QP is parallel to AB and
one-third its length.

13 OABCis lpanllclngnmvm.hOA nndoc ¢, D lies on OB where OD:DB = 1:4.
AD meets OC at E By taking OF = pOC and AD = gAE, show that

3 L@+o=0-ga+ppe
Hence find the values of p and g and the ratios OE:EC and AD:DE.

- 2band 3a + 4b respectivly. Using the ratio
ion vector of P where (a) AP 2PB,
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14 OABC is a parallelogram in which GA = a and OC = b. M s the midpoint of AB and
MC meets OB at X.
X,y o
(@ By taking MX = pMC and OX = gOB, express OX in tems of
(i) p,aandb, (i) g, a and b.
(b) Hence cvaluate p and ¢ and state the ratios OX:XB and CX:XM.
15 C lies on the side OA of AOAB where OC:CA = 2:1. D lies on the side OB where
OD:DB = 1:2, AD meets BCat T.
(@) Taking OA =3, 0B =b, AT =pAD and CT = ¢CB, find two expressions for OT.
Hence find (b) the values of p and q and (c) the ratios CT:TB and AT:TD,
16 Cand D divide OA and OB respectively in the ratio 1:3. E divides CB in the ratio 1:4,
& "
Taking OA = a and OB = b, use vector methods to prove that DEA is a straight line
and find the ratio DE:EA.
17 In AOAB, C divides OA in the ratio 2:3 and D divides AB in the ratio 1:2. OD meets
CBaE o S5 o o
@ Taking Gh =2, B = b, O = pOD and k= ¢Ch, obtain two expressions for
OF.
(©) Hence find the values of p and ¢.
(c) State the ratios OE:ED and CE:EB.
18 The position vectors of A and B are a and b respectively relative to an origin O. Cis
the midpoint of AB and D divides OB i the ratio 2:1. AD and OC meet at P.
Of AB a1d D divides OB o,
(8) Taking OP = pOC and AP = gAD, express OP in two different forms.
Hence find (b) the values of p and g and (c) the ratio OP:PC. (&) Q lies on BA
5
produced where AQ = kBA. State the position vector of Q. If OQ is parallel to DC,
find the value of k.

19 OABC is a parallclogram with OA=a and oc e OB is extended to D where
iy
Ob = Bb and O is catended o E where AE = JOA. CE and AD eet at X.
(@) Taking AX = pAD and CX = qCE, find two expressions for OX.
(b) Hence find the values of p and ¢ and the ratios AX:XD and CX:XE.
P
(©) Flies on AD and BF is parallel to CE. Taking AF = rAD.find the value of r.
() Hence state the ratio BF:CE.

20 GA =2 and OB = b. OB is produced to C where GB: 2BC. D s the midpint of AB.
OD produced meets AC at E. Taking OD = pOE and AE = gAC, derive two
expressions for O and hence fnd th values of p and q and the ratios OD/DE and
AEEC.

21 OABCs a paralielogram with GA = and GC = . D les 0 OC where OD:DC = 1,2
and & s the midpoint of CB. DB meets AE at T. Taking DT = pDB and AT = gAE,
form two vector expressions for OT and hence find the values of p and q.

22 "The position vectors of A and B are a and b respectively, reative (0 O, C lies on OB
where OC:CB = 1:3. AC i produced to D where AD = pAC. If DB is parallel to OA,
find the value of p.
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23 The position vectors of the points A, B and C are 7a — 2b, a + b and a - 2b
=
respectively. Lis the point where AL = 1 AB. M s the midpoint of BC and N s the
point such that CN =2CA. Find the position vectors of L, M and N and show that
these points are collinear. State the ratio ML:LN.

24 A, B and C have position vectors a — b, 3a + 2b and 4a — 3b respectively. P lies on
AB where AP:AB = 2:3, Q lies on BC where BQ:BC = 3:4 and R lies on AC extended
so that AC = CR. Find the position vectors of P, Q and R and show that P, Q and
R are collinear. State the ratio PQ:QR.

COMPONENTS OF A VECTOR:
UNIT COORDINATE VECTORS

o > ) e
Suppose AB = a and BC = b (Fig.8.24).

Fig. 8.26
A

-
The resultant of a and b is AC = r = a + b. The vectors a and b are called the components
of r. The components of a vector F are any two vectors whose resultant is r. A vector can
therefore be resolved into two components in an infinite number of ways. However if

we take the components parallel to the x- and y-axes (Fig. 8.27), they will be unique and
perpendicular.
¥

Fig. 8.27 L)

‘We now define two standard unit vectors i and j called the unit coordinate (or base)

vectors (Fig. 8.28). Y

Fig. 8.28 < i
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iis a vector in the direction of the positive x-axis and | i | = 1
J is a vector in the direction of the positive y-axis and | j | = 1.

‘The perpendicular components of any vector can now be expressed in terms of | and
J in a standard form. For example, suppose the vector AC = r has components of
magnitude 3 and 4 paralle o the axes Fig. 8.28).The horizontal component AD = 3i and
the vertical component D DC= - 4j.

Hence the vector r = AD + DC =31 + 4},

¥ is now expressed in terms of the base vectors  and j.

y

Fig. 8.29

an also be witten as (1), ie. in column vector form. [Do not confuse with
coondinates (34)). For cxample, 2i - 3] can be written as (_3). i=(})andj=(9).
Given r in terms of i and j, we can find | r | and the angle 6 it makes with the positive
x-axis.
From AADC (Fig. 8.28), AC* = AD* + DC?, so| r* |= 3 +4*=25and | r | =25 =5.
tan 0= giving 6 = 53.13°,

Note: To find  for a given vector, draw a diagram to locate the correct quadrant as
tan = 2 will give two values for 0° < 8 < 360°.

In general for a vector r with perpendicular components of magnitude a and b (Fig. 8.30):

Fig. 8.30
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Example 11

The position vector of A is ~2i + 3]
(a) State the coordinates of A.
=
(b) Find [OA | and the angle the vector OA makes with the x-axis.

Fig. 8.31

(a) The coordinates of A are (-2,3) (Fig.8.29).
() |OA]=|-2i+3| =V +2=V13=36
3 giving 8 = 123.7° (2nd quadrant, Fig.8.29).

Example 12

o o
(a) OC has the same direction as (=}) and / OC /= 30. Express OC as a column
vector.

(b) The position vectors of A and B are (%) and ( }) respectively. Find
(i) AB. (ii) the equation of AB.
O i 3 O 3k
(@ OC must be a scalar multiple of () so OC = () where & > 0.
= N . =, Ot = (-18
| OC [=9%+ 16k =25k so | OC | = 5k =30 and k = 6. Hence OC = (4§).
5l O i % (i e 3D = % S
® ) AB=0B- OA=i-2j-(2i+3)=3i-5]
(ii) The coordinates of A and B are (-2,3) and (1,-2).
Hence the equation of AB is -
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Example 13
The position vectors of A, B and C are 2i - j, 3i + 2§ and -31 + 4] respectively
(Fig. 8.32).
. -
(a) Find B |, [BC | and | AC | and show that AABC is right ungled.
(b) If the position vector of D is —# - . find the angle BD makes with the x-axis.

Fig. 8.92

@ AB=3i+2-Qi-j)=i+3j;|AB|=VI0
gy >

31 +4j - (3i + 2j) = —6i + 2§ ; | BC| = Va0
V50

c; j 4j)=5i-5);|Ch
Py Py g
As|CA|2=| AB |2+ | BC |2 the triangle is right angled.

—Gi+2h)=-Ti-3
giving © = 203.2° (3rd quadrant).

Unit Vectors

‘The magnitude of the vector a = 3i+ 4j is | 31 +4] | = 5 5o the vector is 5 units long. Hence
the vector 234 is one unit long and is in the same direction as a. This is the unit
vector in the direction of a (Fig. 8.33). It is written as & (read ‘vector a cap’).

4 -% (31 + 4))

Fig. 8.33

If r = ai + bj, then T

For example, if a =
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LSk 2 . = i3
Again, if OA = (). the unit vector paralle to. AO would be 2=

Exercise 8.4 (Answers on page 625.)
1 On graph paper, mark the positions of the points with position vectors i +j, ~2i - j,
3i+2j,- 3.
2 A,Band C are points with position vectors 2i = 3j, i +2j and 4i - j respectively. Find
e ey
in terms of i and j, the vectors AB, BC and CA.
3 The position vectors of A and B are 3i + j and 2i + 3] respectively. Points C and D
have position vectors given by OC = AQ and CD = AB.
(@) Find the position vectors of C and D in terms of i and j and show the positions
of the four points on a diagram.
(6) Express DB in terms of i and j.
(c) Find | DB | and the angle DB makes with the x-axis.
4 Find the magritude and the angle made wih the x-axis of the vectors
@CH ® ) ©2+3 @ i-
5 @ The coordinates of A are (-3,2) and the pcsx(ion vector of B is 2i + 4j. Find the
vector BA.
Y
(b) The vector OA has magnitude 25 units and s in the same direction as (_}). The
>
vector OB has magnitude 6.5 units and is opposite in direction to (;3). State
the vectors AD and AB in column vector form.
6 The point with position vector 3i — 2j is displaced by a vector ($). Find its new
position vector.
o
7 1f the coordinates of A are (2, 4) and AB = i + 2j. find the position vector of B.
8 () If —8jand b =i+ 3j, find & and b.
= S X - =
(b) OA =(_3)and OB = (_]). Find the unit vectors parallel to AO and BA.
9 In this question, take a = 3i + j, b = —i + 2j, ¢ = 3i. Find () & and (i) b.
Express in terms of i and j, (iii) a + 2b, (iv) 2¢ - 3b, () a + b - 2¢.
Find (vi) | a + 2b |, (vii) | 2¢ — 3b |, (viii) [a + b = 2¢].

10 The position vectors of A, B, Cand D are i + 3], 2i - j, ~i - 4j and 3i + 2j respectively.
o P
Find in terms of i and j the vectors (a) AB, (b) BD, (c) CA, (d) AD.

11 The position vectors of A and B are 2i + 3j and 3i - 8j respectively. D is the midpoint
of AB and E divides OD in the ratio 2:3. Find the coordinates of E.

12 P and Q have position vectors 5i + 2§ and i - 4] respectively. If OP = 30Q + 20R,
find the position vector of R.

13 A, B and € have coordinates (1,2), (2,5) and (0,-4) respectively. If AB = D, find the
position vector of D.
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14 The position vectors of A and B are 3i +j and i + 2] respectively. Find the position
vector of C if AB = BC.
15 Points A and B have position vectors 2i - j and i + 3j respecively.
(@ Given that OC = AB and AD = CB, find the position vectors of C and D.
(6) Show the positions of the four points on a diagram.
(©) Find ICDI and the angle CD makes with the x-axis.

16 The position vectors of A and B are 4i +5j and i ~2j respecively. Find the position
vector of C if 30A = 208 + OC

17 The coordmams an .uld B are (2,3) and (-2,5) respectively. Find the position vector
of Cif 20A = 208 + BC.
18 Show that the points with position vectors 4i + 5], 3i + 3j and -3] are collinear.
19 What is the gradient of the line joining the points with position vectors 2i + j and
i+3j2
20 Show that the triangle whose vertices have position vectors 2i + 4j, Si + 2j and
3i + 5§ is isosceles.
21 (a) The velocity v m s of a body is given by the vector v = i +3j.
Find the speed of the body and the angle its path makes with the x-axis.
(b) Ifits position vector at the start was i + j, what is its position vector (i) after 1 sec,
(ii) after 3 secs, (iii) after ¢ secs?
(c) After what time wil it reach the position given by 7i + 192
22 Abody is moving with velocity vm s-! where v = 2i - 3. If it started from the position
i+ 4j, what is its position after 3 seconds? How long wil it take to reach the position
16 -7

23 The position vector F of a point on a straight line is given by r =
ris a number.
(a) What is its position vector when r = 27
(b) Find the position vector of another point on the line by taking any other value
of «
() Hence find the gradient and the equation of the line .

J+12i- j) where

24 Find the gradient and equation of the line given by r =
number.

§+ K- J) where kis a

25 The position vector r of a point s given by r
What s its position vector when (a) £ = -1, (b)
(¢) What is the value of £ when its position vector is 7i + 9j?

§ -+ 1+ 2j), where tis a number.
Ed

26 1If the vectors mi - 2j and 4i - 6 arc paralicl, state the value of m.

27 The position vectors of A and B are 3i ~2j and i + j respectively. Find the value of
1if OAB is a straight line.
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28 OABC is a parallelogram where O is the origin. The position vectors of A and B are
4i+6j and 6 + 8] respectively. D is the midpoint of CB and E is the midpoint of AB.
OD meets CE at F.

(@) State the position vectors of C, D and E.
®) By tx.kmg OF = mOD and CF = nCE, find the values of m and n and the ratio

29 (a) State the condition for the lines y = m,x + ¢, and y = m,x + ¢, to be perpendicular.
(b) The points A, B, C and D have position vectors i + j, 3i ~ 2j, -3i - 3j and —j
respectively. Find the gradients of AB and CD and show that these lines are
perpendicular.
30 The points A, B, C and D have position vectors i, 2i + 3j, 2i +  and Si respectively.
Show that AB and CD are perpendicular.

31 P, Q. R and S have position vectors i + 2j, 3i - j,—i — j and ki + j respectively, where
kis a number.
(@) Find the gradients of PQ and RS.
(b) For what value of k will the lines PQ and RS be perpendicular?

32 Ifa=3i+4jand | b | = 2, what are the greatest and smallest values of |a + b ?

SCALAR PRODUCT OF TWO VECTORS

Vectors can be ‘multiplied” in two ways. In one, the result is another vector, called the
vector product but we shall not use this method. In the other, the result is a scalar so it is
called the scalar (or dot) product.

‘We write the scalar product of a and b as a.b and define it as

ab=|ajx|b|xcos®=abcosd

where © is the angle between the vectors (Fig. 8.34).

Fig. 8.34

For example, if |a|=2,|b|=3 and the angle between a and b = 60°, then
ab=2x3x05=3.

The scalar product is always a number. This will be negative if 90° < 8 < 180° as
cos 0 is then negative. |a | and [ b | are always positive. From the definition we can
derive the following important facts:

I The scalar product is commutative
ab=|a|x|b|xcosBandba=|b|x|a|xcos®

Hence ab=ba
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1 Parallel vectors

1f 2 and b are parallel but in the same direction, then 8 = 0° (Fig. 8.35(a)).
abcos0°=ab=|a|x|b|.

Fig. 8.35 -— [0}

If a and b are parallel but in opposite dircctions, then @ = 180° (Fig. 8.35(b).
ab = ab cos 180° =

Hence i.i (written as ) = 1 and j?
Also (3i +4).Gi + 4j) = | 3i +4j [P =

Il Perpendicular vectors
If a and b are perpendicular, then 8 = 90° and cos 90° =
Hence a.b = ab cos 90° = 0.

a.b =0 if a is perpendicular to b

Hence i = ji= 0.

Conversely, if a.b = 0, then a and b are at right angles (unless cither a or b or both
are 0).

IV Distributive law for a scalar product

In ordinary algebra, a(b + ¢) = a X (b + c) = ab + ac, i.e. we can ‘remove the brackets’.
The ‘X" is distributed over the ‘b + ¢". This is known as the distributive law for
products. The same law is true for scalar products: a.(b + ¢) = a.b + a.c.

‘ Example 14 l
| Ifa=2i+3jandb =i-2j, find ab. t
| ab = (i+3)6-2)). i
| |
i
i

2§) + 3j(i - 2j) by the distributive law
—2i.2j + 3j.i - 3j.2j using the law again
2 -0+ 0 -6asii=jj=landij=

=

. From this we see that we only need to multiply the two  and the two j terms and add |
the results. The i terms are ignored.
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i
So (21 +3))i-2) =2-6=—4.
i
-6
By the same method we can show that in general:

(i b Do+ b, = (3. (R)=aa, + b,

Example 15

The position vectors of P and Q are 2i +§ and -3i + 2j respectively.
Find ZPOQ (Fig. 8.36).

Q
-ai+2) paisi

Fig. 8.36

From the definition, a.b = ab cos 8

Then cos § =

ab
i.e. the cosine of the angle between two vectors is the scalar product divided by
the product of their moduli.

Hence cos £POQ = DI+ _ 622 __g 4961

[2i+ 3 x[-31+2] Vs V13
giving ZPOQ = 119.74°.

Example 16

The position vectors of A and B are 21~ 3} and i + 2§ respectively.

(a) Find the value of  for which OA and OB are perpendicular.

(b) Ift = 4, find ZAOB to the nearest degree.

(a) 1f OA is perpendicular to OB, then their scalar product = 0.
S0 (2i-3).(fi+2))=2-6=0and 1 =3.

__Gi-W@ie2) _ 2 _
() cos £AOB = (AU _ 2 01200
Hence ZAOB = 83°.
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Example 17

Find the relationship between p and q if the vectors a = pi +3j and b = 2i + gj are
at right angles. Given that q = -2, find [a +b .

To be at right angles, (pi + 3j).(2i + gj) = 0.
Then 2p + 3¢ = o

If g = -2, then

|n+h|~|3|+3_|+21 2| =|5i+j|=V26

Example 18
Astraight line passes through the point A whose position vector is 3i +J and is parailel
10 the vector 4i +3j.
(a) If the position vector of any point P on the line is p, show that
P =30+ +1(4i +3j).
(b) Find the value of t for which OB is perpendicular o the line.
(c) Hence find the distance of the origin from the line.

Fig. 8.7

(@) In Fig. 8.37, A s the point with positon vector 31 +.
Ab s parallel 0 4§ + 3 50 AP = 4 +3]) where s any number.
Then OP = p = OA + AP = 3i + j + 1(di + 3)).

(b) OP = (3 +4ni + (1 + 30j
IF OP s pependicular to 4 + 3 then (3.+.41) x 4.+ (130 x 3=0.
“This gives 12+ 161+ 3+ 9t =0ort= ;.

(c) When t= -3, the position vector of P=3i + j~3(di + 3= 3 - 4.

“The distance from O to the line will then be | OP | = 3 + 16 = 1.
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Exercise 8.5 (Answers on page 626.)
For questions 1 7, take a = 2i + 3j,b = =i + 2j, ¢ =
1 Find the scalar products () a.c, (b) b.d, (¢) b.c.

2 Which two of the vectors are perpendicular?

3 Evaluate b%.

4 Find the angles between (a) b and ¢, (b) a and d.

§ The vector i + J is perpendicular to b — a. Find the value of 1.

6 Find the angle between a + b and ¢ + d.

7 Find the relation between m and n if ma + nb s parpendicular to ¢ - b.

8 Givena=3i-2j.b=4i+jandc=2i+7, verify that a.(b + ¢) =ab +a.c.

9 1fp=3i+4j,q="2i-3jand r = 5i + j, show that p.(q — F) = p.q — p.r and find the
angle between p and q.

10 The position vectors of A and B are 4i + 3] and 7i - j respectively. Show that OA is
perpendicular to AB and find ZAOB.

11 The position vectors of A, B and C are 3i + j, 4i + 3j and 6i + 2j respectively.

(@) Show the positions of the points on a diagram,.
(b) Find £B.
() Hence find the arca of AABC.

12 Two bodics are moving in a plane, one parallcl to the vector 3i - , the other paralle]
1o —4i +2j. Find the angle between their paths.

13 1f the vectors f + 2§ and fi - 8§ are perpendicular, find the values of 1.

14 1f the vectors 2pi — 3j and pi + 6 are perpendicular, find the values of p.

15 AQ23), B(-1.4) and C(5,-2) are three points, Evaluate BA BC and hence find ZABC.

16 The positon vectors of A, B and C are 2§, 3i + 4 and Si respecively.

Find BA.BC and hence find ZABC.

17 OABC is a parallclogram with OA =
midpoints of BC and AB respectively
@) Find the position vectors of P and Q.
(b) Evaluate OP.OQ and hence find ZPOQ.

i+ 2 and OC =—6i + 4. P and Q are the

18 OABC is a parallelogram where the position vectors of A and C are 3i + 6] and —2i + 4
respectively. (a) Find the position vector of B. D is the midpoint of OC and E divides
OA in the ratio 2:1. Find (b) the position vectors of D and E and () ZBDE.

19 ABCD is a quadrilateral where the position vectors of A, B, C and D arc a, b, ¢ and
d respectively. o S L
() Statc in terms of a, b, ¢, d (i) AB, (ii) CD, (iii) AC, (iv) BD.

(b) If (c - d) = k(b — a) where k> 1, what type of quadrilateral is ABCD?
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() State in terms of a, b, ¢, d, the condition for the diagonals to be at right angles.
(@) If|d=b||c—a|=2~b). (c~a) what is the angle between the diagonals?
20 The position vectors of A, B and C are 3i + ,
o veetas
such that AP = kAB where k is any number.
(2) Find the position vector of P in terms of &, i and j.
(b) Find the value of k if PC is perpendicular to AC.

3j and Si respectively. P is a point

20 =3 r,=i+jandr,
perpendicular 1o 1r, + r..

~ 3j, find the values of £ so that , + r, will be

22 A and B have position vectors 3i + 6] and 61 + 3 respectively. C lies on OA where
OC:CA = 1:2 and D lies on OB where OD:DB = 2:1.
@) Find the position vectors of € and D.
() Find CD and AB in tems of i and j.
(¢) Hence find the angle between CD and AB.

23 The position vectors of A and B are 4i + j and i + 7] respectively.
(a) Find ZAOB.
(b) C lies on AB where AC:CB = 2:
(©) Hence find ZAOC.

. Find the position vector of C.

24 The points A, B and C have position vectors 3i + 3j, 8i + 2 and i + 11] respectively,
where |1 is a positive number. D lies on BC where BD:DC = 1:2.

(a) Find the position vector of D in term of ., i and j.

(b) Express AD in terms of , i and j.

(c) If AD is perpendicular to BC, find the value of j1.

B
R

‘The position vectors of A, B and C are 3i+ 4j, 8i 6] and mi + nj respectively, where
m and n are numbers.
(a) Evaluate (3i +4j).(mi + nj).
= 3
(b) Find | OA | and | OC|.
(c) Hence express cos ZAOC and cos ZBOC in terms of m and .
() If ZAOC = ZBOC, find the relation between m and n.
(¢) Hence find the equation of the line OC.

SUMMARY

Magnitude of vector a = | a

a.

® Ifa= kb, where kis a scalar (a number) 0, then the vectors a and b are paralle]
and in the same direction if k > 0 but in opposite directions if k < 0.
lal=[k]x|b]

ly if a and b are parallel (a # 0, b #0), then a = kb. P, Q and R are collinear

P S

if PQ =kQR (or PQ = kPR) and conversely.

Converst
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= o
® IfOA=a,OB=b,a+bis the diagonal OC of the parallelogram OACB.

® a-bis the vector from the end of b to the end of a,
b~ ais the vector from the end of a to the end of b,
where a, b start from the same point.

® Ifma+nb=pa+gbthenm=pandn=gq.
-

® “The position vector of A is the vector OA where O is the origin.

i, j are unit vectors in the directions of the positive coordinate axes.

Column vector form: ( §) = ai + bj
If £ = ai+ bj =(§). then | | =Va? + b tan 0 = & (check for the correct
quadrant).
® The unit vector in the direction of r is 7.
167 =i+ bj, then F = =
Scalar product of a and b =a.b = [a | x | b cos @ where 8 is the angle
between a and b

oipo
€080 1]

Commutative law: ab = b.a

Distributive law:  a.(b +¢) =a.b + a.c.

If a and b are parallel, a.b = ab (same direction), or a.b = —ab (opposite
directions).

IFa and b are perpendicular, a.b = 0.

@i +bi)aj+b, D)=

;:).(;:) =aa, +bb,

REVISION EXERCISE 8 (Answers on page 626.)
A
1 Given a=2i - 5, b = ~5i - 12j and ¢ = mi + nj, calculate
(a) a.b, (b) the angle between a and b.
() If a.c = b.c, find the relation between m and 1.
o
2 The position vector of A relative to an origin O is 3i + 5]. Given that AB = 8i + 2j,
evaluate OA.OB and hence find angle AOB. (©)
3 The points A, B and C have position vectors p +q, 3p - 2q and 6p + mq relative to
an origin O. Find the value of m for which A, B and C are collinear. ©
4 The position vectors of A and B relative to an origin O are 6i + 4j and 3i + pj
iy
respectively. Express AO.AB in terms of p and hence find (i) the value of p for which
AO s perpendicular to AB, (ii) the cosine of ZOAB whenp = 6. ©
5 A, Band C are points with position vectors 4p —g, u(p + g) and p + 2q respectively,
relative to an origin O. Obtain expressions for AB and AC. Given that B lies on AC,
find the value of 1. (©
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Y = >
6 (2) OA is perpendicular to (“§) and | OA | = 15. State OA in column vector form
if Alies in the first g :
(b) | ai+bj | =5 and ai + bj is perpendicular to 8i - 6]. Find the value of a and of
b.

7 Points A and B have position vectors a and b respectively relative to an origin O
Y
(Fig. 8.38). The point D is such that O = pOA and the point E is such that AE =
gAB.
B

Fig. 8.38
[

The line scgments BD and OF intersect at X. If OX = §OF and XB = § DB express
O and XB in terms of a, b, p and 4 and hence evaluat p and g. ©

8 (@) Given that OM =i+ 3j and ON
MON to the nearest degree.

(b) The position vectors, relative to an origin O, of two points S and T are 2p and 2q

respectively. The point A lies on OS and is such that OA = AS. The point B lies

on OT produced and is such that T = 2TB. The lines ST and AB interscct at R.

Given that AR = A AB and that SR = T, express OR () in terms of p, q and

A, (i) in terms of p, q, . Hence evaluate A and p and express OR in terms of p

and q. ©)

9 The position vectors of A, B and C are a, b and ¢ respectively relative to an origin O.
Draw a diagram showing the positions of O, A, B and C given that (i) a.c = 0,
(i) b—a = k(c - a), (i) ba-¢)=0, () 2| b| =|a-c].

‘What is the position of B relative to A and C?

J, evaluate DM.ON and hence calculate

10 The position vectors, relative to an origin O, of three points A, B and C are 2i +2j,
i+ 11j and 11i + 9§ respectively.
(i) Given that OB = mOA + nOC, where m and n are scalar constants, find the value
of mand of n._
(ii) Evaluate AB.BC and state the deduction which can be made about ZABC.
(iii) Evaluate AB.AC and hence find ZBAC. ©
11 The position vectors of A and B are i+ 3j and —2i + j respectively.
(a) Evaluate OA.OB and hence find ZAOB.
Cis a point whose position vector s given by OC = GA
(b) Find the values of ¢ for which (i) OC is pcrpendxculnr to AB (i) 101 = AT,
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12 The position vectors of poinis A and B relative to an origin O are a and b respectively.
The point P is such that GP = 40B. The midpoint of AB is the point Q. The point R
is such that OR = $00.

Find, in terms of a and b, the vectors OQ, OR, AR and RP. Hence show that R lies
on AP and find the ratio AR:RP.

Given that the point § is such that O8 = p OQ, find the value of u such that PS is
parallel to BA. ©

13 P and Q have position vectors 21 + (1 + ) and (¢ + i = (1 + 2)j respecively.
1f [OF | = | OQ] show that 3 - 4 - 4 = 0 and hence find the possible values

ey
of 1. For each one, calculate OP. lﬁ and the angle POQ.

14 OABC is a quadrilateral with OA = a and OC
If (a + ©).(a — ©) = 0, what type of quadrilateral is OABC?

If,in addition, a.c = 0 what is the quadrilateral?

15 GA =2 and OB =b. C is the midpoint of AB and D divides OB in the ratio 2:1. AD
and OC intersect at P.

mesgetat o
(@) Taking OP =pOC and AP = gAD, find two vector expressions for OP and hence
find the ratio OP:PC.
(b) E divides OB in the ratio 1:2 and AE meets OC at Q. By a similar method, find
the ratio 0Q:QC.
(c) Hence find the ratio OQ:QP:PC.

16 The position vectors of A, B and C arc -a + 2b, 2a + 3b and 3a + b respectively.
P divides BC in the ratio 3:4. Q lies on AB so that AQ = ZAB. R lies on AC so
oy
that CR = 2AR. Find the position vectors of P, Q and R. Show that these points are
collinear and state the ratio PQ:QR.

17 The points A and B have position vectors 4i + 3j and i + 1 respectively.
1f cos ZAOB = 5., find the values of 1.

18 The position vector p of a point P is given by p = (cos 0)i + (si
Find the equation of the curve on which P lies for all values of .

o).

T

If ab = a.c, show that a is perpendicular to b —c.
In £5A0B, GA = a, b = b. The alitudes BD and OE interscet at H and GFt = h.
(@) State BH in terms of h and b.
(b) Show that (h - b).a = 0 and that h.(b -
b.(h-2)=0.
(©) Hence state a geometrical result about the altitudes of a triangle.
o
21 1f AB = a and AC = b, show that the area of the /A ABC s given by 2V(aby — @by,

Hence find the area of A ABC if the coordinates of A, B and C are (3,2), (~1.-1) and
(5.-3) respectively.

N
H

0 and hence deduce that
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22 The points A, B and C have position vectors a, b and ¢ respectively. L, M and N
are the midpoints of AB, BC and CA respectively. G lies on CL so that CG = 2GL.
Find the position vector of G. Show that A, G and M are collinear and state the
ratio AG:GM. (Similarly B, G and N arc collincar and BG:GN = 2:1. G is called the
centroid of the triangle ABC.)
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Calculus (1):
Differentiation

Calculus is a very important branch of Mathematics. It was developed by Newton
(1642-1727) and Leibnitz (1646-1716) to deal with changing quantities. The gradient of
a curve is an example of such a quantity and we begin with this.

GRADIENT OF A CURVE

‘The gradient of a straight line is constant. It is equal to
the ratio Y5 between any two points of the line (sce
Chapter 1, page 8). On a curve however, the gradient is
changing from one point to another. We define the gradi-
entat any point on  curve therefore to be the gradient of
the tangent to the curve at that point (Fig.9.1). Figs.1

ranger

We now find a gradient function, derived from the function represented by the curve,
using a method called a limiting process. Consider the simple quadratic curve y = x*
(Fig.9.2) and take the point P(3,9) on that curve.

Fig.9.2
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Now take a point near P, say Q,(4,16). The gradient of the line PQ, is 1622 =7 which
only approximately equals the gradient of the tangent at P.

To get a better approximation we try again, this time with Q,(3.5,12.25) which is closer
toP.

The gradient of PQ, =

25 _
35 =65,

Now see what happens if we repeat this, taking positions of Q closer and closer to P, using
a calculator (Fig9.3).

Fig.9.3
Coordinates of Q or PR Gradient
(3.3,10.89) 189 03 63
(3.1.961) 061 ol 61
(3.01,9.0601) 0.0601 001 601 tending to 6
(3.001,9.006001) 0.006001 0001 6001

(3.0001,9.00060001) 0.00060001 0.0001 6.0001

‘The sequence of values suggests that as we continue, taking Q closer and closer to P, the
gradient approaches 6. We say that 6 is the limiting value or limit of the sequence. As
Q —= (tends to) P, the gradient of PQ —— 6 and we take this limiting value as
the gradient at P.

Note that we cannot find this value directly. We have to use this limiting method. (We
also have 10 be sure that there will be a limit but this will be assumed in our work).

Exercise 9.1 (Answers on page 626.)

1 Repeat the limiting process to find the gradient where x = 2 and x = ~1 on the curve
y=2

2 Use the limiting method to find the gradient at the point where x = 2 on the curve
y=20

3 By the same method, find the gradient where x = 4 on the curve y = Vx.
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GENERAL METHOD FOR
THE GRADIENT FUNCTION
To find the gradient at another point on the curve we must repeat the calculations. A

better approach would be to find a formula for the gradient, using the same method.
In Fig.9.4, we take a general point P whose coordinates are (x,x%).

Fig.94

Now take a nearby point Q where x,,
except that /i # 0.
Then yg = (x + h)%
. 13
Gradient of PQ = %E
_Grhp-2
B "

x+ h. At present the value of & is not specified

- £+ 2h+ B -2
h
_ 2heR
h
=22+h (h#0)

Now suppose Q moves closer and closer to P, i.e. h —— 0. Then 2v + h ——= 2x.
‘The limiting value of 2v +  is 2v and we take this as the gradient at P. When x = 3, the
gradient = 6, as we found before. When x = 0, the gradient is 0, which can be seen from
the graph as this is the tuming point.

‘The function x —— 2v is the gradient function for the curve y = . Each curve
will have its own gradient function which we find by the limiting method, known as
working from first principles.
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Example 1
Find the gradient function for y = 2:¢ - 3 (Fig.9.5).

Fig. 95

Pis a general point (x, 2¢% - 3).
Qis a nearby point with x, = x + h, y = 2(x + b =
QR =2(x+ Y =3 - (2¢-3)

=20 +dxh + 24P -3-2043

= dxh+ 28

R _ dxh+ 20 _

%f = = 4x +2h
Now as h——= 0, 4x + 2h——= dx. The limiting value is 4x. The gradient function
is therefore x —— 4x.

Example 2

(@) Find the gradient function for the curve y = x’ +2x (Fig.9.6).

(b) Hence find the gradients at x = 0 and

(c) Is there a value of x where the gradient is 1)7
yegeox

Fig.9.6

188




(@) Take Pas (xx° + 2¢) and a nearby point Q where x, = x + h,
Yo = (x by +2(x + k).
(X + )+ 2(x + h) = (& + 2x)

20430k + 35k + b+ 20+ 2h - - 20

s 3 R
Gradient of PQ = $§ = &M

As h——= 0, 3vh and ¥ each——= 0. The limiting value is 3¢* + 2 and the
gradient function is x —— 347 + 2,

=3¢+ 3vh+ 42

(b) When x = 0, the gradient = 2; when x = -1, the gradient = 5.

(c) The equation 3x* + 2 = 0 has no solution so the gradient of the curve is never 0.

NOTATION
If the equation of the curve is y = f(x), we write the gradient function as f*(x).

If we take a point P on y = f(x) (Fig.9.7), the coordinates of P are (x,f(x)). The
coordinates of Q are (x + h, f(x + h)).

y Q

Fig.9.7

Then QR = f(x + &) — f(x) and the gradient of PQ = L"}:*M

“The limiting value of "“—”h’"‘i’ as h ——= 0 will be £ x).

We write this as £(9 = lim Lol

21412 means ‘take the limiting value when h —— 0",
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Example 3
1) = L5 (2 1), find £00).
fx+ )~ () = —

Y
x-l-G+h-1)
G+h-Da-1)

=—h
Grh-DE-1

Then fG+M-f) _ -1
h CECEDCED)
Ash—=0,x+h-1—> x-1.

Sasb-f -l
0 will be =

Note that this is always negative, so the gradient on the curve is always negative, as
seen from the sketch (Fig9.8).

So the limiting value of and () = _u:lnz'

f(x+ by

Fig.9.8

Exercise 9.2 (Answers on page 627.)
1 Find the gradient function for the following curves:

@ y=3¢ ®) y=3v-1 © y=2+x-1
© y=z@=#0) M y=x-2+1

2 For each of the curves in Question 1, find the gradient where (i) x = 2, (ii) x = -1,
(iii) x = O (except curve (e)).

3 (a) Find the gradient function for y = 32° - 6x + 2.
(b) For what value of x is the gradient 07
(¢) Hence find the minimum value of the function.
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4 @ IFf() = -, find ().
(b) For what values of x is the gradient on the curve y = f(x) zero?
(o) Find the values of f(x) at these points.

5 By finding the gradient function, show that the curve y = 1 - 4x — x? has a tuming
point where x = ~2. Is this a maximum or minimum point?

6 Find the gradient function for the curve y = & +4x (x# 0).
Hence find the values of x where the gradient on this curve is zero.

7 Find the gradient function for y = ax® + bx + ¢ where a, b and ¢ are constants.

The 3y, ox Notation for the Gradient Function

To find (x), we took two points whose x-coordinates were x and x-+ . We now introduce
anew and important notation. Instead of /, we write 8x (read delta x) which is one symbol
for the change in x, called the increment in x.

We use the curve y = x* again (Fig.9.9). Now if x changes to x + &, y will also change
to.y + 8y, where 3y is the corresponding increment in y.

By = (x+ 8x)7 =

Fig.9.9

PR =&, QR = 8y.
‘The coordinates of Q are (x + &, y + 8) and s0 y + 8y
QR = (x + &3
+ 20 + (@) - 2
S + (3
Thcgradienlof?Q:% = %ﬂ:zn&
Now we let 8x——= 0. The limiting value of < will be 2x, so the gradient function is
2¢ as before.

The special feature of this notation is that we write the gradient as & (read dee y by
dee x) to symbolize the limiting value of ;f as &x —= 0.
(The curly 8 s straightened to ordinary d to show that we have taken the limiting value).
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So Fay= = lim B = fim Lt

‘This 8y, 8x notation will be used from now on.

Note: 8 i 10 be taken as one symbol and NOT as a fraction.

Example 4
Ify = 16x+ L. find & from first principles.
Find the value of x where the gradient is 0.

1) = 163+ = and f(x + 89) = 16(x + 80) +

B e

16x + 168x +

1 -
Toer Cler-

X+ &
G+

Hence f(x + &x) - f(x)

= 168x +

= 166y +

= 166 — z:&:+t§ :

(x4 o
b 204 B
Then & =16 —2x+8c
e T Tese

As 8x —= 0, 2 + 8 — 2vand x + & — x.

Then m

&
ax o br
When the gradient is 0, & = 16 - =

Exercise 9.3 (Answers on page 627.)
1 Find & from first principles for
@ y=3e+1
@ y=x-}

2 What is the gradient of y = 52 Hence explain why & = 0if y = k (a constany).

3 Given y=2¢ —4x+ 1. find (1) & and (b) the coordinates of the point on the curve
where the gradient is (i) 0, (i) -8.

4 @ Find & if y=x"+ax +3 where ais a constant
(b) Find the value of a if the gradient where x = 3is 2.
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MEANING OF &£

The notation & for the limiting value of 2 as & ——= 0 is appropriate as it is a

reminder that % is derived from % We call this different ion (as it uses the differ-
ence 8x) and & is called the derivative or the differential coefficient of y with respect
to x. We shall use the abbreviation ‘wrt’ for ‘with respect to’.

4t gives the gradient function for a curve and the value of 4 ata given point i the
gradient of the curve and therefore of the tangent there.

Now the gradient at a point measures the rate at which y is changing wrt x. The steeper
the gradient the greater this rate of change. For example, on the curve y = x2, the two
quantities are each changing and the rate of change is 2x. When x = 3, y = 9 but y is
changing at that point 6 times as much as x is changing. & measures this rate of change.
‘This is what makes differentiation 4 powerful tool in Mathematics.

‘The idea and notation can be applied to any function. For example, if s s a function
of £, s = (1), then & is the rate of change of s wrt 1.

If A s a function of r, A = £(r), then 4 is the rate of change of A wrt .

Example 5

Ifp=3f-2+1 find L.

p s a function of 1 so we take an increment 8 in .
The corresponding increment in p is 8p.

& = g,

pHOp=30+80-20+80+ 1

Now show that 8p = 615t + 3(80) - 28

& = 61+ 35~ 2 and the limiting value is 6/ - 2.
Hence % =61-2.

NOTE ON INDICES

‘We shall be dealing with negative indices shortly so this note recalls the rules for indices.

To multiply powers of the same term, add the indices.
Bx@=xXxXXXXXX=20 =20

To divide powers of the same term, subtract the indices.

e KXXXXXXXX
= e

ShSte2

x+x=l=x"=2and ¥ =

Sxtbud =k

dex means the reciprocal: x* = &
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THE DERIVATIVE OF ax"

Here are listed some of the derivatives we have already found:

Function Derivative
2 2
2 ax
4 12¢

R
Layp

Can you see a pattemn in these?
‘The derivative of x? is 2x = 222!,
The derivative of 4x° is 1222 = 4 x 31
The derivative of x™ is -x? = ~Lc*,
We deduce the following rule (which we shall not prove):
to differentiate a single term, multiply by the index and then reduce the index by 1.
For example, to find the derivative of 5x:
the index 3 becomes a multiplier

S5x 3. < thenewindexis3-1=2
The derivative of ax* Is anx™.,
‘What about the derivative of a constant, say y = 5? This is 0, as the gradient is always 0.

The derivative of a constant is 0.

Ify=ae, & =am-t

If y = k (a constant), &

THE DERIVATIVE OF A POLYNOMIAL

In Example 5, we saw that the derivative of the polynomial 3¢ 21 + 1 was 61 - 2. The
derivative of 3¢ is 6t, the derivative of ~2r is -2 and the derivative of 1 is 0. These are
added to obtain the derivative of the polynomial.

‘The derivative of a polynomial is the sum of the
separate derivatives of the terms.
‘This rule applies only to polynomials and does not apply to functions such as V3x— 1 or

££2 which are not polynomials.




Example 6
Differentiate wrt x (a) 3x° +7, (b) x' = §2 = £ (c) (2x - 3P, (d) 5.
(e) ax’ +2bx* - cx +7 where a, b and ¢ are constants.
@ Iy=3+7,then & =3 x5 + 0= 15
Note: Do not write 3° + 7 = 15", This is incorrect. Use a letter such as y for the
function and then write &,
b) fy=r-j2-L=r-le_x
dy _ 1 = 1
then @ =32- § X2 - (-Ir?=30-x+ &
Rewrite reciprocals such as 3 in terms of negative indices before differentiating.
(¢) Here we express (2x - 3)" as a polynomial first by expansion.
(Qr-3P=4r-12c+9
lfy—4x’7 12049, Ihen & oo 12040=8x- 12 as = 1.
@ Ify=4 =4r, Ih:n = 4( (<3t = -2t
which éan be Ieftin this form or writien a5 2
© Ify=ar +2bx - cx+ 7, then & =3ax + dbx - x® + 0= 3ax + dbx —c.

Example 7

Find the coordinates of the points on the curve y = x! = 3x° - 9x +6 where the gradient
is

The gradient = %.

L =30 -6r-9=300 - 20-3) =3~ + 1)

0,then & =0and 50 3(x~ 3)(x + 1)=0 which gives x=3 orx=—1.
~3(3) - 9(3) + 6 = ~21: coordinates (3,-21)

(~1)* = 3(=1)* = 9(-1) + 6 = 11: coordinates (~1,11)

If the gradient =

Whenx=-1,y=

Example 8
(a) Differentiate A = 210° + 2zrh wrt r, where h is a constant.
) 17 = L2 find 5 and the values of pfor & = 0.

@ Y =2mx 2!+ 2" = 47y + 2mh
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(b) Here we rewrite the expression as a polynomial first.
_ 1
w = 2!% =9p+6+ ) (dividing each term in
=9p+6+p the numerator by p)
ar _ Chpreg_ A
Then §5 =9+0+ (-lp?=9-

ar L sl
Ir 40 =0,then 9= andp=§.

Exercise 9.4 (Answers on page 627.)

1 Differentiate wrt x:

@ 5x (b) 42 © 7
@ 32-5 (@ 3¢-x-1 M £-x-x-1
@ 1-3¢ ) (-1 @ %
G 3¢+ ®) (-2 W -y
mL+L+5+8 @S 3
) 2 -x-1

2 Differentiate s = 3 - 4r - 2 wrt 1.

3W=37-224r-3,find 4.

4 Given u = (31 - 2), find %.

5 y =43 v + 6. Given that the rate of change of y wrt x is 2 when x = 1, find the value

of .

£

Find the gradient on the curve y = 4x' — 10x + 1 at the point where x =

N

The gradient on the curve y = ax® - 3x + 4 where x = -2 is 13. Find the value of a.

Find the coordinates of the points on the curve y = 3 — 4x + 2 where the gradient
is 0.

9 Find the coordinates of the points on the curve y 3¢ +x - 5 where the gradient
is 1.

2 -8z +5.

10 Find the values of z for which 4 = 0 where P = 42’

11 Show that there is only one point on the curve y = * ~ 32x + 10 where the gradient
is 0 and find its coordinates.

12 Given that u = 4* + 3¢ ~ 6~ 1, find the values of ¢ for which % = 12.
13 Find the values of ¢ for which 4 = 0 given that s = 4 + 71 = 21 = 5.
14 Given v = 45" = 12 =7, find $¢. For what value of s is §* =47

15 Given that the curve y = ax* + £ has a gradient of 5 at the point (1,1), find the values
of @ and b. What is the gradient of the tangent to the curve at the point where
1
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16 If the gradient on the curve y = ax + £ at the point (I~1) s 5, find the values of

aand b.

17 The curve given by y = ax’ + bx* + 3x + 2 passes through the point (1,2) and the
gradient at that point is 7. Find the values of @ and b.

18 Given y = 2x’ - 3x* - 12x + 5, find the domain of x for which ?f; 20.

19 The function P is given by £ = ¢ + br* and when 1= 1, P = -1,
‘The rate of change of P when 1 = § is 5. Find the values of @ and b.

20 leen that R = mp* + np* + 3, find 3£, "” . When p = 1, %% = 12 and when p =
Find the values of m and 1.

F Rt

COMPOSITE FUNCTIONS

In part (¢) of Example 6, o find the derivative of (2x - 3%, we first expand it into a poly-
nomial. Similarly, if we want to find the derivative of y = (3x— 2%, we first expand it into
a polynomial. This would be rather lengthy so we look for  neater method. To do this we
take (3x - 2)° as a composite or combined function.

‘The function v = (3x - 2)° can be built up from two simpler functions, « = 3x - 2 and
then y = u°. We call « the core function.

Now wis a function of xso 4 =3,
£ from these two derivatives we use a rule for the derivative of composite functions
(which we shall not prove):

a function of the core u 50 4% = Si'. To obtain

dy _dy o du
& _ g,
dr © ode C odr

where y is a function of u and u is a function of x.

Note: du cannot be cancelled on the right hand side as these are not fractions but deri-
vatives. However the notation suggests the result and is casy to remember.

Then & =5utx 3= 150 = 15G3x - 2)".
Example 9

Find 9 given that y = (x* ~ 3x + 1)*.

Take 3x+ 1 as the core. Then y
gi = 44 differentiating y wrt the core u.

%z = 2x - 3, differentiating the core wrt x.
Multiply these two derivatives to obtain 5 :
D i x (- 3) =42 - 0 - Br+ 1)
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Example 10

Find & ify = (ax +bx +cr.

Take u = ax? + bx + ¢ and then y = u.

& =t and & =2ax+b.

Then § = mu x (2ax + b) = n(2ax + b)ax* + bx + .
With practice, & can be writtén down in two steps on one line.

Suppose = (core)" (core being a function of x)
Step 1 Step 2
o _ . dicore)
& =ncoreyt x4
derivative of (core)" derivative of core
wrt core
Example 11

Differentiate 7377 wrt x.
Take y = 2(x 7“'3',\;'} n
Then & =261 - 3x+ D7 x (2x-3)
-3 derivative of core wrt x
[T

Example 12
Given that s = 3t - 75, find (a) % and (b) the values of s when % = 3.
(@) s=3t-(1-20"
core
& =3-Cha -2

derivative of core wrt £

(b) 13- = Sothen 755 = fieo=q-20

-2y

Hence 9= 1 -4t +4f or 4P ~41-8=0

which gives 2 —1-2=0or ((~2)(t+1)=0and r=20r-1.
61

Whent=2,5=6-
Ls

and when =
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Exercise 9.5 (Answers on page 627.)

1 Differentiate the following wrt x:

@ (-3¢ ® Gx-17 © (-2
(d) @x-5"° () (4x-3)* ® @E-x+1)
@ B-x-20 m 5 0

0 iy 0 -y O

(m) — ™ (ax+by © i

@ @x-5
2 If 5= (2~ 17, find @) & and () the value of ¢ for which &
31fv= (3 - 2t + 17 find the value of & when r=-1.
4 Giventhatd = & — 452 find % and simplify the result. Hence find the value
of ¢ for which % =1.
-3 g
5 1f 5= 2 find & and the values of s when

e

6 The equation of a curve is y=2x~ ;7. Find (.)'3 and (b) the gradient of the curve
when x

7 Find the gradient of the curve y = ;h;ﬁ

8 If y = 17, find the coordinates of the points where the gradient is — §.

9 If y = ;-5 find the coordinates of the point where the gradient = 2.

where x = 2.

" -3 dv o
10 Given that v = = find (a) b (b) the values of 1 when @=3*

11 Ify=3r+1+ 12z, find (2) & and (b) the values of r when & =21

12 When x = 1, the gradient of the curve y = - is 2. Find the values of a.

13 Given that L = 55 and that L = 1 and % = 3 when x = 1, find the values of

aandb.
14 The curve y = 55 passes through the point (1,-1) and its gradient at that point is
2. Find the values of a and b.

THE SECOND DIFFERENTIAL COEFFICIENT %

If y is a function of x, then 3 is also a function of x (or a constant).

Hence we can differentiate 52 wrt x. This gives the second differential coefficient
) which is written s5 £ (read dee two y by dee x two) for brevity. The 2 are not
sqd:ues but symbolize differentiating twice.

The square of & is written as (& .

£+ is sometimes also written as °(x) where y = f(x).
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Example 13
& dy)a o
Find E’ and (Z) if
(a) y=26-3C+1, (bjy=(4x-1), (c)y=
@ Lo6r-6r

& 16
e

p

9V _ (65 — 6x)? which is quite di
(aj‘ = (6¢° — 6x)" which is quite different from T

& _ Clpx4= _y
) F =36 - 17x 4 = 1264 - 17

% = 24(4x — 1) x 4 = 96(dx — 1)
(2 = 1aaax- 12
© y=@-3v"
D2 =302 % (-3) =3(2 - 307
8 = 300-397x 3 = 182 - 307
(&=

&y

As we shall see, el has important applications. It is also possible to find further

P &
derivatives, such as G, ete. but we shall not use these.

Exercise 9.6 (Answers on page 626.)
1 Find & and $2 for
@ 4°-52+8 (b)) -7 © (1-4x)° @t
@© e-1 ® 33 (8 ¥-x-%
21fs=37-2 find & and L5

3 1fy=(ax+27 and &2 = 18, find the valucs of a.

4 y=ax’ + bx. Given that

4 and that $% = 3 when x = 4, find the values of
aand b

5 For the function y = (ax + b, § = -6 when x = { and $% = 18.
Find the values of a and b.

200




6 I the gradient of the curve y = 2 + ju? — 5 is ~2 when.x = 1, find the value of  and
the value of —l at that point.

7Iy= 5l .ﬁnd(dl)lmdﬂ Show that y &2 = 2% 2.

8 If 5= 3 307 + 367+ 2, find the values of 1 for which 4 “’ =0 and the value of  for
which &5 =0,

91fy= Zx“ — 427+ 95~ 5, what is the range of values of x for which % > 0?

SUMMARY

. f(x), £'(x) is the gradient function. The value of f(x) is the gradient at a

x + 8y) - fix) .
. MBI here S is the increment in x.

Jim, & = jim,

® &S the derivative or differential coefficient of y wrt x. It measures the rate

of change of y wrt x.

&

o

® The derivative of a sum of terms or a polynomial is the sum of the derivatives of
the separate terms.

o Ify=ar, & =nax:ily =k (a constant), & =0

dy_dy du
Sy, du

dv du dr

® If y = f(u) where  is a function of x,
a( m)

o
—= s the sccond differential coefficient of y wrt x. written as 7 or as /(1)

.r;:n\).

REVISION EXERCISE 9 (Answers on page 628.)

1 Differentiate wrt x:

(a) (‘75) (b) (1 -2x)°
© @ @e-1y
© (1-3x-20p 0w
@® -1y 0 L=zl

@ t=bus ]

2 1fy = -3+ 7, for what range of values of xis 5 < 0?

3 Find the gradient of the curve y = 5 + 2x - 3»° at each of the points where it meets the
X-axis.



4 (a) Find the gradient of the curve y = § where x = 3.
Hence find (b) the equation of the tangent at that point and (c) the coordinates of the
points where this tangent meets the axes.
(d) Calculate the distance between these points.

5 Given that s = 3:1 are 1 find the rate of change of s wrt ¢ when s = 5.
6 1fy=dx— 11 find & and SX.
7 For the function y = 2’ — 4x, find & and .

dy

dx
Hence find the value of J—_
1+

8 1f A= 3/ where ju is a constant > 0 and the rate of change of A wrt ris - § when

=04, find the value of .
9 The tangent at the point (a.b) on the curve y = 1 - x— 222 has a gradient of 7. Find the
values of a and b.

when x =2,

10 The curve y = € + bx (a, b constants) passes through the points A(l~1) and
B, @ Find the value of  and of b. (b) Show that the tangent to th curv at
the point where x = -2 s parallel 0 AB.

11 2) Show that the gradients of the tangents to the curve y = ' x ~ 2 where the curve

meets the x-axis are numerically equal.
(b) Find the equations of these tangents and show that they intersect on the axis of
the curve.

12 The line y = x + 1 meets the curve y = x* - x — 2 at the points A and B. Find the
‘gradicnts of the tangents to the curve at these points.

13 1f p = 25" - - 28s, find the values of s which make % = 0 and for these values of
s find the value of $2.

14 The gmhcm of the curve y = ax? + bx + 2 at the point (2,12) is 11. Find the values of
aan,

15 If y = ' + 32 - 9 + 2, for what range of values of x is $ negative?

16 Given that y = (x + 2)? - (x - 2)", find the range of values of x for which & 2 0.

17 1f y =4 + Bx, where A and B are constants, show that 'S + x &
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18 The velocity v of a moving body whose position vector r is given by r = xi + yj. where
x and  are functions of 1, is the vector v = i + 2§ (Fig.9.10)

(@) If r = 21 + (5 - 1), use the above to find the vector v.

(b) Find the value of ¢ for which v is perpendicular to r .

Girection of
velocity

Fig9.10 °
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Calculus (2):
Applications of
Differentiation

INCREASING AND DECREASING FUNCTIONS

dy
o ¥ 0
&0 o

¥ - increasing
y - docreasing

Fig. 10.1 x x

On any stretch of the curve y = f(x), where % >0, the curve slopes upwards. Hence y
increases as x increases and f(x) is an increasing function.

Similarly if & <0, y decreases as x increases and f(x) is a deereasing function.

At any point where 9 = 0, f(x) has a stationary value and is neither increasing nor

decreasing. Such a point is a stationary point.

Example 1

For what range of values of x is the function y = x' - 3% — 9x +4 (a) decreasing,
(b) increasing?

& 3o Gr-9= 3 - 2= =3w- I+ )



@ £ <0for -1 <x<3 and the function is decreasing in this interval (Fig.10.2).

——
increasing

Fig. 10.2 incroasing

|

|

1

3

() % >0 for x <—1 or x> 3 and the function is increasing in these intervals.
‘The function has stationary values at x = 3 and at x = —1.

Example 2
(@) For what range of values of x is the function y = x + | increasing? (b) What are
the coordinates of the stationary points? o

dyoyo L
® & i

& 50 1
“>0|H>A

Lie 4> Tora> &

=
Hence x<~torx> 1.

This is illustrated in the sketch of the curve in Fig. 10.3.

(b) & =0 where 1 -

=+l
ndx—tz.

So the coordinates of the stationary points A and B are (4,1) and (~1,-1).

increasing L

Fig. 10.3

205




TANGENTS AND NORMALS

As we have seen, if y = f(x) is the equation of a curve, then % gives the gradient of the
tangent at any point (Fig. 10.4).

1
normal: gradient ~dy y=100
\dx

tangent: gradient 3%

Fig.10.4 AN

Associated with the tangent is the normal, which is perpendicular to the tangent. The
d

gradient of the tangent is ., so the gradient of the normal is -+

Example 3

Find the equations of the tangent and the normal to the curve y = x* - 2x - 3 at the
point where it meets the positive x-axis.

When y =0, 5 - 2= 3 = (x— 3)(x + 1) = 0. So the curve meets the positive x-axis
where x=3.

Y oo -3,
$ =2-2andwhenx=3, £ =4.

We write this briefly as (), = 4, meaning the value of & when x = 3.
‘The equation of the tangent is then y = 4(x = 3) i.e. y = 4x - 12.

The gradient of the normal =~ § so the equation of the normal is

y=-}@-3)iedy+x=3

Example 4

(a) Find the equation of the normal to the curve y = x + % at the point P where
x=4.




(b) If the normal meets the curve again at N, find the coordinates of N (Fig.10.5).

(a) The coordinates of P are (4, 4 + %) ie. (4,5).
dy 4 dy’ - 1
&=t (@t
Hence the gradient of the normal = —

The equation of the normal is y - 5 = — g (x-4)ie 3y+4x=31

wis sl

(b) To find where the normal meets the curve, we solve the simultaneous equations
3y+dr=3landy=x+ 3.
x+ 4235 e 324 12231k 4R or T - 31+ 12=0.
Then (7x — 3)(x ~ 4) = 0 which gives x = 4 or 3.
x = 4 s the point P so the coordinates of N are (3,3 +

Example 5

(a) Find the x-coordinate of the point on the curve y = 220 +3% = 2x +1 where the
curve is parallel o the line y = 2.

(b) Is any part of the curve parallel o the line y +3x = 17

@ & =62+ 202 and this must equal 2 (the gradient of y = 2x).
Then 6 + 2x — 2 = 2 which gives 3¢ + x~2=0 o 3x = 2)(x + 1) = 0.
Hence x= 2 or-1.
At these points the curve is parallel t0 y = 2x.

d

(®) If & =65+ 20— 2 =3 (the gradient of y + 3x = 1), then 6x* + 2x+ 1 = 0. But
this equation has no real solutions. Hence the gradient of the curve is never equal
103 and the curve is never parallel t0.y + 3x = 1.
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Exercise 10.1 (Answers on page 628.)
1 Find the range of values of ¢ for which V is increasing if V = 4r' - 31,
2 In what interval must x lie if the function y = x* - x° is decreasing?

3 For what values of x s the function y = £ + L increasing? State the coordinates of the
stationary points on the curve.

4 Find the range of values of x for which the function y = 1 —x + 22 - x*is increasing.

5 Find the interval in which x lies if the function y = 2¢" + 3x* ~ 12x + 4 is decreasing
and the coordinates of the stationary points.

6 For what values of t is the function s = 4 — 3t + 21 decreasing?

7 Find the equations of the tangent and the normal to the following curves at the given

(k)y 3-%y=7

8 The tangent to the curve y = x* ~ 2¢ + 3 at a certain point is parallel to the line y = x.
Find the equation of the tangent and the coordinates of the point where it meets the
*

9 Find (a) the coordinates of the point on the curve y = 3x* + 2x + 1 where the tangent
is parallel to the line 4x + y = 5 and (b) the equation of the normal at that point.

10 (2) Find the equation of the tangent to the curve y = * — 2% + x at the origin.
(b) At what point does it meet the curve again?
1

where x =2, meets the curve again at the point

11 The normal to the curve y = 2x—
P. Find

(a) the equation of the normal,
(b) the coordinates of P,

(c) the equation of the tangent at P

12 ‘The normal to the curve y = 2x — 74 at the point where x = 1 meets the curve again
at a second point. Find the x-coordinate of this point.

13 A and B are points on the curve y = 2x— & whose x-coordinates are 1 and 3
respectively. Find the equations of the tangents at A and B and the coordinates of the
point where they intersect.

14 Show that the function y = x* + &* + 5x + 6 is always increasing.

15 1If the function y = x° + ax® + 3x - 1 is always increasing, find the range of possible
values of a.



16 (a) The normal at the point A(-1,2) on the curve y = 3 — x* meets the curve again at
B. Find (i) the equation of the normal at A and (ii) the coordinates of B.
(b) Find the coordinates of the point C on the curve where the curve is parallel to the
normal at A.

STATIONARY POINTS: MAXIMA AND MINIMA

As we have seen, a curve y = f(x) has a stationary point where d& = 0. There are three

types of stationary point: maximum, minimum and point of inflexion (Fig.10.6).
Maximum and minimum points are also called turning points as the tangent ‘turns
round” at these points.

() maximum \ i
; : (6) minimum 7 @ pontol leion

Fig. 106

The essential condition for a stationary point is ‘:i =0,

If this equation has solutions, they are the x-coordinates of the stationary points. We then
test for the type of point. A curve may have one or more or none of these points.

@ @, ©
& * oo\ mnimam /81, 0
0 ‘d,f <0 g
9" /maximum o
oo
© >0
dy
%o
&,
Fig. 10.7 dx dv_o
Gy, pomtol dx
x>0 infiexion L<o

Maximum point

:% passes from positive values through O to negative values (Fig. 10.7(a).

Minimum point

& passes from negative values through 0 1o positive values (Fig. 10.705).
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Point of inflexion
% has the same sign on each side of the zero value (Fig.10.7(c)).
Note that maximum and minimum apply only in the neighbourhood of the stationary

point. The values of the function at this point are not necessarily the greatest and least
values of the function overall.

Quadratic Function

‘We have already seen that the quadratic function y = ax* + bx + ¢ always has either a
maximum (when a < 0) or a minimum point (a > 0).

As g_i 2ax + b, this equation always has a solution.
Example 6

Which type of stationary point does y = 1 - 2x - 22* have and what is the value of y
at that point?

As a=-2<0, the curve has a maximum point.

& 5 - =-1
L =2-drand ¥ =0givesx

So the curve has a maximum at (- 3, 13 ).

Example 7

Find the nature of the stationary points on the curve y = 4x' - 3% = 6x +2,

& 12— 6r- 62602 —x- 1) =62x+ Dx- 1)

& =owhenx=-Jort.

A simple test to decide on the nature of the stationary point is to examine the sign of

& on each side of that point.

Consider the signs of the factors (2x + 1) and (x - 1).

x slightly <-% | -1 | slightly >~
signof @+ Dix-1) | (O =+ 0| ®WE=-
sketch of tangent _— ~__
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The sketch of the curve around x = - } is /™ i.e. there is a maximum point at
)
x=-1

x slighly<1 | 1 | slighly>1
sign of 2x + D(x-1) e =- 0 O)) =+
sketch of tangent ~ || —

The sketch of the curve nmund x=

is \_ ie. there is a minimum point at x = 1.
When x = -4,y =4(- ) - 3(}) = 6(-1) + 2= 33 (@ maximum value), and when
x=1,y=-3 (a minimum value).

Example 8
Examine the nature of the stationary poini(s) on the curve y = x’ =% +5x - 1.

%_i =32 - 2+ 5. For stationary points, 32 — 2x + 5 = 0. This equation has no
solutions, so the curve has no stationary poins.

Example 9
What type of stationary poini(s) does the curve y = x* = 3x* +3x - I have?
& =3¢ Gr4 32302204 D= 30 1
% =0 gives x = 1. There is only one stationary point on the curve.
x slighty <1 | 1 slightly > 1
sign of (x— 1)* + 0 +
sketch of tangent _— . —

The sketch of the curve is /which is a point of inflexion.

The mﬁ Test for Maxima and Mlmma

The sign test is adequate (urslmplc functions but 2 can be used to test for maxima and

minima,

Around a maximum point, & passes from positiye 1 negaive s it i adecreasing
function (Fig 10,8, Hence the gradientof 22 e g

is negative at that point.
dy
Around a minimum point, 5 passes from negative o positive so it is an increasing

function (Fig.10.9). Hence the gradlem of £ i 82 ic positive at that point.
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CHRN

increasin
> =

Fig.10.9

Maximum point

Minimum point
Y _9a dy
i 0and

dx

3 gy
=0and $ >0

16 &2 = 0, s testis indecisive. For such cases the sign test should be used (see
Example 11).

Example 10
Find the type of stationary points on the curve y = 4x + £ and the coordinates of
these points.
d)
T =4-F
dy 1 =41
1Y =0 thenr=} andr=% L
gy
Whenx=+1, % >0 50 this is a minimum point at (1, 4).
Whenx= -4, $ <050 ths is a maximum point at (-1, ).
J T
yetxel
minimum
Fig. 10.10




Example 11
Find the nature of the stationary points on (a) y = %', (b) y = x'.

d & o gi =
@ £ =350 & =0givesx=0.
% =6r=0whenx=0.
x slighly <0 | 0 slightly > 0
sign of 32 + 0 +
sketch of tangent _— —

The sign test shows that this is a point of inflexion (Fig.10.11(a)).

(@)

/l * o
Fig. 10.11

& in 9 =0 gives x=
® P =4x and again  =0gives x=0.

& _po -
G =12¢=0whenx=0.

x slightly <0 | 0 slightly > 0
sign of 4x° - 0 +
sketch of tangent —_ — ——

mum (Fig.10.11(b)).

‘The sign test shows that this is a

Exercise 10.2 (Answers on page 628.)
1 For each of the following functions, find (i) the x-coordinates and the nature of the
stationary points (if any) and (ii) the value of the function at these points.

(@) 7-6x- % ®) £-3x
© ¥©-3x-2 @ -2
) 20 -2+1

(€) 26 +3¢7-36x+4



@® 3¢ -4 +1 M) x+ 2
() -6+ 12x+2
M P +3+4x+4

() 3¢ -5x-2
© & () F+e+1
(@ -2 -5c-1 M ©+3¢+3x-4
) xfi © x+

16
e O 2575

2 The function y = ax’ - 12x + 2 has a tuming point where x = 2. Find (a) the value
of a, (b) the nature of this turing point.

3 The function y = 2¢* + ax’ — 12x — 4 has a minimum point where x = 1. Find (a) the
value of a, (b) the position of the maximum point.

4 The function y = x* +ax? - 7x - | has a stationary value where x = 1. Find (a) the value
of a and (b) the type and position of the stationary points.

5 Find (a) the positions and nature of the stationary points on the curve
y=x"~2 + 1 and (b) the coordinates of the point where the gradient on the curve
is a minimum.

6 For what value of 1 is 9 + 151 - 10
(a) a maximum,

(b) a minimum?

For what value of fis & a minimum?

dr
7 Given that v = 1 — £ + 26 £, find the value of ¢ for which 3 is a maximum and
explain why i

s a maximum.
8 The function y = ax’ + bx® — 12x + 13 passes through the point (1,0) and has a
stationary point where x = ~1. Find
(@) the value of a and of b,
(b) the type and position of the stationary points.
9 Find the value of x for which y = 4x' —x — 2v + 1 has
(2) a maximum,
(b) a minimum value.
Hence find the values of  for the function T = 4 cos® 8 — cos? 0 — 2 cos 8 + I at s
maximum and minimum values.

10 For the function A =77~ 6/ + 3, find, in terms of ., the values of r at the stationary
points, and find which type each point is.

11 Ify = 4x' + 3ax* + 48x - 3, in what interval must a ot lie if y has stationary points?
If a = 10, find the x-coordinates and the nature of the stationary points.

12 Find the type and position of the stationary point(s) on the curve y =




MAXIMUM AND MINIMUM PROBLEMS

‘The methods we have leamt can be used to find the maximum and minimum values of a
quantity which varies under certain conditions.

Example 12

Two numbers x and y are connected by the relation X +y = 6. Find the values of
x and y which give a stationary point of the function T = 2x° + 3y° and determine
whether they make T a maximum or minimunm.

We must express T in terms of one of the variables x or .
Choosing x, y = 6 - x and T = 22° + 3(6 - x)%.

For a stationary point, we put ‘g =0.

Then 91 =4x-6(6-x) =10x-36=0andsox=36andy= 24
Y gives a maximum or minimum we find 7

“ T = 10 which is positive.

chcc T will have a minimum value when x = 3.6, y = 2.4.

Example 13

A cylindrical can (with lid) of radis r cm is made from 300 cnr® of thin sheet metal.
(a) Show that its height, h cm, is given by h = /—‘“;,i"
(b) Find r and h so that the can will contain the maximum possible volume and find
this volume.
(a) The surface area A of a cylinder radius r, height 4 is given by
A=2m7 + 2nrh = 300.

Hence 2nrh = 300 - 2% and h = "“nfrﬂf

(b) The volume V= mrh and V is to be maximized. We must express V in terms of
one variable and so we substitute for  from (a).
Then V= 1 S=12 — (150 - ) = 150 - .
To find the maximum value of V, we set &
9V = 150 - 31 = 0 and s0 31 = 150 giv L
¥ - e cm.

= —6nr which is < 0.

Checking that this is a maximum, %

From (a), when r = 4 cm, = 130=50
Hence to obtain the maximum Volume, lhe radius = 4 cm and the height = 8 cm.
The maximum volume is then 7% = 14* x 8 = 402 cm’.

=8cm.

[Note that the height = the diameter. A can of this shape will give maximum volume
for a given surface area.]
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Example 14

The length of a closed rectangular box is 3 times its width (Fig.10.12). If its volume
is 972 cnv’, find the dimensions of the box if the surface area is to be a minimum.

Fig. 10.12 X

Take the width as x cm, length 3x cm and let the height be y cm for the moment.

The volume V = 3%y = 972 i.e. ¥y = 324 [0}
The surface area A = 6x° + 6xy + 2xy = 6x% + 8xy (i)

We must now express A in terms of one variable.
From (i), y = %
and 50 A = 62° + 8x

24 _ s A
B =6+ BRand G =120

2592

e

To minimize A, we set G =0.

Then 12x~ 232 = 0 giving 12¢' = 2592 or x' = 216. Hence x = 6.

To verify that this is a minimum, %‘ = 12+ 222 which will be positive.
From (i), when x = 6,y = 324 + 36 = 9.

Hence the dimensions are 18 cm by 6 cm by 9 cm for the minimum surface area.

Example 15
Triangle ABC is isosceles with AB = AC = 20 cm and BC = 24 cm (Fig.10.13). A
rectangle PORS is drawn inside the triangle with PQ on BC, and S and R on AB and
AC respectively.

(a) If PQ = 2x cm, show that the area A

A cnr o the rectangle is given by

A= S2-n)

- fizoy
20cm 20 cm

(b) Hence find the value of x for

which A is @ maximum,

2x c
B
10
Fig. 10.13 24cm
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(a) We need to know the height of the rectangle.
Let SP = y cm (Fig.10.14).
If M is the midpoint of BC, then BM = 12, BP = 12 - x and, by Pythagoras’
Theorem, AM = 16.

|
|
i
|
L
Fig. 10.14 B12-xP M
From ASBP, tan ZSBP = 15> and from AAABM, tan £SBP = {§ = 3.
Then 5 = #soy= 40228
Hence A = 2xy = w.
_ gex-g¢ _ & @ _ l6x
(b) A= BB gy B g =30 M
When §7 =0,x=6.

L\x
:
% =~ which is negative thus confirming that this gives a maximum.

Exercise 10.3 (Answers on page 629.)

1 Given that x + y = 8, find the minimum value of x + %,

2 Find the minimum value of x* - xy + ? given that x +y = 10,

3 xand y are numbers such that x + y = 4. Find the minimum value of x* + xy + 2)%.

4 Given that u =3 + 47 - 2, find the maximum value of u for the domain 0 < /<2,
showing that it is a maximum.

5 1f =7+ 8¢+ 5 =", find the value of 1 which gives a minimum value of s, showing
that it is a minimum,

6 What is the minimum value of x + L if x> 07

71R=Y + 3%, find the value of V for which R is a minimum.

8 A rectangular box, with a lid, is made from thin metal. Its length = 2x cm and its
width = x cm. If the box must have a volume of 72 cm’,
(a) show that the area A cm? of metal used is given by A = dx* + 216,
(b) find the value of x 5o that A is a minimum.
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9 The cost $C of running a boat on a trip is given by C = 4v + 122 where v is the
average speed in km h. Find the value of v for which the cost is a minimum.

10 Itis estimated that the load L which can safely be placed on a beam of width x, length
yand height s given by L= 42 If h= 30 and x + y = 15, find the greatest load that
the beam can bear.

11 A piece of wire of length 20 cm is formed into the shape of a sector of a circle of
radius r cm and angle  radians.

(2) Show that = 222 and that the area of the sector is (10 - r) cm?.

(b) Hence find the values of r and 8 to give the maximum area.

12 A cylinder is placed inside a circular cone of radius 18 cm and height 12 cmi 5o that

its base is level with the base of the cone, as shown in Fig.10.15.

() If the radius of the cylinder is r cm, show that its height A cm is given by
n=218-n.

(b) Hence find the value of r to give the maximum possible volume of the cylinder
and find this volume in terms of .

Fig. 10.15
13 A straight line passes through the point (2,3) and its gradient is m. It meets the
positive x- and y- axes at A and B respectively.
() State the equation of the line in terms of m.
(b) Show that OA =2 — - and find a similar expression for OB.
() Show that the arca of AOAB = 6 — = —2m.
(d) Hence find the value of m for which this area is a minimum, showing that it is a
‘minimunm.
14 From a rectangular piece of thin cardboard 16 cm by 10 cm, the shaded squares each
of side x cm are removed (Fig.10.16). The remainder is folded up to form a tray.
(2) Show that the volume V cm’ of this tray is given by V = 4(x° — 13 + 40x).
(b) Hence find a possible value of x which will give the maximum value of V.

Fig. 10.16



15 The cost of making x articles per day is $( 1x* + 50x+ 50) and the selling price of each
one is $(80 ~ }x). Find
(a) the daily profit in terms of x,
(b) the value of x to give the maximum profit.

16 Ship A is at O at noon and is sailing due East at 10 km h-! (Fig.10.17). At that time,
ship B is 100 km due South of O and is sailing at 20 km h™! due North.
() State the distances in km of A and B from O after ¢ hours.
(b) Show that the distance § km between A and B is then given by
%= 50012 - 40001 + 10 000,
() Find the value of 7 for which §* is a minimum and hence find the minimum dis-
tance between the ships.

10 km

100 km| |
t 20km b

Fig. 10.17
ks B

17 The dimensions of a cylinder of radius r are such that the sum of its length and its
circumference is 8 cm.
(a) Show that its length is 7i(8 - 2r) cm.
(b) Hence state its volume in terms of r and find the value of r which gives the
maximum volume.
18 In Fig.10.18, ABCD is a rectangle which fits i
and centre O.
(a) If AB = 2x cm, show that the area A om” of the rectangle is given by
A= 42(100 - ).
(b) Find the value of x which makes A? a maximum.
(¢) Hence find the maximum area of the rectangle.

ide the semicircle of radius 10 cm

Fig. 10.18




19 InFig.10.19, ABCD is a rectangle where AB = 9 m and AD = 6 m. CE =4 m and FE
IS panllel to AD. X is a point on FE where XF = x m and M is the midpoint of BC.

(a) AX’ and XM? in terms of x,
(b) the value of x for which AX? + XM? is a minimum.

am__©C

\u

Fig 10.19
A
om
20 In AABC, ZBAC = 60°, AB = 4 cm and AC = 2 cm. P lies on AB extended where
BP = x cm, while Q lies on AC extended where CQ = y cm. Given that x + y = 10,
show that PQ* = 3¢ — 24x + 112 and find the value of x which will make PQ?
a minimum. State the ratio of BC:PQ in that case.
21 The position vectors r, and r, of two points A and B are given by r, = 21 + (1 +1)j
and £, = (¢ + Di - (¢ + 2)j.
(@) Find the values of ¢ for which OA is perpendicular to OB where O is the origin.
(b) Find the vector AB in terms of £,
(¢) Find the value of ¢ for which | AB [ is a minimum.
(d) Hence find the shortest distance between A and B.

22 A can is in the shape of a closed cylinder with a hemisphere at one end (Fig.10.20).
Its volume is 457 cm?. Taking r cm as the radius of the cylinder and  cm as its height,

show that
@ rh+ 2 =45,
(b) the external surface arca A of the can is given by 4 = 322 4+ %%

(c) Hence find the value of r for which A is a minimum and ﬁnd the mlmmum value
of A,

(Volume of a sphere = 42, surface arca of a sphere = 477,

-

Fig. 10.20
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23 ABC is an isosceles triangle with AB = AC = 10 cm and ZBAC = 60°. A particle P
starts from B and moves along BA at a speed of 2 cm s°1. Another particle Q starts
from A at the same time and moves along AC at a speed of 4 cm s°1.

(a) Write down the distances of P and Q from A at time f seconds after the start. Find
(b) an expression for PQ? in terms of ¢ and

(©) the value of ¢ for which PQ is a minimum.

(d) Hence find the minimum length of PQ.

®

Fig.10.21 shows a framework in the shape of a rectangular box made from straight
pieces of wire. The total length of these picces is 60 cm.

(a) Show thaty = (15 - 5x) cm.

(b) Find an expression for the volume enclosed by the framework in terms of x and
hence find (c) the value of x which makes this volume a maximum and (d) the
maximum volume.

ax
N

Fig. 1021 .

25 A piece of wire 48 cm long is divided into two parts. One part is formed into the shape
of a circle of radius r cm while the other part is formed into a square of side x cm.
(@) Show thatr= 2225,

(b) Find an expression in terms of x for the total area A of the two shapes and hence
calculate (correct to 3 significant figures) the value of x for which A is a
minimum.

26 In AABC. ZA = 60° and AB = x cm, AC = y cm where x + 2y = k (a constant).
Find an expression for BC? in terms of x and & and hence find the ratio x:y for which
BC? is a minimum.

27 ABCD is a square of side 10 cm. P lies on BC where BP = x ¢cm and Q lies on CD
where CQ = % cm. (a) Find an expression in terms of x for the area of A APQ and

hence (b) find the value of x which makes this arca a minimum.

28 A rectangular box has a square cross-section and the sum of its length and the
perimeter of this crosssection is 2 m. If the length of the box is x m, show that its
volume V m? is given by V =

Hence find the maximum volume of the box.
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29 Fig. 10.22 shows part of the parabola y = 8x — * with a rectangle ABCD which fits
between the curve and the x-axis. Taking AB = 2x show that (2) OB = x + 4 and
(b) the area of ABCD = 32x - 2¢° units?. Hence find the value of x which makes this
area a maximum and state the maximum area.

Fig. 10.22

VELOCITY AND ACCELERATION

A common rate of change is the speed of a moving body. This is the rate of change of
distance travelled with respect to time. The average speed is
distance travelled
time taken

Speed is usually measured in m 5™ but also in cm s~ or km h-'.

If the direction is to be taken into account, then we speak of the velocity of the body.
‘The magnitude of the vector velocity is the speed.

Now if the time —— 0, we shall have the limiting value of the average speed, i.c.
the speed at a particular instant or the instantaneous speed. So if s is the distance
travelled in time £ and sis a function of 1, then & will give the speed v ata given instant.

v= % where s is a function of ¢

If v tself is changing, then we have the rate of change of speed v with respect to 1, called
the acceleration (a).

Now a="r = where v is a function of ¢

Acceleration is the rate of increase of the velocity with respect to time and hence its stan-
dard unit is metres per second per second, written m .

A positive acceleration means that the speed is increasing, while a negative accelera-
tion (or a deceleration or retardation) means that the speed is decreas

If the distance s is measured from a fixed point O, its value at any time ¢ s also called the
displacement of the particle from O. This is its actual distance from O at time f which is
not necessarily the same as the distance fravelled up to time r. This is illustrated in
Example 16.



Example 16

A particle starts from a point O and moves in a straight line so that its distance s cm
 from O after time 1 seconds is given by s = 28 — £ Find

(a)
(b)
(c)
(d)
(e)

(A
Ifs=

and the accel:ranon a=

(a)

its initial velocity and acceleration,

the time after the start when it comes to @ momentary halt,
its distance from O at this time.

What maximum velocity does it reach before that time?
After what time does the particle pass through O again?

partcl’ means a body sl enough for its dimensions to be ignored.)

/7 — &, then the velocity v = §=u-5 @
&

@ (i)
When 1= 0 (the start), v = 0 and a = 4. The particle starts from rest (motionless)
with an acceleration of 4 em 5%,

From (i), note that the acceleration decreases to 0 in the first 4 seconds and then
becomes negative.

‘

From (i), v =0 when 41 - %
t=8.
At1=8,a=4-8=-4so the particle stops and instantly reverses direction,
moving back towards O. Such a position, where v = 0 but a # 0, is called
“instantaneous rest’.

2 _ 8 _ 128
,s=20y - & = B om.
The maximum velocity occurs when $ = 0.
From (ii), this occurs when 1= 4 and v is then 4(4) — % =8 cm 5.
s=0when 27— £ =0ie. P2 - £)= 0 which gives r=Ooror = 12.
Hence the particle passes through O again after 12 seconds, now moving in the
reverse direction.

Oiie. (4~ £) =0 which gives ¢ = 0 (the start) or

When 1 =

‘The following diagram shows the features of the motion.

a = +4 decreasing a=0 anegative  a
v= v=8 v
Start O
=0 =4 =8 s=128
reverses
direction
negative velocity
Attime r = 8, the displacement = distance travelled =
Attime 1= 12, the displacement = 0 but the distance travelled was 256, The partcle

reversed during that time.




Example 17
The distance s m of a particle moving in a straight line measured from a fixed point
O on the line is given by s = F — 31 +2 where  is the time in seconds from the start.
Find
(a) its initial distance from O,
(b) its initial velocity and in which direction,
(¢) its initial acceleration,
(d) the times when it passes through O and with what velocity,
(e) when and where it is at instantaneous rest.
() Atthe start, = 0. Then s = 2 m. The particle starts 2 m from O.
® v= % =2-3
When 1=0,v=-3,i
©a=%=2
The acceleration is constant i.e. 2 m s,
(@) s=0when-3r+2=(-2)¢t-1)=0ie whenr=2orl.
When r=1,v=—1and when1=2,v= 1.
() The particle is at instantaneous rest when v = 0, i.e. when 7= 13 seconds.
Then s = (13- 3(13) +2 =025 m.

. in the direction towards O.

Putting these facts together, the following diagrammatic representation of the motion
can be made:

=13 Start1=0,5=2
v=0 v=-3,a=2
reverses l& 025m ———2m————>
1
(=2 velocity increasing a = 2
v=1

Exercise 10.4 (Answers on page 629.)

1 A particle, moving in a straight line, starts from rest and its displacement s m from a
fixed point of the line is given by s =  — kf where k is a constant and ¢ is the time (in
seconds) after the start. If it comes to instantancous rest after 2 seconds, find
(a) the value of k,

(b) the initial velocity of the particle.

2 The distance s m of a particle moving in a straight line measured from a fixed point
0 on the line is given by s = 1 — 21 where { is the time in seconds after the start.
(2) What is the initial velocity of the particle?

(b) When is the particle at instantaneous rest?
(c) When does it pass through O for the second time?
(d) What is the acceleration of the particle?
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3 For a particle moving in a straight line,its displacement s m from a point O on the line
is given by s = £ — 5t + 6, where ¢ i the time in seconds from the start. Find
(a) the initial distance of the particle from O,
(b) its initial velocity,
(c) when it is at instantaneous rest,
(d) at what time(s) after the start it passes through O.
(e) the distance travelled in the first 3 seconds.

4 A small body moves along the x-axis so that its distance x from the origin at time 1 5
is given by x = 20 — 15F + 241 + 20. Find
(@) the velocity with which it starts,
(b) when it is at instantaneous rest,
(©) the minimum distance of the body from the origin.
(d) Between what times is the particle moving towards the origin?
(¢) Whatis its acceleration at the times in (d)?

5 A particle moves in a straight line. Its displacement s m from a fixed point on the line
is given by s = £~ 41 — 5, at a time 1 after the start, where 1 2 0. Fin
(a) where the particle starts and its initial velocity,
(b) when and where it comes to instantaneous rest,
(c) when it passes through the fixed point,
(d) its acceleration.

6 A particle moves along the x-axis and its x-coordinate at time ( s after the start i given

byx=2P~9¢+ 12t~ 1 for120.

() Find its x-coordinate and velocity at the start.

(b) At what times does the particle come to instantaneous rest?

(c) What is its maximum velocity in the direction of the negative x-axis?
(e) When is its acceleration zero?

7 The velocity v cm 5™ of a particle moving in a straight line is given by v = 6 - k£,
where k is a constant and 1 s is the time from the start. If its acceleration is 0 when
t=1,find
() the value of &,

(b) the time when the particle comes to instantancous rest,
() the maximum velocity of the particle.

SMALL INCREMENTS: APPROXIMATE CHANGES

Given a function y = f(x), suppose x is changed by an increment 8x to become x + 8x.
Then y changes by an increment 8y. We can find an approximate value for 8y in a simple

way using ‘%, provided 8x is small.
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In Fig. 10.23, A is the point on y = f(x) where = k. AB = &v and BC = 3y. AT is the
tangent at A and the gradient of this tangent = (&)

y=10
y

C/f5 T

8y

A B
™ | B
= x
N 0
Fig. 1023 "

Now if 8 is small, we can take 25 = % to be approximately equal to the gradient of
the tangent at A.

Then % - (%)m and so

Example 18
Ify = Z. find the approximate change in y if x is increased from 3 10 3.01.
Here k= 3.
d 54
= =-3 mdso( L) =2

x=3

Then 8y = (E)m x & =-2x 001 =-0.02.

Note that the negative value indicates a decrease in the value of y.

Example 19

Given that T = x' — 2 + 1 and x is decreased from 2 to 1.985, find the new value of
T appmxlmaldy

— T _ 30— 4xsn( )P2

Then 87~ (1), x &
=4 x (-0.015) (as x was decreased)
=-0.06
Hence the new value of 7= 2 - 2(2°) + 1 - 0.06 =0.94.
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Example 20

The volume V of a sphere is given by V = *ZZ' where r is the radius.

(a) State an expression for the approximaté change in V if r is changed by a small
amount 6.

(b) Hence find the approximate percentage change in V if r is increased by 1%.

8V~ (9) x o= dnrix or.
(b) If r is increased by 1% then & = 0.01r.
anridr

=2 x001r x 100% = 3%

The percentage increase in V = 57" X 100% = X 100%

Example 21

Ify =3 - x+2¢ and x is increased from 4 by an amount 7 where r is small, find

interms of

(a) the approximate change in y,

(b) the percentage change in y.

(@ :{ =1 +4x and (%)m =15

Then 8y = 15 % 155 = 2.

(b) The original value of y was 3 — 4 + 32 = 31 and the percentage change in

ot

> 5 15
y= B x100% ~ 57 x 100% = 5 %.

Example 22

If y=2¢ - 3x + 1, find the positive value of x for which y = 3. Hence find the
approximate increase in x which will change y from 3 to 3.015.

When y=3,2¢ - 3x+ 1 =3502¢ ~3x-2=0o0r (2x + 1)(x~2) = 0 giving x = 2

(positive value).
4 L3 JBy=
$ =ax-3and (), =5: 8 =0015.

Then substituting in 8y~ (), x 8,
0015 = S8x giving 8x = 0.003.

Exercise 10.5 (Answers on page 629.)

1 Ify=x?—x+ 1, find the approximate change in y when x is increased from 4 0 4.025.
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2 Given the function y = x* + * ~ 4, x is increased from 4 to 4.05. What is the approxi-
mate change in y?

3 1f 2= 2 - 7, find the approximate change in z when x is decreased from 4 to 3.99.

4 Given that y = (x + 2)". find the approximate change in y when x is increased from 2
10 2.005.

5 Given that y = ( -
210201

6 For the function T'=
in s from 910 9.1.

7 P=(1- L1y When x =2, itis decreased by 3%. Find the approximate percentage
change in P.

~ 1), find the change in y following an increase in x from

5
T

find the new value of T approximately due to an increase

8 Find the approximate change in T for the function T'= 4+ 3u - 2u* when u is increased
by 5% from the value of 2.

9 The radius of a circle is increased by 5%. Calculate the approximate percentage
increase in
(a) the circumference,
(b) the area of the circle.

10 A piece of wire of length 20 cm is shaped into the form of a sector of a circle of radius
7 cm and angle O radians.
(2) Show that the arca A cm? of the sector is given by A = r(10 — ).
(b) If ris increased by 2% when r = 2.5 cm, find the approximate percentage change
inA.

11 The height of a cone is 20 cm but the radius of its circular base is increased from
10 cm to 10.01 cm. Find the approximate change in the volume of the cone in terms
of .

12 If y = ' - 3, find, in terms of k, (a) the approximate increasc in y if x is increased
from 4 10 4 + k, where k is small and (b) the approximate percentage change in y.

13 Each side of a cube is increased by pf% where p is small. What is the approximate
percentage increase in the volume of the cube in terms of p?

14 y=x - 715 Ifx s increased from 3 to 3.001, find the approximate change in y.

2

15 1f x is decreased from 5 to 4.98 in the function y = 2, what is the approximate

percentage change in y?

16 Find the positive value of x when 4 for the function y = x* - 5x - 2.
Hence find the approximate change in x when y changes from 4 to 4.02.

17 The y-coordinate of a point in the first quadrant on the curve y = 3x* - 8x — 1 is 2. Find
its x-coordinate. What is the approximate change in x if the is moved to a
position on the curve where y = 2.047

18 For the function y = 3x* + ax + b, where a and b are constants, when x changes from
210 2.02, y changes from 2 to 2.12 approximately. Find the values of a and b.
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19 In an experiment o find the values of T from the formula T= 2,
read from a measuring device. A value of x s read as 2.04 but should be 2. What is
the approximate error in the value of T?

values of x are

20 U is calculated from the formula U = 127. Measurements of x are taken but they are
liable to an error of £1.5%. When x is measured as 3, what are the greatest and least
values of U?

21 Giventhat v= find the approximate change in v when u is increased from

210 204,
22 For the function A = 1=, a small change in r when

reduction in the value of A. Find the change in r approximately.

1
Wt T

=2 (-~ 1)? produces a 2%

Connected Rates of Change

Example 23

Some ol is spilt onto a level surface and spreads out in the shape of a circle. The
radius r cm of the circle is increasing at the rate of 0.5 cm 5. At what rate is the area
of the circle increasing when the radius is 5 cm?

The rate of change of the radius wrt time () = & = 0.5,

‘We wish to find the rate of change of the area A i.e. %

We can find a link between these two rates by using the rule for the differential
coefficient of combined functions i.e. 4 = $4 » &,

We know that 4 = 1 so & = 2 = 2 x 5.

Then % = 2nx5x05= 157 cm?
This method can always be used to compare he rates of change of two connected
quantities xand y with respect 0 a third quantiy. The relation between x and y gives &

Example 24

Water is emptied from a cylindrical tank of radius 20 cm at the rate of 2.5 litres s* and
Jresh water is added at the rate of 2 litres 5™ (Fig. 10.24). At wihat rate is the water
level in the tank changing?
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‘mm( G

5 lires 5"

Fig. 10.24 ‘

Let the depth of water be  cm at time 5.
The rate of the change of the volume V cm? of the water

= % +2000 - 2500 = - 500 cm® 5!

(1 litre = 1000 cm*; 50 2000 cm” of water flowing in and 2500 em” of water flowing
out, per second).

The rate of change of the water level = d—"' which we have to find.
W o_av
Then &7 = &

Since V= and 1 = 400,

therefore -500 = 400w x 3 giving % = 230 = 040 em s
The water level i falling at the rate of 0.4 cm -1

Example 25

A hollow circular cone is held upside down with its axis vertical (Fig. 10.25). Liquid
is added at the constant rate of 20 cn’ 5™ but leaks away through a small hole in the
vertex at the constant rate of 15 cm’ 1. At what rate is the depth of the liguid in the
cone changing when it is 12 cm?
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‘zo om's™!

10.25
Fio 15cm s

If V em? i the volume of the liquid in the cone at time ¢ 5. then
% =+20-15=5cm's.
m e be the height of the liquid at time ¢ 5. We have to find &

av
? k3 x & sowe find a relation between V and h.
Taking r as the radius of the water surface, from Fig. 10.26 we have:
mnB:%:%mr:%andV——m"h:W acm

25

dh x
and G = BA% =028 cmst. Fig. 10.26
‘The depth of liquid is rising at the rate of 0.28 cm 5™
Note that in this example the rate of change of the depth depends on how much liquid
is already in the cone as the cross-section is not constant.

Example 26

The pressure P units and the volume V ¥ of a quantity of gas stored at a constant
temperature in a cylinder are related by Boyle's Law PV = k (a constant). At a certain
time, the volume of gas in the cylinder is 30 m’ and its pressure is 20 units. If the gas
is being compressed at the rate of 6 m' s, at what rate is the pressure changing?
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PV = k0 k=20 x 30 = 600 units m".
‘The relation between P and V is PV = 600 or P = %0,

P _d @ a _ 60
Now & = 4 x G and G =- %

We are given that S = -6 (decreasing).

S0 & =80 (6) = 4 units per second (increasing).

Example 27

A street lamp is 8 m high. A man of height 1.6 m walks along the street away from the
lamp at a steady rate of I m ™. At what rate is the length of his shadow changing?

In Fig. 10.27, L is the lamp and OL = 8 m.

MN = 1.6 m is the man and MS = 5 m his shadow.
L
8am
Fig. 10.27
o
LetOM =xm.
Now & = . s o o L ds
iow G = rate at which the man is walking = 1 m 5°!. We require 5.
ds _ds  dr N
@ <@ sowe find the relation between s and x.
tan = 755 which gives s= .
&
en G
Hence & = 1 x1'=0.25 m s which is the rate at which the length of his shadow
is increasing.

Exercise 10.6 (Answers on page 630.)

1 At what rate is the area of a circle decreasing when its radius is 8 cm and decreasing
at 0.4 cm s'?

2 The area of a circle is decreasing at the rate of 2 cm? 5. How fast is the radius
decreasing when the area is 91 cm??
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3 The radius r cm of a sphere is 10 cm and it is increasing at the rate of 0.25 cm s™. At
what rate is () the volume, (b) the surface arca, increasing?
(For a sphere, volume = 42 and surface area = 47s%).

4 A spherical balloon is being inflated by blowing in 2 x 10° cm” of air per second. At
what rate is it radius increasing when its diameter is 20 cm?

5 ABC is a wiangle with ZB = 90° and AB has a fixed length of 8 cm.

‘The length of BC is increasing at 0.5 cm 5™ At what rate is the area of the triangle
increasing?

6 A closed cylinder is of fixed length 10 cm but its radius is increasing at the rate of
1.5 cm s-'. Find the rate of increase of its total surface area when the radius is 4 cm.
(Leave the answer in terms of ).

7 A circular cylinder has a diameter of 40 cm and is being filled with water at the rate
of 1.5 ltres 1. At what rate is the water level rising?

8 The length of each side of a cubical framework of straight wires is expanding at the
rate of 0.02 m s-'. At what rate in cm’ s is the volume of the framework changing
when each side is 0.2 m long?

9 xand y are connected by the equation y =

" If xis changing at a rate of 0.3 units
per second, find the rate of change of y when x = 3.

10 y= (27 ~r+ 1y and x=4r. At what rate is y changing with respect to x when r = 0.57

11 The height of a cone remains constant at 20 cm. The radius of the base is 5 cm and
i increasing at 0.2 cm s™. At what rate is the volume of the cone changing?

12 The volume V em? of liquid in a container is given by V = 2+° — 42 + § where x cm
is the depth of the liquid. At what rate is the volume increasing when x = 4 and is
increasing at the rate of 1.5 cm 52

o

Liquid escapes from a circular cylinder of radius 5 cm at a rate of 50 cm’ ™!, How fast
is the level of the liquid in the cylinder falling?

=

A hollow cone of radius 15 cm and height 25 cm, is held vertex down with its axis
vertical. Liquid is poured into the cone at the rate of 500 cm” s™'. How fast is the level
of the liquid rising when the radius of its surface is 10 cm?

S In an electrical circuit the resistance R = 1 where  is the current flowing in the
circuit. If i increasing at 0.05 units per second, what is the rate of change of R when
R =5 units?

16 Two quantities p and ¢ are related by the cquation (p — 1)(g + 2) = k where k is a

constant. When p = 5 units, ¢ is 7 units and q is changing at the rate of 0.04 units per

second. Find the rate at which p is changing.

17 Water is being poured into a cylinder of radius 10 cm at a rate of 360 cm® s™' but leaks
out at a rate of 40 cm® 57!, At what speed is the water level changing?
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18 In Fig. 10.28, the sides of the rectangle ABCD are 18 cm and 10 cm. The rectangle
KLMN lies inside ABCD and the shaded area has a width of  cm at each side.
(@) Express the shaded area in terms of x.
(b) If the shaded area is % of the area of ABCD, find the value of x.
(©) The area of KLMN varies as x decreases at a constant rate of 0.25 cm s°'.
Find the rate at which the shaded area is decreasing when it is % of the area of
ABCD.

Fig. 10.28 Fig. 10.29

19 A hemispherical bowl contains liquid as shown in Fig. 10.29. The volume V em’ of
liquid is given by V = § 1424 k) where h is the greatest depth of the liquid in cm.
If liquid is poured into the bowl at the rate of 100 cm’ s™', at what rate is the greatest
depth of the liquid increasing when it is 2 cm? (Leave the answer in terms of ).
20 Sand falls on to level ground at a rate of 1000 cm’ 5™ and piles up in the form of a
circular cone whose vertical angle is 60°.
(@) Given that tan 30° = =, show that the radius r of the base is given by r =
where h i the height. R
(b) Show that the volume V of the pile is -
(¢) Hence find the rate at which the height of the pile is increasing when = 20 cm.

h

21 In Fig. 10.30, ABC is an isosceles triangle where AC = BC = 13 cm and AB = 10 cm.

PQ moves towards AB at a steady rate of 0.5 cm s~ keeping parallel to AB. If PQ is

x cm from C, show that c

(@) PQ= 3 cm,

(b) the shaded area = (144 - ) cm?,

(c) Hence find the rate at which the shaded
area is decreasing when PQ is half way
towards AB from C.
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22 @ 1F % = kwhere kis a number, show that & = 24z,
(b) ABC is a triangle in which ZCAB = 60° and AB is of fixed length 5 cm. If
AC = 8 cm, show that BC = 7 cm.
(c) Taking AC = x cm and L = length of BC, find an expression for L? in terms of x.
?
(d) Find % when x = 8 and is increasing at 1 cm ™.
() Hence, using (a) find the ratc at which the length of BC is changing.

SUMMARY
® Asxincreases,

¢ dy
¥ = f(x) is increasing for T >0

= (x) is decreasing for "T‘ <0
® Gradient of tangent to y = f(x) is jl\

it T
Gradient of normal is ~ 5~
a

® For a sationary point (maximum, minimum or point of .nnmnnx

® If y = f(x) and x is changed from a value k by a small increment 3,

By (), xar

o Ify=f(), ’(JT: = :JT: x %
REVISION EXERCISE 10 (Answers on page 630.)
A

1 Find the range of values of x for which the function y = x’ - 6x% — 15x + 3 is increasing.

2 For what value of x does the function y = 4x* — 6x* —9x + 5 have a minimum stationary
int?

point’
3 The area of a circle increases from 257 to 25.5. Calculate the approximate increase
in the radius.

4 Variables x and y are related by the equation y = 257

() Obiain an expression for &% and hence find an expression for the approximate
increase in y as x increases from 4 to 4 + p, where p is small.
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(i) Given that x and y are functions of ¢ and that % = 04, find the corresponding
rate of change of x when y = 1. ©
S The area, A cm?, of the image of a rocket on a radar screen is given by the formula
A=, where r km is the distance of the rocket from the screen. The rocket is
approaching at 0.5 km s-'. When the rocket is 10 km away, at what rate is the area of
the image changing? When A is changing at 0.096 cm? s-1, how far away is the rocket?
©

6 A piece of wire, 60 cm long, is bent to form the shape shown in Fig. 10.31. This shape
consists of a semicircular arc, radius r cm, and three sides of a rectangle of height

xom.

Fig. 10.31

Express x in terms of  and hence show that the area enclosed, A cm?, is given by
A=60r-27- %
Hence determine, to 3 significant figures, the value of 7 for which A is either a maxi-
mum or a minimum. Determine whether this value of r makes A a maximum or a
minimum. ©
7 Ify =10 —x+ 5¢, find the approximate percentage change in y when x is increased
by p% (p small) when x = 4.

8 Under a heating process, the length, x cm, of each side of a metal cube increases from
an initial value of 9.9 cm at a constant rate of 0.005 cm s°1. Express the volume, V crme,
and the surface area, A cm?, of the cube in terms of x.

. N a dA
Write down expressions for §% and 4.

Hence find (i) the rate at which V is increasing when the cube has been heated for
20, (ii) the approximate increase in A as x increases from 10 to 10.001 cm.  (C)

9 R=1Y; + 128%. Find the value of V for which R is least.

0 A piece of wire, 100 cm in length, is divided into two parts. One part is bent to form
an equilateral triangle of side x cm and the other is bent to form a square of side y cm.
Express y in terms of x and hence show that A cm?, the total area enclosed by the two
shapes, is such that
A= Be | go0-307

=% %
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Calculate the value of x for which A has a stationary value.

Determine whether this value of x makes A a maximum or a minimum. ©
11 Show that the equation of the normal o the curve y = 2x + £ at the point (2,7) is
y+ 2x = 11. Given that this normal meets the curve again at P, find the x-coordinate
of P. ©
12 The diagram shows a solid body which consists of a right circular cylinder fixed, with

no overlap, to a rectangular block. The block has a square base of side 2x cm and a

height of x cm. The cylinder has a radius of x cm and a height of y cm. Given that the

total volume of the solid is 27 cm’, express y in terms of x.

Hence show that the total surface area, A cm?, of the solid is given by

A= ige

Fig. 10.32

Find
(i) the value of x for which A has a stationary value,
(i) the value of A and of y corresponding to this value of x.
Determine whether the stationary value of A is a maximum or a minimum. (C)
. OB = band

13 Fig.10.31 shows part of the curve y = 4 + 3x —x* and the line 2y - 2
BCD is parallel to the y-axis.
(a) Express the length of CD in terms of b.

(b) Hence find the value of b for which the length of CD is a maximum.
y

Fig. 10.33



14 A circular cylinder of height 2k cm is fitted inside a sphere of radius 10 cm. Find an
expression for the radius of the cylinder in terms of h and hence find the maximum
volume of the cylinder.

15 A point moves on the x-axis and its position at ime ¢ s given by x = (% - 61 + 12).
Show that its vels at the origin is 12 and find its position when it comes to instan-
taneous rest. If v is its velocity and a its acceleration at time ¢, show that a* = 12v.

16 A piece of wire, of fixed length L cm, is bent to form the boundary OPQO of a sector
of a circle (Fig. 10.34). The circle has centre O and radius r cm. The angle of the
sector is @ radians.

Show that the area A e, of the sector is given by A = 3rL - %

P a

Fig. 10.34

(a) Find a relationship between r and L for which A has a stationary value and find
corresponding value of 6. Determine the nature of this stationary value.

(b) Show that, for this value of 8, the area of the triangle OPQ is approximately

45.5% of the area of the sector ©

17 Aline of gradient m (m < 0) passes through the point (3,2) and meets the axes at P and
Q. Find the coordinates of P and Q in terms of m and show that the area of APOQ
is 6 - 2 - 2. Hence find the minimum arca of APOQ.

18 A particle is travelling in a straight line and its distance s cm from a fixed point on the

line after £ seconds is given by s = 12¢ — 157 + 4. Find .
(a) the velocity and acceleration after 3 seconds,
(b) the distance between the two points where it is at instantaneous rest.

19 A rectangular box without a lid is made from thin cardboard. The sides of the base are
2xcm and 3x cm and the height of the box is & cm. If the total surface area is 200 cm?,
show that 0

h=% -3
and hence find the dimensions of the box to give the maximum volume.

20 Show that the height of a circular cone of volume V and radius r is given by 3% . If
V remains constant but r is increased by 2%, find the approximate percentage
change in h.
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21 A particle P travels in a straight line so that it distance, s metres, from a fixed point
Ois given by s = 11+ 67~ £ where ¢ is the time in seconds measured from the start
of the motion. Calculate
@) the velocity of P after 3 seconds,

(i) the velocity of P when its acceleration s instantancously zero,
(iii) the average velocity of P over the first two seconds.

22 In Fig. 10.35, ABCD is a rectangle with AB = 6 ¢cm and AD = 8 cm. DE = x cm.
EC meets AB produced at F. Find the value of x which gives the minimum area of
AAFE and show that it is a minimum.

Fig. 10.35

A 6cm B F
B

23 Given the function y = ax’ + bx* + cx + d, find the values of a, b, ¢ and d if the curve
(i) passes through the point (0,-3),
(i) has a stationary point at (=1,1),

(i) the value of $¥ =2 when x= 1.
24 Find the nature of the stationary points on the curve y = 3x* + 4" + 2.

25 A cylinder of radius  cm s placed upright inside a cone so that the top of the cylin-
der is 4 cm above the top of the cone as in Fig. 10.36. The cone has a radius of 6 cm
and a height of 18 cm. The part of the cylinder inside the cone is & cm deep.

(2) Show that & + 3r = 18.
(b) Find an expression in terms of r for the volume of the cylinder.
(c) Hence find the value of h for which the volume of the cylinder is a maximum.

18cm

Fig. 10.36




26 @) If § + § =2, show thatu= 5, and that this equals 1(1 + 5
(b) 16 v s increased by 2% when it i 2, fnd the percentage chmge inu.

27 A water trough 100 cm long has a cross section in the shape of a vertical trapezium
ABCD as shown in Fig. 10.37. AB = 30 cm and AD and BC are each inclined at 60°
0 the horizontal. The trough is placed on level ground and is being filled at the rate
of 10 litres 5.

Fig. 10.37

(a) Given that tan 60° V3, show that the volume V cm? of water in the. trough when
itis x cm deep is given by V = 100x(30 + ).
(b) Hence calculate the rate at which the water level is rising when x = 15 cm.

28 A point A moves along the positive x-axis away from the origin O at a speed of
4 cm s where OA > 5 cm. B is a fixed point on the positive y-axis where
OB =20 cm. P is a fixed point on the positive x-axis where OP = 5 cm and Q lies on
the line joining B and A with PQ parallel o the y-axis.

(a) Show that when OA = x cm, PQ = 20(1 - ) cm.

(b) Hence find the speed of Q along PQ as A moves when (i) x = 12 cm,
(i) x = 20 cm.

(c) Obtain an expression in terms of x for the acceleration of Q along PQ.

29 In AOAB, ZAOB = 60°, OA = 10 cm and OB = 4 cm. P lies on OA where
OP =.x cm and Q lies on OB. Given that the area of AOPQ is twice that of 2\OAB,
find in terms of x, (a) OQ (b) PQ Hence find the value of x which will make PQ?
a minimum and the corresponding length of OQ.

30 Find the point of intersection P of the curves y? = 4x and 4y = * and sketch the parts
of these curves which lie between the origin O and P. A lies on y* = 4x with x-
coordinate 2. B is a variable point (x.y) on the curve 4y = 12, lying between O and P.
Find an expression for the area of /\OAB and hence find the maximurm area of this
triangle.
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Calculus (3)
Integration

ANTI-DIFFERENTIATION

If we differentiate y

—4x+3, we obwin 3 = 6x-4.

Supposing we were given St = 6x — 4, can we do a reverse operation, ic. anti-
differentiate, to find y?

‘This is easily donc for a single term as follows.
ax
el
dv _ alns e
=T

Then §

Start with y = (You will see why we choose this in a moment).

=ax"

: dy o o oa
Soif we are given G =av', then y= £

‘To obtain this result, the index (x) has been increased by 1 t0 7 + 1, and we then divide
by the new index. Here is the rule for single terms:

dy
It 55 =ax, y= 25 provided n # -1
This process of anti-differentiation is actually called integration. We integrate ax"
Wrt x. ax" is the integrand and the result is called the integral. A notation for this will be
given later.

Example 1
Integrate wrix (a)x* (b)2x° (c)4x (d)7 (e)

‘We show here the steps taken to obtain the integral. With practice these would not be
written down, only the result.
(a) Increase the index by 1 1o 4: then divide by 4.

Result .
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(b) New index is 3: then divide by 3. The factor 2 is left as it is.

Result 2,
(9) 4x=4x'. New index is 2, divide by 2.
Result & = 2¢.

Always simplify when possible.
(@) 7=7x°. New index is 1, divide by 1.
R:sull o

i
© ¥

3x?% New index is =2 + 1

Result

1. Divide by -1.

Now check each result by differentiation and verify that the original expression is
recovered.

Before we go further there is one important point to note. This is discussed in the
next section.

THE ARBITRARY CONSTANT:
INDEFINITE INTEGRAL
If y = 22 - 3x + ¢ where ¢ i any constant, then —1 =2r-3.
Now if we start with l =2r-3,theny=x- 3x
But this is not the ongmul expression. The constant ¢ is missing and so it must be added
10 the result. The correct result is x* - 3x + c.  is called the arbitrary constant as its
value is not known, unless we are given further information. It must always be added
to an integral. Such an integral is called an indefinite integral.

It is easy to get confused between differentiation and integration. It may help to
remember:

Differentiation : multiply by the index and then Decrease the index.

Integration : Increase the index and then divide by the new index.

As in differentiation, the integral of a sum of terms is the sum of the separate integrals.
o we can inegrate for cxample '~ 33° + 1 o (x + 2, provided itis expanded frst, but
not

T
Example 2
Integrate wrt x (a) 2x' ~3x +1 (b) (2x-3F (c) w
@ Integrate cach term: 2 - 2 4 X 4o 8 %“ sxte
(b) Expand first: 4x — 12x + 9

Now integrate: & — 12 4o c= 4 _go 4 ocsc
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() Divide by 21 first:
i 2
Now integrate: 35

Notation

The symbol for integration is |. For example we write | 3x dx. This means that the
integrand 3x is to be integrated wi

So Jaxde= 2 vc and Juwdu=%+c

=f(0. teny= [ dx+c

Example 3

Find

@[edn @ fax. (©f2¢d, @ [s-25+3)ds. (0)f(p-102-prdp
@ [rdr= 2 4e

) [demeans [1dr= Jx“d.x:x+c

() Here the variable is r: [ 20 dr= 2 4= § 4.

(d) If the integrand is a polynomial, it must be placed in brackets between the [ sign
and ds.

Je-2s+nas= g-
(¢) Expand first.

Je2smp-pap=p+ Z - B 4e

Note that an integral such as ] 4x dy is not possible unless x can first be expressed in
terms of y.

Exercise 11.1 (Answers on page 630.)
1 Find the indefinite integrals wrt x of:

@ 4x ©® 4 © -7

@ 3 @ 3-x ® 4

® 2 ) 2-3 Q) 1-x-%
G - ®) 1-3x-42 W ©-3¢
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m % () (x+27 (©) -1y
® -3 @ @-w
) G+2x-3) ® x+ L
V) @+2)x-1)

2 [@-4d ©® [Zay
© & Ge [l @ [e-Ha
© [Gr-2ax ® [Za
@ [4a ® [+ 2a
3 Find
@ feshw ® [or-2rar
© [Gr-20-30 @ fa-od
© [et==la O fe-Lras
@ [a-4+39ds @ [y
O Je-pa O fa-27a
® [@r-dars Do O fex+2ra
) [ (L= ar @ [per+3Gp-2dp

The Integral [ } dx
If we use the rule for this integral, |1 dx, the resultis X5 which is not possible. Hence
I3 dris an exception to the rule.

In Part I1 of this book, we shall see that a special function is created for this integral.

APPLICATIONS OF INTEGRATION

Example 4

Findy given that 22 = 2x - 3 and that y = —4 when x = 1.

169 =203 theny=[@r-3dr=r-3r+c.

This is the indefinite integral and is illustrated in Fig.11.1. For all values of ¢, the

family of curves y = * - 3x + c are parallel, one vertically above the other. The
equations could be y = 2~ 3x or y =2 — 3x + 5 efc.
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¥ yu=xi-8x4+5

y=r-3x+3

y=X-3x

Fig.11.1

For any given value of x (say 3), the gradient on each curve at x = 3 is 3 as
9 _ 9¢_ 3 and the tangents at these points are parallel.
Further information is therefore needed to identify a particular member of the family.
In this example, we have this information to find c.

Whenx=1,y=1-34c=-4 soc=-2.
Hence y = = 3x—2.
Example 5

The gradient of the tangent at a point on a curve is given by X +x ~ 2. Find the
equation of the curve if it passes through (2.1).

Gradient = £ =xt+x-2.

Theny = ju2+x—2)m=§ + 5 e

4 -
+4-dse=

+ 5 2+ b orey=20 43012042
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Example 6

A curve has a turning point at the point (~1.1). If the gradient is given by
6x +ax ~ 12, find the value of a and the equation of the curve.

Y seirac-n
Wnenx= &

Then6-a- 12= Oglvmga .

So & = 60— e

Hence y = I(ﬁj‘ 6x—12) dr=2¢ -3~ 12x + ¢.
Whenx==l,y=-2-3+12+c=1,50c=—6.

The cquation is y = 2¢° = 3 - 126

Example 7
Fora curve y = fix), % =6x—2. Given thaty = 11 and & = 10 when x = 2, find
the equation of the curve.

&y dy 1
G is obtained by differentiating g> wrt x. Then g is found by i mlegmung
wrtx.

&= [Sas [@-nde=ae-2ere

Bnl— 10 when x=2.
ThenIZ 4+c=10givinge=2.
&

T=3¢-242

Now we integrate again to find y.

y= G- e D de=r et
Whenx=2,y=8-4+4+¢=1l50¢ =3.
Hence the equation is y = x* — * + 2x + 3.

Example 8

A particle moves ina straight line so that its velocity v m 5™ at time t s from the start
is given by v="F£-20-3(t20).

If it started 3 m from a fixed point O of the line. find

(a) the value of t when it is at instantaneous rest,

(b) its distance from O at that time,

(c) for what values of 1 s acceleration is positive.
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(@ Itis instantaneously at rest when v = 0.
V= ((=3)0+1)s0.1=3 (-1 not being allowed).

O v=5=r-2-3
Thens=[@-2-3)di=§ -2-3r+c.
Buts=3whenr=0,s0c=3.
Hences= § —f-3t+3.
Whent=3,5=9-9-9+3=-6m.

© a= 9 =2-2 Hencea >0 when 1> 1.

Example 9

For a particle moving in a straight line, its acceleration a m s is given by a
where 1 is the time in s from the start.

Given that its velocity v at the start was 3 m s°, find (a) an expression for v in terms
of 1,(b) the time t when the particle is at instantaneous rest. (c) If the particle started
from a fixed point O on the line, how far is it from O after 2 s?

dv
@ a= %

When 1= 0,v=3.
Soc=3andv=5- %43
_Postes | e=30-2
2 2
(®) v=0whenr=3orr=2.

©rv=2 =t i30s=[C-Lsna

—0_s
=0 P

When t =0,

=0s0¢,=0.

Therefore s = & — 3 +3rand if r=2,5 =24 m.

Exercise 11.2 (Answers on page 631.)
1 A curve is given by % =2x- 1. If it passes through the point (2,6), find its equation.

2 Ifacurveis givenby & = x(x~ 1), find a)its equation i it passes through the point
(1,0) and (b) the nature and coordinates of its turning points.
3 Given that % =1-5xand that y = -5 when x = 2, find the value of y when x = 1.
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4 The rate of change of a quanity P is given by %

the value of P when 1= 3.

t+2.1fP =5 when =2, find

5 The velocity v m s of a particle P moving in a straight line at time ¢ s is given by
v=2¢ — 3. Find an expression for its distance s m from a fixed point O on the line
if OP =4 m when £ = 1 and its acceleration at that time.

. &
6 Given that b

3 when x = -1, find y in terms of x.

Y oo &
20+ 1 and that &

y @ oy ! _
7 Given that ¢X =3, find y in terms of xif G =4andy =6 when v=2.

8 A curve has gradient 1° — 4x + 3 at the point (x.y) on the curve and it passes through
the point (3,~1). Find (a) its equation and (b) the types and coordinates of its turning
points.

9 For the function y = f(x), & =x* + kx where k is a constant. If y has a turning point
at the point (3,-2), find the value of k and the value of y when x = 4.

1

100 Y . find the value of y when ¢ =4 if y = 4 when = 1.

1 1fﬁ =6 +4x-Sandy=10 whenx =2, ﬁndlhevalu:ofywh:nx:l
L IfL=3

12 The rate of change of a quantity L with respect o ¢ is given by % =3¢~
when £= 2, find the value of L when 1 =

13 A curve passes through the point (1,0) and its gradient at any point (x.y) on the curve
is 3x* — 2x — 1. Find (a) the equation of the curve, and (b) the coordinates of the points
where y has a maximum and minimum value, identifying each one. (c) For what range.
of values of x is the gradient on the curve decreasing?

=

A small body moves in a straight line so that its velocity v m s at time ¢ s is given
by v=r'~ 6 + 9 + 2. Find (a) the times when its acceleration is zero, and (b) its
distance from a fixed point on the line when ¢ = 2 given that it started from this point.
(¢) For how long was its acceleration negative?

o

‘The velocity vm s-* of a particle moving in a straight line is given by v= £ ~ 4t where
£is the time in seconds after starting from a fixed point O on the line. Fin

(a) the time when the particle is instantancously at rest,

(b) its velocity and acceleration at the start,

(© its distance from O when 7 = 3.

a

The velocity v m s of a particle moving in a straight line at time ¢ seconds is given
byv=1+3 forl<i<3.

When 1= 3, the particle is 6 m from a fixed point on the line.

(@) Find an expression in terms of ¢ for s distance from this fixed point.

(b) How far does it ravel between 1= 1 and 1= 3?

.n

3—krwhere kisa conslanl and Lhal =-6 when r=-1and 9 when
£=2,find the value of k. Iy =

2 when =1, find  in terms of 1.




18 A particle passes a fixed point O on a straight line with a velocity of 10 m s and
‘moves on the line with an acceleration of (4 — 1) m s-2 at time s after passing through
0. Find
(@) its velocity when 1 =4,
(b) the distance of the particle from O whcn 1=2.

19 A quaniity u varies with respect (o 50 that S = a + bt where a and b are constants.

Given that it has a maximum value of 51 When t=1and that its rate of change when
t=2is -3, find u in terms of 1.

Area Under a Curve

An important application of integration s in finding the area under a given curve y = f(x).
Up to now, such areas could only be found approximately, for example, by counting
squares or by the trapezium rule. Using calculus, we can now find the exact value of arcas
bounded. by curves.

Fig.11.2 shows part of a curve y = f(x). The shaded area A lies between the curve and
the x-axis, bounded by the ordinates at a and b. This area is called the arca under the curve
between a and b.

Fig.11.2

‘We now show a method of finding A. For the moment we can only deal with areas
which lie above the x-axis.

Fig11.3

Let P be a point on the x-axis where OP = x (Fig.11.3). PQ = y, OA = a and AB is
perpendicular to the x-axis. The shaded area under the curve from a to x is A.
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Now take an increment & in x to reach R and draw the ordinate RS. RS = y + 8y and
the increment in A = 84 = the area PRSQ.

o
d

Fig.11.4 v

QT and US arc drawn parallel to the x-axis (Fig.11.4).

Area of rectangle PRTQ < 8A < area of rectangle PRSU.

i yor< 8A < (y +8y) dxsoy < % <y+dy.

Now if 8x — 0, 8y — 0 and y + 8y — y.

The left hand term of the inequality remains fixed at y but the right hand term — y. Hence

3 e g GA _
B yandin the limit G = .

We then have Asfyaene

‘We can find ¢ from the fact that A = 0 when x = a.

Example 10
Find the area under the curve y = 2 +2 between x = | and x = 3 (Fig.11.5).
v
yaxs2
Fig.11.5 3 : 3 x

A=Jydr=Jw e de= £ rocee

Now when x= 1,4 =0.

Hence 0= § +2+cgivingc=-2}.
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Then A% = & +2x=2} where A} means the area between the ordinates 1 and
XG> 1),

We want the area from 1 t0 3. So put x = 3.

A}=9+6-2} = 12} units®.

If we had required the area from 1 10 2, ie. A7, then we put x =2 etc.

Example 11
Find the area under the curve y = 2 +x - 2.

The curve meets the x-axis where y = 0,
e. where (2 = x)(1 + ) =0
giving x = -1 or.x = 2 (Fig.11.6).

Fig.11.6

Sod=J@ex-dr=2cr £ - 4.

ButA =0 when x =

Hence 0=-2+ 3 + § +c giving c =
Then A%, =2+ & - &

Now put x = 2 to obtain the required area.

1
® 1
£_2 41l

Al=a+2-% 41 =43 unitst

DEFINITE INTEGRALS

‘We can shorten the above process by using the concept of a definite integral.
Suppose A is the arca under y = f(x) from a to x (Fig.11.7).

Then A = [ fx) dr = g(x) + ¢ where g(x) is the indefinite integral of f(x).

Fig.11.7

Now when v = .
Hence A' = g(v) - gla).




Now we putx=b

and A = g(b) - g(a)
(value of the integral at b) - (value of the integral at a)

‘We write this as J: f(x) dv and it is called the definite integral of f(x) wrt x between
the limits @ (the lower limit) and b (the upper limit). The arbitrary constant ¢ disappears

in the subtraction.
Hence if y = f(x), the area under the curve between the ordinates a and b, where

a<b,is
T2 dx = g(b) - @

where g(x) is the indefinite integral of f(x).
At present this is only true if £(x) 2 0. We investigate what happens if f(x) < 0 later.

Example 12
Find the area under the curve y = x* + 2 from x = I to x = 2 (Fig.11.8).

Fig.11.8
2
A=l yax
'
? =
=02 B0=% +2ec
'
- [ﬁ + Z,] 2 upper limit g(x) is placed in square brackets with the limits at
TLe 1 lower limit the right. The arbitrary constant is not included.
=Z+2x2) - P v2x )
substitute upper limit  substitute lower limit
to obtain g(b), the to obtain g(a), the

value when b = 2 value when a = -1
8 - G-2

3
- 1)

252



Example 13

(a) Find the coordinates of (i) the point A where the curves y = (x + IF and
¥ = (x - 31 intersect and (ii) the points where the curves meet the x-axis.

(b) Hence find the area of the region enclosed by the curves and the x-axis.
(@) (i) The curves meet where (x + 1) = (x - 3 i.c. where x = 1.
Hence the coordinates of A are (1,4).

(i) y=(x+ 12 meets y
= (x-3) meets y

where x = 1, i.e. the point (~1,0).
where x =3, i.e. the point (3.0).

(b) The curves are shown in Fig.11.9. The area required is divided into two parts
because the boundary changes at A (x = 1).

Fig.11.9

Toularea = [ (x+ 17 ar+ [ (-3 ax
Sflerzenae f@-sroa
=[Ferer] s [Foeee]
SEHI D= H1-D+0-2742)-( =3+9)

s
'

substitute ‘substitute substitute substitute:
ipper li lower limit ~1 upper limit 3 lower limit 1
141 1
=1+ls9
~ 16 it
=18 units

In the next two examples, only the value of the definite integral is to be found.
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Example 14
) '
Find [ 5~k a.

Fudasfge !

L

= (&2 1 (G
=5+ %) (5 + %)
substitute the upper ‘substitute the lower
limit (-2) limit (-4)

=e-p-6-§
= -6}

Example 15

Evaluate (1 - 1-7) dt.

I:(l—:—t’)d:: [1-'23 A§]:

02— G - )
A

=0-=(-13)=

Example 16
The volume V of the liquid in a container leaks out at the rate of 30t cm? s where t
is the time in seconds. Find the amount of liquid lost in the third second.

av

i ~30¢ (decreasing).

The third second is between ¢ =2 and f = 3,
So we find the (value of V when 1 = 3) ~ (value of V when = 2) using a definitc
integral.

s, s
Change of volume = [ %ar= [ 300 1= [-15¢] =135 - (-60)

va =), 8

=75

Hence 75 em? of liquid was lost in that time.
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Example 17

The velocity v of  particle moving in a straight line is given by v = f = 3t where ¢ is
the time after the start. What is the displacement of the particle between the times
r=2and(=4?

ve % =f-3sos=]@-30d

The displacement i the distance between the positions of the particle at times (= 2 and
£=4,50 it is the value of the definite inigral

=[2 2]
j: E-3ndi= [, - 2]2

= (8 _% 8

=3 -72)-G-
Note: As we have seen in Chapter 10, this is not necessarily equal to the actual distance
travelled by the particle. It may have gone, for example, 8 units to the left followed by
82 units to the right.

2,_2
7)=3

Example 18
() Show from a diagram that
[ac= [dcs [f dewnerea<b<c.

() Given hat [T dx = 10, find (i possible) the values of

1] [ *2x) dx.

(ii) [’mx; +1]dx,

(i) [1fix)-2] de+ [*fivdx

(i) f’u - Lfoy ax, d

o) [uor a
@

y=1lx)

] .

Fig.11.10 a b c

From Fig.11.10, J| f(c) dx = arca A + area B
= [fwas [iwa
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® @ j': 26(x) dx = Zjif(x) dx=2x10=20
H s s
@ [+ nav= Lo [1a
=10+ [x]}
=10+ -@=13
ey . ud 3 S
(i) This cquals j'2 1) :u - j‘2 2dr+ ]': () dr
, f00) de — 26}
=10-2=3%

s a1

@ [0 - o= [rac- [ e
=3-5=22

(v) Not possible, as f(x) is not known.

Exercise 11.3 (Answers on page 631.)

1@ [ a ® J’:xdx

© I;x‘dx @ J’; (2x-Ddx
© I:(l—x]dx ® J‘:;’dx

© [ Lo CNNCETS
o [ o-20-30 0 [

® j" (= 3)du ) j: =3 ae
@ [ e-na @ [Th-Sa
© j: 3¢ dr ® Jl;x“dx

@ [x6-na ® [ 6-max
%) K (x+ D(x+2) dr ® L’ - b

) I’z (@ -2 +x) dr

2 1f ] (x—4) de= 10, find the value of a.
3 Given that [[ (2x~ 1) de = 12, find the values of 1.

3
4 Given that J[ (x + p) dx = 3, find the value of p.
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s

5 nj’n (F + 1) de =3, find the value of j1.

6 Find the value of u if f‘ Ede= g

7 Find the arcas under the following curves between the coordinates given:
@ y=4-x=-2,x=0
@© y= %ﬁ;x: Lx=2

~Lx

8 Find the area bounded by the curve y = 2x - 2¢* and the positive x- and y-axes.

9 Find the area under the curve y = x* + 3 between the ordinates (i) x = 0 and x = 2,
(ii) x = -2 and x = 2. Using a sketch of the curve explain the relation between the two
areas.

10 The arca under the curve y = -+ ax ~ 5 between the lines x = 1 and x = 3 s 142. Find
the value of a.

11 If the area under the curve y = 5 between x = 2 and x = k, where & is a constant, is
8 times the area under the curve between x = 1 and x = 2, find the value of k.

12 Given that EF =27 —1+5, find the change in the value of A between ¢ = | and

£+ 1, find the change in T as  changes from 1 to 2.

14 The rate of change of a quantity 2 is given by 2 = 19 4/ for 1> 2. Find the change
in the value of P when ¢ increases from 3 to 5.

=2v— 1, find the increase in y as x increases from 2 to 4 given that f‘ﬁ =6

16 The curve y = ax + bx + c passes through the points (0,-2) and (1,-3) and its gradient
where x=2s 5. Find () the value of a, of b and of ¢ and (b) the area under the curve:
between the lines x =2 and x = 3.

17 @ 1 -y de= [0+ 1) d, find the value of a.
®) Given that [ 1) =7, evaluste () [/ 359 s, G [*12 - 001,

(i) j [f() - 2] dx + j fx) de

18 A particle starts from a fixed point O and moves in a straight line. Is distance s from

Ot time 1 seconds from the start i given by s = 1~ 2"+ 3. Find an expression for

the velocity v of the particle in terms of r. At what times from the start s the particle
at instantaneous rest? What is its displacement between those times?



19 Fig.11.11 shows part of the line y + 2x = 5 and the curve y = x(4 - x), which meet
atA.
(a) Find the coordinates of A.
(b) Hence find the area of the shaded region.

y

Fig.11.11 al

20 The curve y = 4 —x* meets the positive x-axis at B and the curve y = x(4 - x) meets
the positive x-axis at C. The curves intersect at A. Finc
() the coordinates of A, B and C,
(b) the area of the region ABC bounded by the curves and the x-axis.

21 () Ify =~ 4x +4, find (i) where the curve meets the y-axis and
(ii) the x-coordinate m of the minimum point on the curve.

) Sketch on the same diagram the graph of y = 4 —x* for -2 < x < 0 and the graph
ofy=x-4x+4for0Sx<m.

(c) Hence find the total area under the two curves.

[(

]

Further Notes on Areas
1 Area between a curve and the y-axis
The area between y = f(x) and the x-axis for a S x< bis J]y dx.

Similarly, the area between y = f(x) and the y-axis is fx dy where ¢ and d are the limits
on the y-axis and the equation of the curve is expressed in the form x = g(y) (Fig.11.12).

y

Fig.11.12
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Example 19
Fig.11.13 shows part of the curve (y - 1) = x~ 1. Find the area of the shaded region.

y

fy-1y=x-1

Fig.11.13

)
The area = jnxdyasoana 1 are the limits for y.
The equation of the curve is rewritien as x = (y - 1)+ 1 =2 = 2y + 2.
. N !
H v — =Xy v
Sothe area s [, v y+ne=[ y+2)]n

= (§-1+2-0) =13 units?

1l Area under the x-axis
The curve y = * - 3x + 2 = (x — 2)(x - 1) meets the x-axis where x = 1 and x =
(Fig.11.14).

y

Fig.11.14

For all points in the domain 1 <x <2, y will be negative. So [ y dx will also be negative
for this domain.
2 2 2
= =[2 . w *
[yar=f-ssna=[§- ¥ +x]
=d-6+9-3-3+2
s
5
= -1 which is negative as expected.

and this is the area below the x-axis.

The numerical value of [ y dxis - [ y dx =
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1 part of a curve lies below the x-axis, the area
between that part and the x-axis is - | y dx (Fig.1L.15).

Fig. 11.15

1f a curve ies partly above and partly below the x-axs (Fig. 11.16), the toal area will be
fyae-f yde

Fig. 11.16

The two parts are evaluated separately. Hence a skeich of the curve must be made to
check if any part is below the x-axis.

Similarly the area of a region on the left of the y-axis will be negative. Its numerical
value is — | x dy.

Example 20

Find the area between the curve y = x(x - 2) and the x-axis from x = ~1 10 x = 2.
The curve meets the x-axis at x = 0 and v = 2 (Fig.11.17).

Fig.11.17




__jn' (x‘—lv)dv:»[

Hence the toral area = 15 + 15

Note that || (¢~ 29 de = |’
=G-9-¢3-n=0

which is the correct value for the integral but not for the area.

I Area between two curves

Example 21
Find the area enclosed by the curve y = 5 +x - x° and the line y = x +4.

First we find where these intersect:
4x-d=xed
ie x=1givingx=1or-1.

‘Then we require the area of the shaded
region in Fig.11.18 with limits x = ~1
and .

Now the area under the curve
=J e
and the a;eu under the line
- j“ (+ 4 de
Hence the shaded area = | 5 +x =) dr— |/ v+ 4y de.

Fig.11.18

Since these two definite integrals have the same limits they can be combined into one
definite integral:

[ Gex-d-trmac= ] ceen

—x-4)de

= Jrl(l —x) dx

=[x,,




In Fig.11.19, y = f(x) and y = g(x) are two curves such that f(x) > g(x) for a S x < b.
y

Fig. 11.19

‘Then J‘:f()() dx = area ABDE and _r.g(x) dx = area ABCF.
Hence the area between the curves i.e. the shaded area

= ABDE - ABCF

= [t - gwn ax

Area between y = f(x) and y = g(x) foraSx< b
»
= J] 1) - g ax
where f(x) > g(x)

“This rule is still true if parts of cither curve are below the x-axis (provided f(x) > g(x)) as
the next example shows.

Example 22

Find the area enclosed by the curves y, = * and
x =3 (Fig.1120).

— 2x and the lines x = | and

Fig.11.20
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We require the shaded area.
The curve y, meets the x-axis at x = 0 and x = 2.
Consider the regions A, B and C.

2
A:_f‘ » dx.
2
B= 7j" ¥, dx (as y, is below the x-axis in this interval).
2 2
So[lydc- [y, dr=A+B.
Hence the rule is true for areas crossing the x-axis.
s s
=}y de= [y, dx (as both , and y, are above the x-axis).
Hence the total shaded area A + B + C
2 5
=[o-y e [Lo-m
5
=fo-me
S @-rewa
'
= D o = i
=[] =9-1=8 unit?

Example 23

The tangents at x = 0 and x = 3 on the curve y = 2x - — I meet at T.
(a) Find the equations of these tangents and the coordinates of T.
(b) Calculate the area of the region bounded by the curve and the tangents.

The curve and the tangents are shown in Fig.11.21.

Fig.11.21

Q(@3,-4)
Hy=2v-2-1,then % =2-2

(a) The tangent at P(0,~1) has gradient 2.
Hence its equation is y + 1 =




—4.
y=-4x+8.
These lines intersect where 2x ~ 1 = —4x + 8 ie. x= 1

Whenx=13,y=2c-1
So the coordinates of T are (13, 2).
(b) The shaded area is divided into two parts A and B as the boundary

line changes at T (x = 3).

‘The tangent at Q(3,-4) has gradient 2 —
Hence its equation is y + 4 = —4(x - 3)

AmaofA:J:h[(fol)—(Zx—)’—l)]dx
=L’kﬁax=g =2
AmefB:J;l[(4x+H)—(2x—B—I)]dx

i
—Jhutmw;u
Sfe
=[5 3;&9;]72
=o-2+m-& -2+ %2

Hence the total shaded area = § units’.

Exercise 11.4 (Answers on page 631.)
1 Find the area of the region bounded by the curve y = x* - 9 and the x-axis.

2 Calculate the area enclosed by the curve y = 3x - ', the x-axis and the lines x =
x=2.

3 Find where the curve y = x* —x - | meets the line y = 5. Hence find the area of the
region bounded by the curve and the line y = 5.

1,

4 Part of the curve y = x(x — 1)(x - 2) is shown in Fig.11.22. Find the values of a and
b. Hence find the area of the region enclosed by the curve and the x-axis from x =0
ox=bh.

y

Fig.11.22
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5 Find the area of the region enclosed by the following curves or lines:

I-g.y=x
() y=x+3,y=5-x

6 In Fig.11.23, the curve (y - 1)* = x + 4 meets the y-axis at A and B.
(2) Find the coordinates of A and B and (b) calculate the areas of
(i) the shaded region P, (ii) the shaded region Q.

-1 =xed

Fig.11.23

7 For a curve, g{ =2¢+ k where & is a constant, and the curve has a turning point

where x=2.
(@) If it passes through the point (-1,8), find its equation.

(b) The line y = x + 3 meets the curve at points A and B. Find the coordinates of A

and B.
() Hence find the area of the region enclosed by the curve and the line.

8 (@) Sketch the curve y = x(3 - x).

(b) Find the equation of the normal to the curve at the origin and the x-coordinate of

the point where this normal meets the curve again.
(c) Find the arca of the region bounded by the curve and the normal.

9 The normal at the point A(x = 0) on the curve y = 2 — x — x* meets the curve again at
B. Find (a) the coordinates of B, and (b) the area of the region bounded by the curve

and the normal.
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10 Fig.11.24 shows part of the curve y = 1 —
Find () the coordinates of the point A where the curve meets the x-axis and (b) the
equation of the tangent to the curve at A. (c) The line through B(2,0) parallel to the
y-axis meets the curve at C and the tangent at T. Find the ratio of the areas of the
shaded regions ABC and ACT.

y

Fig.11.24

11 Fig.11.25 shows part of the curve y = * and the line y = 4. The line AB is drawn
through A(0,2) with gradient ~1 to meet the curve at B. Find (a) the coordinates of B,
and (b) the ratio of the shaded areas P and Q.

Fig.11.25

12 (a) Sketch the curve y = x(4 - x).
(b) Find the equations of the tangents to the curve at the origin O and at the point
where x=3.
(c) If these tangents meet at T, find the x-coordinate of T and the area of the region
enclosed by the tangents and the curve.



13 Fig.11.26 shows part of the curve y = x* - x + 2 and a line UV.
(a) Find the coordinates of U and V and the equation of UV.
(b) Hence find the area of the shaded region .

Fig.11.26

14 Fig.11.27 shows part of the curve y = 5 - x —x* and the line y = 2x + 1 which meet
at A and B. Find
(a) the x-coordinate of A and of B, and
(b) the area of the shaded region.

Fig.11.27

15 Fig.11.28 shows part of the curves y = & and y = x* - 4x.
A iis the point (1,2) and BC is part of the line x = 3. Find the area of the shaded region.

Fig.11.28
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SOLIDS OF REVOLUTION

A portion of the curve y = (x) between the ordinates x = a and x = b s rotated about the
x-axis through 360° (one revolution).

‘The outline will be that of a solid, called a solid of revolution (Fig.11.29). The x-axis
is an axis of symmetry and any cross-section perpendicular to that axis will be a circle.
Examples of such solids are a cylinder, a cone, a sphere etc (Fig.11.30).

y

y=ix,

Fig.11.29

Fig.11.30

‘We can use calculus to find the volume of such a solid. Suppose V is the volume of the
solid between x = a and x = b (Fig.11.31). Let x increase by &x. Then y will increase by
8yand V by V.

Fig.11.31
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11.32 shows a section in the plane of the axes through the solid. The slice 8 has
two circular faces of radii y and y + dy.

Fig.11.32

Hence its volume lies between the volumes of two cylinders of radii y and y + 8y and
thickness 8x (Fig.11.33). -

Then 7y? 8 < 8V < m(y + 8)° &x which gives m? < 3 <7y + 8y

Now as &x = 0, 8y — 0 and y + 8y — y and the right hand term — 7y

LY dav
L &y d

imit, & = and v = [ o dv
In the limit, § = my ;\nd‘/—L Ty dv

=n [ draswisa constant.

"
“The volume of revolution of y = f(x) between x = a and x = b is & 3° dx

Similarly, if a portion of the curve y = f(x) is rotated about the y-axis (Fig.11.34), the
volume of revolution will be

"
7 [ dy where ¢ and d are the limits on the y-axis.

Fig.11.34
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Example 24
The portion of the curve y = ¥ between x = I and x = 2 is rotated through 360° about
(i) the x-axis, (i) the y-axis. Find the volumes created.
2

@) InFigll3s,V,=x )’:yz de=n [ xtar
(2T
==[3]]
=n[-d)
=fe2-1

3ix

[T e
=3 units’

Such answers are usually left in terms of 7.

Fig.11.35

(ii) In Fig.11.36, the limits are now 1 and 4, corresponding to x = 1 and x = 2, and the
function must be expressed as x = V.

v,=n J:x’dy:nrlydy

Fig.11.36
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Solid of Revolution Created by a

Region between Two Curves

InFig.11.37, y, = (x) and y, = g(x) are two curves intersecting at x = a and x = b. If the

shaded region s rotated about the x-axis, the volume created by y, is 1 [, y? dx and that

by 3, is @ ;2 dx. Hence the volume created by the region will be % [ 02 - 32) dx.
‘The same principle will apply to rotation about the y-axis.

Fig.11.37

Example 25

Fig.11.38 shows the part AB of the curve y* = x 2 where B is the point (3,1). CB is
the tangent to the curve at B with gradient +. The curve meets the x-axis at A. Find
(a) the equation of CB,

(b) the coordinates of C.

(c) the volume swept out by the shaded region when revolved round the x-axis.

Fig.11.38

(2) Equation of CB is y - 1
(b) The tangent meets the x-axis where x = 1 50 C is (1,0).

lw-3ie2y=x-1lory
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(¢) The x-coordinate of A is 2.
Between C and A the boundaries of the shaded region are the line and the x-axis,
but between A and B the boundaries are the line and the curve. So we have to find
the volume in two parts. The simplest method is to find the volume produced by
CB and subtract the volume produced by AB,

iy
Volume produced by CB = 1 I. (5l yar
=i o
.
—rf2_ N
=55 x’+x]l

_n
=19-9+3)-%

* 2
VolumepmducedbyAB:nL(x—l)dx:n[7

=n@-6-n2-4)
=% units*

Hence the required volume =

[ )
3 =% units

Exercise 11.5 (Answers on page 631.)
Unless otherwise stated, leave answers in terms of T.

1 Find the volumes created when the parts of the curves given below are rotated about

the x-ax

@ y=2,0<x<1 ®) y=x(1-x),0Sx<2
© y=3.1<x52 @ y=x-11sx52
(© y=Vr,1<x<4 ® y=Va-r 1sxs2

2 Find the volumes made by rotating the parts of the following curves about the axis
::‘e:: 2+ 1,0<x<2; xeaxis
() y=Vx, 0<x<9; y-axis
(© y=r-x0sx<
@ y=1, 1503 xaxis
(&) y=1-2,0<xS2 yaxis

3 x-axis.

3 The part of the curve y = * + 1 between x = | and x = 2 is rotated about the y-axis
through 360°. Find the volume formed.

4 The negative part of the curve y = x* — 2x is rotated completely about the x-axis to
form a solid of revolution. Find its volume.

m



5 (a) Find the coordinates of the points of intersection of the line y = 2x and the curve

y=x
(b) The region enclosed by the curve and the line between these points is rotated
about the x-axis to form a solid. Find its volume.

6 The region between the curve y =x* + 1, the 2 axes and the line x = 1 is revolved round
the x-axis. Find the volume generated.

7 Sketch the curve y* = x + 4. The area bounded by the curve and the y-axis is rotated
about the y-axis through 360°. Calculate the volume created correct to 3 significant
figures.

8 (2) A point P(ry) moves so that it is always 2 units from the origin O. State the
relation between x and y and the name of the curve this relation represents.
(b) The part of this curve above the x-axis is rotated about that axis to form a solid.
Find the volume of the sphere created.

9 Fig.11.39 shows an ellipse whose cquation is & + &

(a) State the coordinates of the points A and B.
(b) If the part above the x-axis is rotated about that axis through 360°, find the
volume of the ellipsoid formed.

Fig. 11.39

10 Fig.11.40 shows part of the curve y = 4x - x* and a line OA where O is the origin. The
x-coordinate of A is 2.
(a) Find the equation of OA.
(b) If the shaded region is rotated about the x-axis, find the volume formed.
(c) If the curve meets the x-axis at B, what is the volume created if the unshaded
region OBA is rotated about the x-axis?

Fig.11.40




11 Show on a diagram the region enclosed by the curve y =  + 2 and the line
=dx- 1, stating the coordinates of the points of intersection. If this region is rotated
completely round the x-axis, find the volume of the solid formed.

12 The curves y =% and y = 2~ for x > 0, intersect at A. Find the coordinates of A.
‘The region bounded by the curves and the y-axis is rotated about the x-axis through
360°. Find the volume of revolution.

13 In Fig.11.41, the curves y? = dx and y = 2 intersect at O and A.
(a) Find the coordinates of A.
(b) The region bounded by the two curves is rotated about (i) the x-axis, (ii) the
y-axis. Find the ratio of me two volumes created.

o

Fig.11.41

14 Fig.11.42 shows parts of the curves y = £ (x> 0) and y? = x which intersect at A.
(a) Find the coordinates of A.
(b) The shaded region between the curves, the x-axis and the line x = 3 is rotated

about the x-axis. Find the volume of revolution.

y

Fig.11.42

15 Copy Fig.11.43, which shows part of the curve y = L and add the curve y = ¥® and
the line y = 2. If the region bounded by these curves and the line is rotated about the
x-axis, find the volume generated.

Fig.11.43
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16 OA lies on the line y = 3x (x 2 0), where O is the origin, and AB is part of the curve
y=4-x2 (x20). B lies on the x-axis. Find () the coordinates of A and B, and (b) the
volume of revolution made by rotating the region OAB about the x-axis.

17 Fig.11.44 shows part of the curve y = x - 1 for x > 0. The curve meets the x-axis at
A and the line y =13 at C. Find (a) the coordinates of A and C and (b) the volume
made by rotating the shaded region about the x-axis.

Fig.11.44

Fig.11.45

18 Fig.11.45 shows an arc of the circle y° = 4 - x* and a chord AB which lies on the line
x= 1. Show that
(a) the coordinates of B are (1, V3),
(b) the volume created when the shaded region is rotated about the y-axis is
41 V3 units®.

19 B is the point (1,0 and A the point (.r).
(a) Find the equation of OA, where O is the origin, in terms of 4 and r.
(b) If OA is rotated through 360° about the x-axis, which solid is formed?
(c) Find the volume of this solid in terms of 4 and 1.

20 Fig.11.46 shows the part of the curve y = & for x > 0. A is the point (1,1) and the
tangent to the curve at A meets the x-axis at B. C is the point (3,0). Find
(a) the equation of the tangent and the coordinates of B, and

(b) the volume made by revolving the shaded area round the x-axis.

Fig.11.46
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21 Fig.11.47 shows the part AB of the curve y = x* + 2 where B is the point (2,6). The
tangent at B to the curve meets the x-axis at C. Find
(a) the equation of the tangent,
(b) the coordinates of C, and
(©) the volume of the solid formed b
rotating the shaded region completely about the x-axis.

v B(2:6)

Fig.11.47

SUMMARY
o If % = f(¥), then y = [ (x) dx + ¢ (indefinite integral).
o ¥ cary=2 i e

® Definite integral [ f(x) de = [2()f, = g(b) - g(a) where g(x) is the indefinite integral

® Area between y = f(x), the x-axis
and x = a, x = b (Fig. 11.48(a))

(a)

I:\'dx:J: f(x) d. o)

® Iff(x)<0fora<x<b, the area

[ fw .

® Area between y = f(x) and the
y-axis for ¢ < y < d (Fig. 11.48(b))

x dy where x is found in terms of y.

® Arca between y = f(x) and (x)
for a < x< b and f(x) > g(x) Fig. 11.48(c))

b Fig. 11.48
j‘ [£() - 2] dv.

fy=f(x) for a < x < b is rotated completely round the x-axis, the volume of the solid

of revolution produced = 7 J/ y? dx if rotated about the y-axis, volume = 7t [+2 dy,

where ¢, d are the limits for y.
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REVISION EXERCISE 11 (Answers on page 632.)
Answers for volumes may be left in terms of 7.
A
1 Onacurve for which & =p +.x, where p s a constant, the tangen at the point (2,5)
has a gradient of ~2. Find the value of p and the equation of the curve.
! 1 x4l
2 Bualuate @) [ (- ) dx @) [ St
3 Fig.11.49 shows part of the line y = 2x and part of the curve y = 4x — x%. Calculate the
ratio of the areas of the regions P and Q.

¥ y=2x

Fig. 11.49

4 A particle, moving in a straight line, passes through a fixed point O with a velocity of
8 m ™. s acceleration, @ m 2, f seconds after passing O is given by a = 12— 6. Find
(i) the velocity of the particle when 1 =
(ii) the displacement of the particle from O when ¢ = 2. ©

5 Fig.11.50 shows part of the curve y = x* — 2x + 2 and a chord PQ. Find

(i) the coordinates of P and Q,
(i) the ratio of the area of the shaded region A to the area of the shaded region B.

Fig.11.50
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EN

Fig.11.51 shows part of the curve y = 5 + 4x — x%. A is the maximum point of the
curve. Fin

(@) the coordinates of A,

(b) the equation of OA

(c) the area of the shaded region.

y=5+dx-x

Fig.11.51 o

7 Fig.11.52 shows part of the curve y = 6x —x* and the line y = 3x. Show that the area
enclosed by the curve and the x-axis is 36 units?. Calculate the ratio of the areas of the
regions marked A and B. ©

Fig.11.52

8 Fig. 11.53 shows part of the curve y? = x and the line 2y = x. If the shaded region is
rotated through 360° about the y-axis and the x-axis, find the ratio of the volumes
formed.
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9 In Fig. 11.54, the line x + y = 5 meets the curve y = 3 alAand B.
Find (a) the coordinates of A and B, and (b) the volume obtained by rotating the
shaded area round the x-axis through 360°.

Fig. 11.54

10 A particle traveiling in a straight line passes a fixed point O with a velocity of
13 m ™. It moves in such a manner that, 1 seconds after passing O, its acceleration
ams?, is given by a = p + g, where p and g are constants.

Given that its velocity is 33 m s when 7= 2 and that it comes instantaneously to rest
when ( = 3, calculate the value of p and of 4.
Find the distance travelled by the particle between ¢ = 1 and ¢ = 2. ©

1@ Findf (& - Syar
(b) InFig. 1155, the line y = Lx s the tangent to the curve y* =.x~ 1 at the point (2,1).

Calculate the volume swept out when the shaded region shown s rotated through
360° about the x-axis. ©

Fig. 11.55

12 A particle passes a fixed point O with a velocity of 3 and moves in a straight line with
acceleration a given by a = 3~ 21 where ¢ is the time in seconds after passing O. Find
the velocity and the distance of the particle from O when ¢ = 2.
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13 Calculate the volume generated when the shaded region in Fig. 11.56 is rotated
through four right angles about the x-axis. ©

Fig. 11.56

14 Fig. {157 shows part of the curve y* = x + 1. AB, CD are parallel to the y-axis where
A the point (1,0) and C is the point (k.0). If the volume produced by rotating the
region Q about the x-axis is 3 times the volume produced by rotating the region P, find
the value of k.

o A c
Fig. 11.57 1.0 (k. 0)

15 The tangent at the point (2,4) on the curve y = * meets the x-axis at A.
(a) Find the coordinates of A.
(b) If the region bounded by the curve, the x-axis and the tangent is rotated about the
x-axis through 360°, find the volume created.

16 The part of the curve y = 4 - x* lying in the first quadrant meets the y-axis at A and
the x-axis at B. C lies on the curve and the equation of OC is y = 3x, where O is the

(a) Find the coordinates of A, B and C.
(b) The region OAC is rotated about the y-axis and the region OBC is rotated about
the x-axis. Find the ratio of the volumes of revolution produced.

17 (s) Explain the geometrical meaning of the result | (x) dx = 0 if f(x) is not every-
where zero. °

(b) Given that I; Pp(x) dx = 6 evaluate
@ [ 3pwoax,
G [} 2-pwidx,
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e ‘
(i) L () - 2] dr + j7 [pC) + 1] dx

18 Fig. 11.58 shows part of the curve (y - 2)* = x + 4 and part of the line y = Lx. Find
(a) the coordinates of B, (b) the area of the shaded region.
y

Fig. 11.58

19 Fig. 11.59 shows part of the curve . Given that C s the point (2,0), find

(i) the equation of the tangent to the curve at the point A,
(ii) the coordinates of the point T where this tangent meets the x-axis,

(iii) the coordinates of the point B where the curve meets the x-axis,

(iv) the area of the region enclosed by the curve and the lines AT and BT,

(v) the ratio of the arca found in part (iv) to the arca of the triangle ATC.  (C)

Fig. 11.59

20 Part of the curve y = 2¢* is shown in Fig. 11.60 where A is the point (a.0). AB is
parallel to the y-axis and BC parallel to the x-axis.
(2) Show that the area of region P is twice that of region Q.
(b) If both regions are rotated about the y-axis, show the volumes produced are
equal.

x

Fig. 11.60
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21 y=ax + bx + ¢ where a, b and ¢ are constants. Given J’ xy dx = 0 find the value of

b.Ifalso y =2 when x = | and J"‘ y dx =0 find the value of a and of .

B
2 @ 1 [ f) ac= 12, find mnamcorj fx- 1) de.
® wmnsmevalueofa.ff fx+a) de = I f(x) dx.
Lvﬁ
[y s
24 Sketch the graph of y = | - 2¢ . Hence find [, | 2~ 2x | ax.

23 1fy =2+ 1, evaluate

25 A solid bowl is formed by rotating the parts of the curves y = x* and y =
x>0and 0<y S I about the y-axis (Fig. 11.61). Calculate
(a) the capacity of the bowl, i.e. the amount of liquid it could hold,
(b) the volume of material in the bowl.

Fig. 11.61

26 Fig. 11.62 shows part of the curve y* = 4x. P is any point on the curve and PN is
perpendicular to the x-axis.
Show that the volume generated by rotating the shaded region about the x-axis is
equal to § x ON x PN2.

¥ =ax

Fig.
ig. 11.62 N
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27 The region below the curve y = ax? (where ais positive) for 0 < x S 2 is rotated about
the x-axis, while the region between the curve and the y-axis for 0 <y < 4a is rotated
about the y-axis. Find the value of aif these volumes are equal.

28 Sketch for 0 < x < 4 the graph of the positive function f, where

frxb— ;‘{: for0<x<1,

f

x e 82 for | Sx<2and

frxb—= y8-2xfor2<x<4.

Show that the gradients of the last two parts are equal where x = 2. If the resulting
figure is rotated about the x-axis through 360°, calculate (in terms of 7) the volume
produced.



Revision Papers
1-5

PAPER 1 (Answers on page 632.)
1 @) Differentiate (x— )" with respect to x.
(®) Evaluate [ (¢ 22 ax
2 Solve the simultancous equations 2x - 3y = 7, xy = ¥ - 6.
3 The functions f and g are defined for x > 0 as £ x F—»

g
Show that (a) f and g are cach self-inverse functions, and (b) (fg)” 5Lt © Prove it
f(x) = gf(x) has no real solutions.

4 Given the points A(-1,2), BG,1) and C(4-2), find
() the equation of the line AB,

(b) the equation of the line through C perpendicular to AB.

5 On the same diagram, sketch the graphs of y = |x~ 1 | and y = | x + 2 |. Hence find
the range of values of x for which | x—1]> | x+2].

6 AB =2 +j and A is the point (-3, 2).

(a) State the coordinates of B.
(b) If C s the point (0,-1), use a vector method 1o find ZABC.

7 (@) Prove the identity (cos 8 + sin 8)? = 2 - (cos  — sin 6.
(b) Solve the equation cosec 20 = ~2.15 for 0° < 8 < 360°.

8 Calculate theareaof Lhe region lying between the curve y = ¥* - 3x + 2, the x-axis and

the lines x = -1, x
9 The sector OAC of a circle centre O and radius 4 cm has an area of 12 cm?, Find

(a) the angle of the sector in radians,
(b) the perimeter of the sector,
(©) the area of the segment cut off by the chord AC.

10 (a) For what values of k is the function x* + 2kx + 5 always positive?
(b) Given that f(x) is a quadratic function and that f(x) is only positive when x lies

between —1 and 3, find £(x) if f(-2) = -10.

PAPER 2 (Answers on page 632.)

1 The perimeter of a sector of a circle is 8 cm and its area is 4 cm’.
Find (a) the angle of the sector, (b) the length of its arc.
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2 Find the solutions of these equations for 0° < 6 < 360°:
(a) sin 26 =-0.4 (b) cos (6 + 30°) =0.25

3 A particle starts from rest at a point O and moves in a straight line with velocity
vm s given by v = 61 — 32 where ¢ is the time in seconds after the start. Find
(@) its acceleration when the particle is next at instantaneous rest,
(b) the distance travelled to that position.

4 (a) Find the coefficient of x* in the expansion of (2x - 3.

(b) If the first two terms in the expansion of (ax + b)* in descending powers of x are
32 - 80¢", find the value of a and of b.

5 The sides AB and AC of a triangle lie on the lines 2x — Sand x + 3y =13
respectively. Given that C is the point (-2.5) and that ZACB = 90° find the coordi-
nates of A and of B.

6 FigR1 shows part of the curve y = 2 — x —. and the lines y = 2 and y = ~d. Find the
area of the shaded region.

Fig. R1

7 The gradient of the curve y = & + b® at the point (1,-1) is 8. Find the values of
@ and b. Hence find the equation of the tangent to the curve where x = 2.
8 Given the function y = x* - 3x + 2, find the approximate percentage change in the
value of y if x is increased by 2% when it is 3.
9 (a) The function f s defined by f: x +——= L2 (x2).
Find (i) £(3) and (ii) the values of x for which f(x) = x.
(b) The function g s given by g : ¥ ——=a ~ 3 (x # 0) where a is a constant. If
£(2) - g(-2) = 2 find the values of a.
10 The position vectors of two points A and B referred to an origin O are 2i - 3j and
31+ 4 respectively. Find
3
(2) AB in terms of i and j,
(b) angle AOB.
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PAPER 3 (Answers on page 633.)

1 (a) Find (i) the range of values of x for which the function x' - 3x* - 9x + 1 is
increasing and (ii) the nature of the stationary points on the curve and the values
of x where they occur.

(b) Find the maximum value of (x + b)(a - x) where a and b are constants.

2 Solve the simultaneous equations x + 2y = 8, x — xy + 2 = 7.

3 A cone of radius 6 cm and height 24 cm is held vertex down with its axis vertical.
Water is poured into the cone at the rate of 90 cm’® ™. At what rate is the water level
rising when its greatest depth is 12 cm?

4 (2) A and B are points with position vectors 4i + f and i — ff respectively with

reference to an origin O. If OA is perpendicular to OB, find the values of 1.
(b) T has position vector —2i + 4] and the line TP is parallel to the vector i + 3j. Show
=
that the position vector of Pis given by OP = (- 2)i + (3¢ + 4)j where s a scalar.
Hence find the value of ¢ for which OP is perpendicular to TP.

5 Find the volumes created when the shaded
region in Fig.R2 is rotated about
(a) the x-axis,

(b) the y-axis,
each through 360°.

7 (a) Find and simplify the first three terms in the expansions, in ascending powers of
x, of (1 +3x)* and (2 ~ »)* and hence find the coefficient of x* in the expansion
of 2+ 5x - 32).
(b) Find the range of values of y for which | y* - 5y~ 1 | <5.
8 (2) Find the coordinates and type of turning points on the curve y = x' + 2% +x + 1.
() IfP £ find 4. ‘"’ . Hence find the approximate percentage change in P, stating
if P is increased of decreased, when 1 s decreased from 2 by 0.5%.

9 In AOAB, GA =a, OB = b and M is the midpoint of AB. T lies on OB where
o= 1 OB.oMand TA intersect at N. Taking TN =kTh and ON = mOM, find two
vector expressions for ON in terms of , m, a and b and hence find
(@) the values of k and m, and
(b) the ratios ON:NM and TN:NA.
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10 (2) Solve the equation 3 sin 8 = 2 cos 8 + 2 for values of 6 in the range 0° < 8 < 360°.
(b) A particle moves along a straight line so that its velocity v m s™ at time ¢ seconds
from the start s given by v =7 —
(i) Find the time after the start when the particle is at instantaneous rest.
(ii) What is the velocity of the particle when its acceleration s zero?
(iii) Find the displacement of the particle during the first 3 seconds of motion.

PAPER 4 (Answers on page 633.)

1 (a) Differentiate with respect to x (i) (2 —x + 1)* (ii) x
(b) Show on a diagram a sketch of the curves y = cos 2x and y = | 2 sin x| for
0 < x < 2n. State how many values of x will satisfy the equation
cos 2x = | 2 sin x| in that range.

2 (a) Given that A = 3r + 1, find the rate of change of r with respect o ¢ when r = 2
if the rate of change of A with respect to ¢ is 4.

(b) Solve the equation cos 3 =035 for 0° < 0 < 360°.

3 A curve passes through the point (0,2) and its gradient at any point (x.y) on the curve
is 1 —x - 22 Find
(a) the equation of the curve,
(b) the coordinates of the tuning points on the curve, stating the nature of cach one,
() the equation of the tangent to the curve at the point where x = 1.

4 InFig. R3, the curve y* = x + | cuts the y-axis at A and meets the line x = 3 at B. Find
the ratio of the volumes produced by rotation through 360° about the x-axis of the
shaded regions P and Q.

Fig. R3

5 (@) For cach of the following functions, find the range of f(x) corresponding to the
lomain glvcn
3-x|for-1<x<4
—xfor-1<x<3
A -4x+3for0<x<3
=2i—j.r,=i+3jandr,= i+ are three vectors. Find
@) |plwherep=r,—r,+2r,
(ii) the product (r, +1,).p,
(iii) the value of £ if r, + rr, is perpendicular to r, + r,.
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6 (@) If y =6 - x -, find (i) the range of values of x for which y is positive and
(ii) the maximum value of y.

(b) If f:x——= 5 (x#-3), find in a similar form f* and .
() Given that f: xi———s x?+2and g: X1~ x— 1, find the value of x for which
fg(x) = gf(x).
7 OAB is a triangle with (?A aand 6’5 b. OP lies on OA where OP:PA = 2:1 and
Q lies on AB where AQ:QB = 2:1. OQ and PB intersect o R.
@ State AB, AQ, 0Q and PB in terms nia and b.
®) By uaking PR pPB, show that PR = 2(1 - p)a + pb.
© 1 OR = g0 fnd the values of p and g.
(@) Hence find the ratios OR:RQ and PR:RB.
8 (@) Find the vaiues of 53 on the curve y = 2x(x - 3)* where &
(b) A, B, Cand D are the points (-5.2), (2.3), (~1.-6) and (3, 10 lespechvely Find
(i) the coordinates of the point M where AD and BC intersect, (ii) the equation
of the line through M perpendicular to AB.

2E

9 (a) Sketch the curve y = [ x*—x — 2| for -2 S x < 1 and hence find the finite area
enclosed by the curve and the x-axis.

(b) OABC is a quadrilateral in the first quadrant where O is the origin. The equation
of OA i 2= xand the equation of OC is y = 2x. If the coordinates of B are (6.6),
find the coordinates of A and C and show that OABC is a thombus. Find the area
of the rhombus.

10 In an acute-angled triangle ABC, the base BC = a and the height of the triangle = h.
A rectangle PQRS is drawn inside the triangle with P and Q on BC, R on CA and S
on AB. If PS = , find an expression for the area of this rectangle in terms of a,  and
x and hence find the maximun area of the rectangle.

PAPER 5 (Answers on page 633.)
1 A piece of wire 120 cm long is bent into the shape shown in Fig.R4. Show that the

area A cm? is given by A = 480x — 60x°. Hence find the value of x which gives the
maximum area,

Fig. R4

33
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2 FigRS shows  part of the curve y = x — £ and the line x+ y = 7.
Calculate the volume produced when the shaded region is rotated about the x-axis.
3 @ Find,in ascending powers of x,th fist thee terms in the expansions of
@) (1-29* and (i) 2 - 2)"
Hence find the coefficient of +*in the cxpansion of (1 - 2x(2 ~ x)%.
(®) The function f is defined as f : x ——> 2. Given that f(1) = 4 and
£(-4) = 4, find () the value of a and of b, (ii) the values of x for which
) =x.
4 (a) The radius r of a sphere increases from 2 to 2.01. Find the approximate change
in the surface area A. [A = 4r).
(b) The radius r of a sphere is increasing at a constant rate of 0.02 cm ™.
Find the rate at which the volume is increasing when r = 3 cm.
= i),
(c) The volume V of a sphere decreases by approximately 6% when the radius
decreases by p%. Find the value of p.

5 (a) Given that j': f(0dx =7, find the values of
® [0 + e+ [ 1) - 21
G f! 26
i) J) fe+ 1 ax
(6) On one diagram, sketch the graphs of

(i) y=sin2v, (i) y=|sinx|for0<xs2m
State the number of solutions of the equation sin 2x = | sin x | in this range.

(¢) Prove the identity
(cos 6 — sin B)(cosec B — sec ) = sec 6 cosec 6 - 2.

6 (a) (i) Theequation (k +4)x* - 2(k + 1)x + k— 1 = 0 has equal roots. Find the value
of k.

() If the equation has real roots, find the range of values of k.
(b) With respect to an origin O, the position vectors of the points A and B arc

20+ and 4i - 2§ respectively.

(i) Show that | OB | =2|GA|.

e position vegtors of the poiats € and D are given by
OC = 20B - OA and OD = BA.
(i) Show the points A, B, C and D on a diagram and calculate the angle between
OC and OD.
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7 The mean value of function f(x) for a < x < b is defined as h#f ) dx.

A lies on the x-axis where OA = 2 and P s the point (1.1). If Q is any point on OA
where OQ = x, find an expression for the length of PQ? in terms of x. Using the above
definition, calculate the mean length of PQ? as Q moves from O to A. Hence state the
mean length of PQ.

8 (@) Skeich on the same diagram the graphs of y = | x| and y = 2 - 2%
Hence find the finite area enclosed by y = | x| and y =2 — %,
(b) A point P (xy) moves so that its distance from the point (1,0) is always twiceits
distance from the line x + 2 = 0. Find the equation of the curve on which P will
lie and the coordinates of the points where this curve meets the x-axis.

9 On graph paper. taking scales of 2 cm for 3 radians on the x-axis and 4 cm for 1 unit
on the y-axis, draw the graphs of y = 2 cos x and 2y = x for 0 < x S 2. Hence find
from your graph approximate solutions to the equation x = 4 cos x.

10 (@) () Given that f(x) = x— £, sketch the graph of y = f(x) for | <x 4. Hence
sketch the graph of y = £(x) for 3 S xS 3.
(i) Calculate the volume created if y = f(x) for | < x < 4 s rotated about the
x-axis.
(b) Find all the angles between 0° and 360° which satisfy the equations
(i) 3sec2=4,
@) 2cotycosy=3.
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Remainder and
Factor Theorems:
Cubic Equations

THE REMAINDER THEOREM

3. Divide this by x - 3. Using long division as

® 18 remainder

Step (D Divide x* by x to give *

Step (D Multiply x = 3 by x*

Step (3 Subtract to get x* and bring down the next term, 4x
Step (@) Divide 2* by x to give x

Step (3 Multiply x - 3 by x

Step (6) Subtract to get 7x and bring down the next term, -3
Step () Divide 7x by x 10 give 7

Step Multiply x - 3 by 7

Step (9 Subtract; this gives the remainder 18

In the following it is the remainder which is important.

Let f(x) = " = 20" + 4x ~ 3. Now find f(3). What do you notice?



This result is not a coincidence. In fact we shall prove that when a polynomial f(x) is
divided by a lincar expression x — a the remainder will be f(a).
If we divide say 15 by 4, then the result (the quotient) is 3 and the remainder is 3. The
connection between these is
15 = 4 x 3 + 3
T T
divisor quotient  remainder

So if we divide f(x) by (x - @) and the quotient is Q, and the remainder R, then

This s true for all values of a.

Now put x = a.

Then  f@)=0xQ+R

ie. R = f(a).

1f we divide by the general linear expression px + ¢, then f(x) = (px + ¢) X @ + R.
q

#andf(-%) =R

‘This is the remainder theorem for a polynomial f(x):

Putx=

IF £x) is divided by px + g, the remainder is £(7)
It is also worth remembering the simple form: when f(x) is divided by (x - ), the
remainder is f(a).

‘The theorem only applies to polynomials and only to linear divisors. Note also that it
tells us nothing about the quotient.

Example 1

What are the remainders when x' — x* + 3x - 2 is divided by (a) x ~ 1, (b) x +2,

(c)2x~1?7

(@ Here,x~aisx-1soa=1.
f()=1-1+3
‘The remainder is 1.

(b) Here,a
f(-2)=-8-4-6-2=
‘The remainder is ~20.

2=1

© p.\+q:2w—1.so-% =4
(1 1 i 3 5
(3 =§-4+3-2=-¢
‘The remainder is — § .
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Example 2

The polynomial x* +ax? - 3x +4 is divided by x - 2 and the remainder is 14. What is
the value of a?

Taking f(x) as the given expression,

the remainder = f(2) =8 + 4a -6 +4 =6+ da.

Then 6 +4a=14anda=2.

Example 3

fix) = x° +ax® +bx - 3. When f(x) is divided by x - 1 and x + 1, the remainders are
1 and -9 respectively. Find the values of a and b.

Dividing by x - 1, the remainder = f(1) = 1 +a+bh-3=a+b-2.
Thena+b-2=1,s0a+b=3.
Dividing by x + 1. the remainder is f(-1) = -1 +a~b-3=a-b-4.
Thena—-b-4=-9,50a-b=-5.

Solving the two equations for a and b, a = —1 and b= 4.

Example 4

The polynomial fix) = A(x ~ 1F + B(x + 2F is divided by x + I and x - 2. The
remainders are 3 and -15 respectively. Find the values of A and B.

f-1)= A1 - 1P+ B(-1+27=4A+B=3
(

Divisor x + 1: remainde:

(2-1)'+BQ+27=A+168=-15
Solving the simultancous equations, A = | and B =~1.

Divisor x — 2: remaindes

Example 5

(i) If the expression x' + px* + qx + r gives the same remainder when divided by
x+10rx-2,show thatp +q = -3.

(ii) If the remainder is 4 when the expression is divided by x ~ 1, find the value of r.

(iii) If also the remainder is 60 when the expression is divided by x + 3, find the
values of p and g.

@) Divisor x + 1: remainder = f(~1) = =1 + p— g +r
Divisor x - 2: remainder = (2) = 8 + 4p + 2q + r
Then—1 +p-q+r=8+4p+2q+r
s03p+3g=-9orp+q=-3.
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(i) Divisor x — 1: remainder = (1) = 1 +p + g +r = 4.
Butp+q=-3
Then1-3+r=4andr=6.

(iii) Divisor x + 3: remainder = f(-3) = 27 + 9p - 3¢ + 6 = 60
Hence 9p -
Solving the simultaneous equations in p and ¢, p = -4, ¢

Exercise 12.1 (Answers on page 634.)

1 Find the remainder when x* + 2:¢ — x - 1 is divided by
@ x ) x+1 © x-3 @ x+4
() 2-1 M 3x+2 ® -3 ) x+1
2 Find the remainder. when
(2) - Tx -3 is divided by x + 2
(b) ¥ -3¢ -x+ 3 is divided by x + 3
(©) 3¢~ —x— lis divided by x ~ 4
3 Find the remainder when the following expressions are divided by the lincar express-
fon stated:

@ 1-2-3¢byx-2 (®) ©+3x-3by3x-2
(© ¥ +x-x-3byx+3 (@ 3¢ -x+dbydr+1
(€) 20— +4x+2by 2x+ 1 ) ¥+ -2¢-3byx+3

4 1f 2 — & — 1 is divided by x + 2, what is the remainder?
5 1f ¢~ 2+ 1 is divided by 3x + 2, what is the remainder?
6 What is the remainder when ax’ + bx? + cx + d is divided by x + 17
7 The expression 2¢° + px’ - x - 2 is divided by x + 3. State the remainder in terms
of p.
8 Given f(x) = ax’ + 3% - 3x — 2 and that the remainder on dividing f(r) by x + 2 is 0,
what is the value of a?
9 X'+ px - 4 is divided by x + 4 and the remainder is ~28. Find the value of p.
10 The polynomial x* + ax* + bx - 1 is divided by x— 2 and x + 1.
‘The remainders are 7 and 4 respectively. Find the value of a and of b.
11 When the expression x* + px* + gx + 2 is divided by x + 2, the remainder is double that
obtained when it is divided by x— 1. Find a relation between p and q. If the remainder
is also 6 when the expression is divided by x + 1, find the value of p and of g.

12 The remainders obtained when px* + gx* + 4x — 2 is divided by x - 1 and x + 2 are
equal. Show that 3p — ¢ = —4. If also the remainder is ~18 when the polynomial is
divided by x - 2, find the value of p and of g.



13 The expression x* — 4x — 2 has the same remainder when it is divided by either x - a
orx—b(a#b). Show thata + b =4.
Given also that the remainder is 10 when the expression is divided by x - 2a, find the
values of a and b.

14 When x* - x* + ax + b is divided by x — | and x + 1, the remainders are -5 and ~1
respectively. Find the values of @ and b.

15 The polynomial x* + 3x* + ax* + bx — 1 is divided by x— 1 and x + 2.
The remainders obtained are 4 and 19 respectively. Find the values of a and b.

16 When the polynomials x' - 4x + 3 and x' — * +.x + 9 are each divided by x - a, the
remainders are equal. Find the possible values of a.

17 1 2%+ (m—2)x—m? ~ 3m + § is divided by x + m, the remainder is 1. Find the values
of m.
THE FACTOR THEOREM

If (x = ) is a factor of f(x), then there will be no remainder when f(x) is divided by
(x~a). So f(a) = 0. Similarly, if px + ¢ is a factor of f(x), (- %) = 0. This is the factor
theorem for a polynomial f(x):

If px + g is a factor of f(x), f(~ ;{) =0.
166(-1)

0, px + q is a factor of f(x).

We use the factor theorem to factorize polynomials (if possible).

Example 6

¢!~ 6%~ x +6.

Factori:
Take f(x) as x* — 6x° ¥ + 6. As f(x) is of the third degree, it will have ar most three
linear factors of the form px + , qx + b, rx + .
Then 2 - 6% — x + 6 = (px + a)(gx + brx + )

(IR, whiss AR

As the first term is ¥, p =g =r = 1.
80— 60 —x + 6= (x + DX + H)(x +C)
L

The last term is +6 50 a X b X ¢ = +6.

Hence the possible factors come from x % 1, x£2,x%3,x£6.

‘The first factor has to be found by trial.

Try x— 1. Then f(1)=1-6~1+6=0s0.x~ isafactor.

Now we could continue trying other possible factors. In simple cases, this would be

quick and satisfactory but in general could be time consuming, especially if the poly-
nomial had only one linear factor.

295



For a cubic polynomial the best method is to find one factor by trial and then deduce
the remaining quadratic factor by inspection. The steps are shown in full here but in
practice all the working is done mentally and only the results written down.

=6 —x+6=(x- 1) ).

We now complete the blank bracket step by step.

To——
=68 —x+6= (- D0+ 1x-6)
® =T 0

Step (D) The first term in the second bracket must be x*
Step (2) The last term must be —6 as —1 X -6 = +6
Step (3) Take the middle term as ¢x. To find 1, equate the coefficients of x*.
DT T T
62 (x— 1)@ + 1x =6)
| S

So-6x*= ¢ + 1 and 1 = 5.
Check the coefficient of x: (x — 1)(x* — 5x - 6) i.e. +5x — 6x = —x which is correct.

Hence f(x) = (x = )(x* = 5x = 6) = (x = D)(x = 6)x + 1).

Example 7
Factorize x' - 32 - 2x +8.
The possible factors are x + 1, x 2, x + 4, x 8. The first factor is found by trial.
Try x + 1: remainder = —1 =3 + 2 + 8 # 0. x + | is not a factor.
Try x— 1: remainder = 1 =3 -2 + 8 % 0. x~ | is not a factor.
Try x + 2: remainder = -8 — 12+ 4 + 8 # 0. x + 2 is not a factor.
Try x - 2: remainder =8 — 12 ~4 + 8 = 0. x - 2 is a factor.
—u
Then x* - 3¢ = 2x + 8 = (x = 2)(x* ~x - 4)

Hence the expression = (x - 2)(x* - x =~ 4) as x* —x — 4 cannot be factorized.
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Example 8
Factorize 4x' — 8¢ — x +2.
‘The first term 4x° makes the solution more complicated as onc of the factors must be
2x +a or 4x + b. However try x — 1 and x + | and confirm that they are not factors.
Now try x - 2: remainder =32 - 32~ 2 + 2= 050 x - 2 is a factor.
Then 4x' — 8¢ —x + 2= (=242 | - 1)
J
3
Hence the expression = (x - 2)(4x* = 1) = (x = 2)(2x = Dx + 1)

no middle term

Example 9

The expression 2x° +ax® + bx - 2 is exactly divisible by x - 2 and 2x + 1. Find the
values of a and b and hence find the third factor.

Divide by x - 2: remainder = 16 + 4a + 26 -2 =0soda + 2b=—-14 or2a+ b=
s 2
: remainder = 2(- 1) + a(- 1) + b(-1) -2
1+¢ % 2-050a-2=9

=-1l,a_
b=-5

Divide by 2x +

b
iti-z
Solving the two equations for a and b, a = -1,
Let (px + q) be the third factor.

Hence 26 — ¥ = 5x = 2 = (2t + D)(x = 2)(px + q)
=28 -3x-2)px+q)

By inspection, p = 1 and by checking the last term, ¢ = +1.

Hence the third factor is x + 1.

Exercise 12.2 (Answers on page 634.)

1 Factorize
@ F+1 (b) X -4 +5r-2
(© P-4 +x+6 @ P +68°+11x+6
(&) ¥-x+2-2 () P +30-6r-8
(g) 20+ 76 +8x+3 (h) 3x 420 -3x-2
M r-1 () ©-20-9c+18
(k) 20 -3¢ - 8x+ 12 () 60~ 132+ 9x-2

2 1f+ax +6 is divided by x + 1, the remainder is 12. Find the value of @ and factorize
the expression.

3 Given the expression ax’ + bx? + cx + d, show that x - 1 is a factor if a + b+ c + d
= 0. (This result is worth remembering: if the sum of the coefficients = 0, then x - 1
is a factor.)
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4 The expression 2¢' + ax’ + bx + 1 is exactly divisible by 2x - 1 and x + 1. Find the
value of a and of b and hence find the third factor of the expression.

5 Given that f(x) = x’ ~ 6x* + 11x + p, find the value of p for which x -3 is a factor of
£x). With this value of p, find the other factors of (o).

6 x° +ax -+ b and x* + 2ax + 3b have a common factor x + 1. Find the value of & and of
b and with these values factorize the cubic expression.

7 f(x) = X'+ ax® + bx + 4 and f(x) is exactly divisible by x - 2. If the remainder is - 24
when f(x) s divided by x + 2, find the value of a and of b and hence factorize f(x).

8 X +ax+x+bis exactly divisible by x—3 and the remainder is ~20 when it is divided
by x + 2. Find the values of a and b and then factorize the expression.

9 The function f(x) = 2¢° + ax® - 2x + b has a factor 2x - 1. When f(x) is divided by
x + 2, the remainder is —15. Find the value of a and of b and find the other two factors
of f(x).

10 Given that f(x) = x’ + ax’ + bx + 8 and that the remainders when f(x) is divided by
x+1and x +2 are 6 and -8 respectively, find the value of a and of b and hence
factorize f(x).

1LIf x - 2 is a common factor of the expressions 3* + (p + g)x - q and
22+ (p— x + (p + 29, find the value of p and of g.

12 The remainder when x(x + b)(x ~ 2b) is divided by x - b is 16. Find the value of b.

13 Find the value of & (+ 0) for which x + k and x ~ k are both factors of * ~x* — 9x +
9. Then find the third factor.

14 The expression x* + 4x° + 627 + 5+ 2 has only two linear factors. Find these factors.

15 The expression Ax = 1)* + B(x + 37 + 20 is exactly divisible by x + 1 and the
remainder is 26 when it s divided by x. Find the value of A and of B. Using these
values, rewrite the expression as a polynomial and factorize completely.

Solving a Cubic Equation

Example 10

Solve the equation 2x' + 3x° - 3x = 2.

First we factorize the polynomial 26 + 32 = 3y = 2.

‘The sum of the coefficients is 0 5o x ~ 1 is a factor.

Then the polynomial is (x = 1)(2¢ + 5x +2) = (x = 1)(2x + 1)(x + 2).

Hence the roots of the cubic equation 2¢° + 3¢ ~3x~2 = Oare x= 1 or— 5 or 2.




Example 11

Iffix) = x' = 32 +x +2, solve the equation fix) = 0.

x - 1is not a factor of f(x).

Verify that x + 1 is also not a factor.

Try x -2 and verify that this is a factor.

Then () = (x - (& = x = 1).

‘The roots of f(x) = 0 are x = 2 and the roots of *~x — 1 =0,

iex= 28 1620062

Example 12

Given that fix) = x' = 2% +2x, solve the equation fix) = 4.

f(x) = 4 gives x' — 24 + 2u - 4 = 0. To solve this equation, we first factorise the
polynomial ' — 2¢% + 2v— 4.

Check that x + 1 and x — | are not factors. Now try x — 2.

Divide the polynomial by .t — 2 t0 obtain the other factor.

The equation is (x — 2)(x* + 2) = 0 and the only root is x = 2 as x* + 2 = 0 has no real
roots.

Example 13

Find the nature and x-coordinates of the turning points on the curve
y=3x e - 68 - [2x + 1.

& o 20120120 122120 4R -5 )
& =owhen ' +x-x-1=0.
x - 1 is a factor of the left hand side of this equation.

Then x' +.8—x - 1= (x= (< + 26+ 1) = (x= D(x+ 1)*and s0 3 =0 when x=1
orx=-l.

&y _ z
o =neeracy
Whenx =1, %r,x > 0 50 this is a minimum point.

0 50 we use the sign test on :—i =@- D+
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x slighly<—1 | 1 | slightly> 1
sign of & ~ 0 _
sketch of tangent — | = —
Atx =1, the curve has a point of inflexion.

IDENTICAL POLYNOMIALS

If we state that two cubi then i fficients St
be equal,

Soif2d - +x-5=axc’+br+cx+dthena=2,b=-1,c=1landd
We can also say that the polynomials are equal for all values of x.

‘This enables us to convert a polynomial into a form which may be more suitable for
further computations. The method is general and applies to any polynomials of the same
degree.

Example 14

Given that 2x° —x* - 7x - 5 = (Ax + B)(x — I)(x + 2) + C for all values of x, evaluate
Band C.

First expand the right hand side, obtaining
(Ax+B)@+x=2+C A +(B+ A+ (B -2Ax-2B+C

Now compare coefficients:

The +° term gives A = 2.

The x* term gives B+ A=-150B =

Check that the x-coefficients are equal. B - 2A = -3 — 4 =~ 7 which is correct. finally

2B+C=-550C=-I1.

An altemative method s to substitute suitable values of x into each polynomial,

remembering that these are equal for all values of x.

Putx=1.Then2~1-7-5=0+Cs0Cx=-11.Note why | was chosen. What other

value of x could we have chosen instead?

Now put x = 0. Then — 5 = (B)-1)(2) - 11 50 B

Putx=-1.Then-2-1+7-5=(-A-3)(=2)(1)- 11

ie.-1=2A+6-1150A=2.

Either method is simple to use, but the second method needs a careful choice of values
or x.




Exercise 12.3 (Answers on page 634.)

1 Solve the equations

@ F+r-x=1 ) ¥+2¢-x=2

@©) P+6+11x+6=0 @ ¥-dr+5x-2=0
(@) ¥+26-243=0 ) £=13x+12

(®) © -9 +26x=24 (h) ¥=6x+5

() ¥-4r+x+6=0 () 4 - 128 +5x+6=0

(k) ¥+ 1)=13x-6

2 The expression x* + ax* + bx + 12is exactly divisible by x - | and x+ 3. Find the value
of a and of b and the remaining factor of the expression. Hence solve the equation
Btard+br+ 1220,

3 (x-2) is a factor of 2¢° +ax' + bx - 2 and when this expression is divided by x +3,
the remainder is ~50. Find the value of a and of b and the other factors. Hence solve
the equation 2¢' + ax* + bx = 2.

4 In each of the following, the polynomials are equal for all values of x. Evaluate A, B
and C.

@ ¥ -x-2x-T=xAx+B)x+ 1) +C

(b) 3¢ - 8¢ +4x~ 5 = x(Ax + B)(x-2) + C

(© 3¢ =132+ 18x-10= (Ax + B)x - )(x-2) + C
(@) 40 =78 - 5r+ 6= (Av+ B)(x=2)(x + 1) + C
(€) 2@ ~x+3=A@+1)? +Bx+1)+C

® 20-T8+7x-5=Ax-1P +Bx(x- 1)+ C

5 (a) Solve the equation x* — 7x + 6 = 0. Hence state the solutions of the equation
(=2 -7(x=-2) + 0.
(b) Solve the equation 2¢' = 11x* - 17x + 6.

6 If f(x) = ° + ax’ + bx + 6 and the remainders when f(x) is divided by x + | and x - 2
are 20 and 8 respectively, find the value of a and of b and hence solve the equation f(x)
=0.

7 (@) f(x) = *+ ax® + bx + 12. Given that the remainders when f(x) is divided by

x+1andx+3 are 12 and ~30 respectively. find the value of a and of b. With
these values, solve the equation f(x) = 0.
(b) f(x) = x* + ke* + 3x - 2 is divided by x + k. If the remainder is 4, find the value
divisible by x - 4. With this value for . solve the equation f(x) = 4(x— 1).

8 Find the x-coordinates of the points where the line y = Sx - 1 meets the curve
y=2d 4+ L

9 Find the coordinates of the points of intersection of the curve y = x* and the line
y=Tx+6.

10 Show that 2¢° - x* + 3x — 4 cannot be cqual to x(Ax + B)(x - 2) + C for all values
of x. State the new coefficient of x in the first polynomial which will make the
polynomials identical.



11 Find the x-coordinates of the points where the line y = x + 6 meets the curve

'+ 3% + x + 2 and show that the line is a tangent to the curve at one of these

12 Find the x-coordinates and the type of the turning points on the curve
Y=o =80+ 220 - Ux + 4.

13 Fig.12.1 shows part of the curve y = x* + 1. The tangent at A (-1,0) meets the curve
again at T. Find
(a) the equation of AT,
(b) the coordinates of T,
(c) the area of the shaded region in the figure.

Fig12.1

14 The tangent at P(1,1) on the curve y = x* meets the curve again at Q. Find
(2) the equation of PQ,
(b) the coordinates of Q,
(c) the area of the finite region enclosed by the tangent and the curve.

SUMMARY

Remainder theorem: if a polynomial f(x) is divided by px + g, the remainder is
£(=%): if divided by x ~ a, the remainder is f(a).

Factor theorem: if px + q is a factor of f(x), r(»g) =0;

if x — a is a factor of f(x), f(a) = 0.

1F1(=7) = 0. px+ q is a factor of f(x):

if f(a) = 0, x — a is a factor of f(x).

If the sum of the coefficients of f(x) is 0, then x — 1 is a factor of f(x).
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REVISION EXERCISE 12 (Answers on page 635.)
A

1 The expression ax' — x* + bx — 1 leaves remainders of ~33 and 77 when divided by
x+ 2 and x - 3 respectively. Find the value of a and of b and the remainder when
divided by x-2.

2 (a) The expression 6x° + x + 7 leaves the same remainder when divided by x - a and
X+ 2a, where a # 0. Calculate the value of a.

(b) Given that £* + px + g and 3% + ¢ have a common factor x - b, where p, g and

b are non-zero, show that 3p* +4g = 0. ©

3 (@) Find, in terms of p, the remainder when 3x' - 2¢% + px — 6 is divided by x + 2.

Hence wite down the value of p for which the expression is exactly divisible by
X+ 2.

(b) Solve the equation 1~ 12x + 16 = 0.

(c) Given that the expression ' + ax’ + bx + c leaves the same remainder when
divided by x — 1 or x + 2, prove thata = b + 3.
Given also that the remainder is 3 when the expression is divided by x + 1,
calculate the value of . ©

—4x - 5 and

4 Find the x-coordinates of the points where the curves
y =2¢ - 1lx + L intersect.

5@ Thc expression 2¢° + ax? - 72x - 18 leaves a remainder of 17 when divided by
. Determine the value of a.
® Solve the equation 26 = ¥ + 5x + 2.
(c) Given that the expression x* — 5x + 7 leaves the same remainder whether divided
by x—borx—c, where b # c, show that b + ¢ = 5.
Given further that bc = 21 and that b > c. find the value of band of c. ()

6 (a) Given thatx + 2 is a factor of f(x) = X’ - 3x* - 4x + p find the value of p and hence
factorise f(x).
(b) Solve the equation 2¢" + 3x* - 4x — 4, giving the answers correct to 2 decimal
places if necessary.
(¢) Ifdx’— 116 - 6x + 7 = (Ax + B)(x + 1)(x - 3) + C for all values of x, evaluate A,
Band C.

7 (2) The expressions * — 7x + 6 and x* — 2 — 4x + 24 have the same remainder when
: divided by x + p.
(i) Find the possible values of p.
(i) Determine whether, for either or both of these values, x + p is a factor of the
expressions.
(b) Given that £ = ¥ ~ ' + 52 + 4x ~ 36, find (i) the remainder when E is divided
by x + 1, (ii) the value of a (a > 0) for which x +a and x — a are both factors
of E. ©
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8 If the polynomials (i) 32 + ¥ + 2v + 4 and (ii) x* + 2 + 6x - 10 arc cach divided
by x - a, the remainder from (i) is double the remainder from (ii). Find the possible
values of a.

9 The gradient of a curve at the point (x.y) is given by 3 - 12x + 12 and the curve
passes through the point (0.-7). Find the equation of the curve and the coordinates of
the poini(s) where it meets the x-axis.

10 If the vectors r, = (¢~ i~ (r + 2)j and r,
possible values of .

i + (¢ — 1)] are perpendicular, find the

11 (a) Find the remainder when x* + 3x — 2 is divided by x + 2
(6) Find the value of a for which (1 — 2a) + Sax + (a - 1)(a - 8) is divisible by
x—2but not by x - 1.
(c) Given that 16x* — 4* — 4b%* + Thx + 18 is divisible by 2x + b,
(i) show that 4 ~ 7% + 36 = 0,
(i) find the possible values of b. ©
12 The tangent at the point P(1,3) on the curve y = x* —.x + 3 meets the curve again at T.
Find (i) the equation of PT, (i) the coordinates of T and (iii) the area of the finite
region enclosed by the curve and the tangent.
13 Fig.12.2 (not drawn to scale) shows parts of the curves y = x> + 2 and y = x(2x + 1).
Find the coordinates of the points A, B and C where the curves intersect and the areas
of the shaded regions P and Q.

Fig. 122

14 By first solving the equation x* — 3x + 2 = 0 or otherwise, find the solutions of the
equation (x +2)' = 3x + 4.

B

15 If f(x) = x = 35 + x ~ 3, show that x — 2 is a factor of f(x + 1).

16 Given that 2x + p is a factor of 2¢* + px’ + 2px* + 7x + 3, show that p’ = 7p + 6 = 0
and hence find the possible values of p.
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17 Solve the equation 6 cos® 8 = 7 cos? 8 — 1 for 0° < 8 < 360°.

18 Factorize the polynomial f(x) = * — (2p + 1) + (2p - g)x + q where p and q are
constants. If the equation f(x) = 0 has three real roots, show that p* + ¢ 2 0.

19 If the polynomial ax’ + bx* + cx - 4 is divided by x + 2, the remainder is double that
obtained when the polynomial is divided by x + 1. Show that c can have any value and
find b in terms of a.

20 If the solutions of the equation x° + px* + gx + are a, b and c it can be proved
that @ + b + ¢ = p? — 2pq and that @' + b* + ¢ = 3pg. 3r.

Verify these statements for the equation x* + 2x* - 5x -6 = 0.
Make up a cuibic equation (x - a)(x - b)(x — ¢) = 0 with values for a, b and c and verify
the statements for your equation.

21 Find the ranges of values of x for which
20 -3 +x+6<(x+ 2+ Dx-1)



Arithmetic and
Geometric
Progressions

ARITHMETIC PROGRESSIONS

Here are 3 sequences of numbers which follow a simple pattern. Can you say what the
next two numbers should be?

) 14,710,

(i) =15, -11,-7,-3, ...

(iii) 29, 275, 26, 243, ...

You will have found that in (i) the numbers increase by 3 so the next two numbers are
13 and 16, in (ii) the numbers increase by 4 so the next two are 1 and 5, and in (iii) the

numbers decrease by 13 5o the next two are 23 and 213

‘These are examples of an arithmetic progression, which we shall abbreviate as AP.
An AP is a sequence of numbers which increase by a constant amount (+ or -). This
amount is called the common difference (d) and the starting number is called the first
term (a). Hence the second term, or T, for short is @ + d, the third term T, is a + d + d
=a+ 2d and 50 on.

Istterm  2ndterm  3rdterm  dthiterm .. nthterm
T 2 A T - T
a a+d a+2d a+3d .. a+(mn-1d

So the formula for the ath term (T,) of an AP is
=a+(n-1d

Note that the difference between consecutive terms is constant:
=d




Example 1

(a) What is the 15th term.of the AP =5, -2, I,
(b) Which term is 287

In this AP, =-5and d = 3.

a+14d=-5+42=37
+(n-1)ds028=-5+(@n-1)x3=3n-8
Hence n = 12 i.e. 28 is the 12th term.

Example 2

Find a formula in terms of n for the nth term of the AP 15,9, 3, ... and hence find the
30th term.

T,=a+@-Dd=15+(n-1)x(-6) =21 -6n
Then Ty, = 21 -6 x 30 = -159.

Example 3

The nth term of an AP is given by T, = 2n + 9. Find (a) the first term, (b) the common
difference.

@ T,=2x1+9=11

() d=T,-T,=2x2+9-11=2

Example 4

If the Sth termt of an AP is ¢ and the 10th term is 16, find the first term and the
common difference.

T,=a+dd=—4and T, =a+9d=16

Solving these equations, d = 4 and a = ~20.
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Example 5

The first term of an AP is —4 and the 15th term is double the Sth term. Find the 12th
term.

We must first find d.
T,=-4+14dand T, =4 + 4d.
T, =27, 504 + 14d = 24 + 4d) =8 + 8d.

Hence 64 =4 andd = — 3.
Then the 12th term = a + 11d =4 + 11 x (-3

Example 6
The sum of three consecutive terms of an AP is 18 and their product is 120. Find these
terms.
We could take k, k + d and k + 2d as the three consecutive terms but it is simpler to
take k — d, k and k + d instead.
‘The sum of these is 3¢ = 18 and so k = 6.
The product of the three terms is
(k= ktk+d)= (6 —d) X 6 X (6 + d) = 120
50 (6-d)(6+d)=20ie.36-d=200rd = 16.
Hence d = +4.

‘The numbers are either 2, 6, 10 or 10, 6, 2. The numbers are the same but they come
from different APs.

Arithmetic Means

If a, b and c are three consecutive terms of an AP, b is called an arithmetic mean
between a and c. Now b~a=c—-bso2b=a+cand b=} (a+c). For example, the
arithmetic mean between ~7 and 3 is (-7 +3) = 2.

Exercise 13.1 (Answers on page 635.)
1 State the first term and the common difference and then find the 7th and the 15th
terms of the following APs:
@ 2,6,10,.. ® -3,0,3..
© 412 @ 17,14, 11, ...
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2 Forthe AP -2, 1, 4, .. state (a) the 8th term, (b) the 12th term. (¢) Find a formula for
the nth term.

3 Find (a) the 9th, (b) the 20th, terms of Ihc AP 17, 13,9,
(c) Which term of this AP will be -35
(d) Find a formula for the ath term.

4 (a) Find a formula for the nth term of the AP 10, -7, -4,
(b) If 2x - 3 is the arithmetic mean of x’ - 4 and 5x - 8 ﬁnd the values of x.

s 33. Find (a) the value of a, (b) the 15th

5 The 8th term of the APa,a +4,a +8,
term.

6 IF the first term of an AP is 5 and the 9th term is 25, find the common difference.
7 Find (a) the 7th term and (b) a formula for the nth term of the AP %, 2, 13, ...
8 The 4th term of an AP is 13 and the 10th term is 31. Find the 20th term.

9 The 5th term of an AP is 5% and the 9th term is 8 3. Find the 17th term and a formula
for the nth term.

10 The 4th term of an AP is 5 and the 11th term is 26. Find
() the first term and the common difference.
(b) a formula for the nth term.

11 A ball rolls down a slope so that it travels 4 cm in the Ist second, 7 em in the 2nd,
10 cm in the 3rd and so on. How far does it travel in
(@) the 7th,
(b) the nth, second?

12 The nth term (T,) of an AP is given by T, = 3 - Sn.
(a) State (i) the 8th term, (ii) the 215t term.
(b) What is the first term?
(c) What is the common difference?

13 The nth term (T,) of an AP is given by T, = L 4n - 3).
(a) State (i) the 5th term, (ii) the 10th term.
(b) Find the common difference.

14 If the Sth term of an AP is 10 and the 10th term is 5, find the first term and the
common difference.

18 If the 12th term of an AP is double the Sth term find the common difference, given
that the first term is 7.

16 The 16th term of an AP is three times the Sth term. If the 12th term is 20 more than
the 7th term, find the first term and the common difference.

17 In an AP the 9th term is —4 times the dth term and the sum of the 5th and 7th terms
is 9. Find the first term and the common difference.

18 Inan AP the 22nd term is 4 times the Sth term while the 12th term is 12 more than the
8th term. Find the first term and the common difference.



19 Find a formula for the nth term of the AP 3,2}.2, ...

20 The sum of 3 consccutive terms of an AP is 6 and their product is —42. Find these
terms.

21 p, q and r are three consecutive terms of an AP. Express p and r in terms of ¢ and d,
where d is the common difference. If the sum of the terms is 21 and p = 6r, find p. ¢
and r.

22 Which o the olloving sequences i an AP?
@ %. 3 ® 3
© 355 @ 3

23 The Sth term of an AP is 3 times the Sth term.
(@) Find a relation between a and d.

(b) Prove that the 8th term is 5 times the 4th term.

24 If x+ 1, 2x— 1 and x + 5 are three consecutive terms of an AP, find the value of x.

25 x+2,x+3and 2¢ + | are three consecutive terms of an AP, find the possible values
of x.

Sum of an Aritnmetic Progression

Suppose you were asked in a quiz: ‘What is the sum of the first 20 numbers?". Could you
give the answer quickly?

It would be too slow (and difficult!) to add them all up, so we think of a quicker way.
‘The sequence is an AP. Call the sum S,,.

Sy = 14 24 34..+18+19420
Sy =204+194+184..+ 3+ 2+ 1
Now add:

25, =21 421421+ +21+21+21
which is 20 X (first number + last number)
=20x21 =420
505, =210

Generalizing this for any AP with n terms of which the first is a and the last is
L,2S, (a+L)al|dlhcrefonS=§(a+L)

Hencc a formula for the sum S, of » terms of an AP, with first term a and last term
Lis

Sta+ )

However we may not know the last term. So we convert this formula into a more suitable
one. Lis the nth term and so L =a + (n - 1]
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Then,S, = 4@+ L) = 3la+a + (n — 1)d) = (2 + (n - 1)d) giving this alterative
formula for ,:

= 5 20+ (n = D]
We also say that adding the terms of a sequence gives a serles. Thus 1 +2+3+4 isan
arithmetic series of 4 terms and the sum of this series is 10. The formula of §, above gives
the sum of an arithmetic series of 7 terms.

s, is the sum of all the terms T, T, ...
S, _, is the sum of all the terms T,, T,,
Hence 7, =5, - 5,

For example the 9th term = S, - 5,.

T,

Example 7

The integers from 12 to 55 are added. What is their sum?
There are 44 integers.

2+ L) = (12455 =22 x 67 = 1474.

Example 8

A spot of light is made to travel across a screen in a straight line and the total distance
travelled is 115.5 cm. The distances travelled in successive seconds are in AP. It
travels 1.5 cm in the first second and 9.5 cm in the last. How long did it 1ake 1o cover
the total distance?

Intis AP, a= 15, 1= 95 sad S~ 1155,

Then 115.5 = (1.5 +9.5) = 1% 50 11n =231 and n = 21.

It took 21 seconds.

Example 9
The sum of the first 8 terms of an AP is 12 and the sum of the first 16 terms is 56. Find
the AP.

S,=§Ca+7d)=12a0d 5, = £ 2a + 15d) = 56.
Then 2a +7d =3 and 2a + 154 = 7.
Solving these l:qualions‘ we obtain

The APis —§, §. 3.
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Example 10

The sum of the first 10 terms of an AP is 80 and the sum of the next 12 terms is 624.
What is the AP?

S,o= 2(2a+9d)=80502a+9d=16 0]

We cannot use the formula for the next 12 terms as they do not start from a. But we
know that the sum of the first 22 terms is 80 + 624 = 704.

Hence S, = 3 (2 + 21d) = 704 50 20 + 21d = 64 (i)
Now solving equations (i) and (ii), a = ~10 and d = 4.
The AP is —10, -6, -2, ...

Example 11

An AP contains 30 terms. Given that the 10th term is 21 and that the sum of the last
10 terms is 675, find the sum of the first 10 terms.
T,=a+9d=21 [0}
The sum of the last 10 terms = S, ~ S,,

=% a+294) - R2a+199)

= 15Q2a + 29d) — 10(2a + 19d)
= 10a + 245d = 675

Hence 2a + 49d = 135 i)
Solving (i) and (i), a = 6 and d = 3.
Then S, = L(-12+9x3)=5x15=75.

Example 12

The sum of the first 10 terms of an AP is 3% times the sum of the first 4 terms.

(a) Find the ratio of the 10th term to the 4th term.

(b) Given that the Sth term is 2, find the sum of the first 10 terms.

(@) S,,=5(2a+9d) and §, = 22a + 3d)
Then 10a + 45d = %(4{1+ 6d) = 14a + 21d.
Hence 4a = 24d or a = 6d.
Then T, =a+9d=15dand T,
and the ratio T, T, = 15d:9d = 5:3.

() Ty=a+4d=2s010d=2andd=02. Thena=12.
S,p=5(2a+9d) =524 + 1.8) =21

+3d=9d
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Example 13

What is the least number of terms of the AP 3, 8, 13, ... that must be added to obtain
a total greater than 807

Herea=3,d =5 and 5,> 80.

Then S, = 216+ 5(n - )] > 80 i.e. n(6 + 5n - 5) > 160

So 5+ n — 160 > 0. Hence n < -5.8 (not applicable) or > 5.6 and therefore 6 terms
must be added.

Exercise 13.2 (Answers on page 635.)
1 Find the sum of the first
() 20 terms of the AP 4, 2,0,

(b) 15 terms of the AP 6, -2, 2.

(¢) 10 terms of the AP 5, 3%‘ 2,

(d) 11 terms of the AP -1.7,~13,09, ...

() 8 terms of the AP -8, -2, 4,

() 20 terms of the AP 12,7, 2.

(® 13 terms of the AP 2,21,

2
2 Calculate the sum of the first 8 terms of the AP £, 2, % .

3 The first term of an AP is 35 and the last of 15 terms is ~109. Find the sum of these
terms.

4 Inan AP, the first term is -5 and the last term is 105. If the sum of these terms s 1550,
how many terms are there in the AP?

5 Find the sum of all the even integers from 6 to 50 inclusive.
6 For an AP, a =25 and d = -3. What is the value of n if §, = 1167
7 How many terms of the AP 2, 5, 8, ... will add up to 1557

8 How many terms are there in the AP 12, -7, ..., 1337 Find the sum of the last 20
terms.

9 The sum of the first 5 terms of an AP is 5 and the sum of the next 10 terms is 175. Find
the first three terms.

10 In an AP 'the 8th term is equal to the sum of the first 8 terms. Show that the 4th term
must be 0.

11 The first three terms of an AP are x, 2x + 1 and 5x — 1. Find the value of x and
the sum of the first 10 terms.

12 The first three terms of an AP are x + 3, 2x + 6 and 8. Find the value of x and the
sum of the first 12 terms.
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13 126 logs of wood are piled up as shown in Fig. 13.1. There are 21 logs in the bottom
row. How many rows are there and how many logs are there in the top row?

Fig. 13.1
14 In an AP, T, = 2 x T,. Find the ratio §,,:S,,
15 What is the least number of terms of the AP 5, 11, 17, ... that must be added to give
a total sum greater than' 1007
16 A line which is 140 cm long is divided into 20 pieces whose lengths form an AP. If
the shortest piece is 3 cm long, find the length of the longest piece.
17 (a) 20 pieces of wood have lengths in AP. The shortest is 5 cm long and the total
length of the pieces is 480 cm. What is the length of the longest piece?
(b) Inan AP the sum of the first 11 terms equals the sum of the first 20 terms. Given
that the 5th term is 33 find the sum of the first 31 terms.

18 The 6th term of an AP with 12 terms is 14 and the sum of the last 6 terms is 126.
Calculate the sum of the first 6 terms.

19 The first term of an AP is 3. Given that the sum of the first 6 terms is 48 and that the
sum of all the terms is 168, calculate
(a) the common difference,
(b) the number of terms in the AP,
(c) the last term.
20 (a) What is the least number of terms of the AP 4, 4.5, 5, ... to be added to obtain a
total greater than 507
(b) Strips of wood whose lengths form the AP 10, 12, 14 ... cm are laid end to end
in a straight line. How many must be laid to give a tofal length L cm where
160 < L < 1902

21 Given that the ratio of the 18th term to the 6th term in an AP is
of the sum of the first 18 terms to the sum of the first 6 terms.

1, calculate the ratio
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GEOMETRIC PROGRESSIONS

Can you sce the difference in the pattern of these sequences of numbers?
(i) 2.4,6,8. 10, (ii) 2.4,8.16. 32,64
The first is an AP with common difference 2. In the second however, each term is
multiplied by 2 to form the next term. This is the feature of a geometric progression or

GP for short. In a GP, each term is multiplied by a constant, called the common ratio (r),
o give the next term.

‘Taking a as the first term, the pattern will be as follows:

first term  second term  third term  fourth term ... nth term
T, T, T, T, . T,
a axr ar xr ar xr
a ar ar a L a

The formula for the rth term of a GP is
T,=ar!
Note carefully - the index for 7 is n - 1.

In a GP, the rario of a term to the preceding one is always equal to r.
T,T,=

Example 14

State the common ratio of
!

(a) 12,-4,1%, . ) 4.1

3 (c) 10%,16,24, ..

To find r, divide a term by the preceding one.
(@ r=-4+12=

®) r=1+
5

© r=16+103=16x &
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Example 15
Find (a) the 12th term of the GP 128, 64, 32, ... (b) a formula for the nth term.
(@ a=128,r=3.

i

Then T, =ar =128 x (3)'= 2 = & = &

P

® T,=arm=128x (1) = 2 =2rev =28

Example 16

Ifx+1.x +3 and x +8 are the first three terms of a GP, find (a) the value of x,
(b) the common ratio r.

(@) r= 3 _ x38

41T k3

Then (x + 3)(x + 3) = (x + I)(x + 8)
iie. ¥+ 6x +9 = 37 + Ox + 8 which gives x= 3.

3
523 _10 L4 _3
®r=r3 =3 +3°=3
Example 17
The 4th and 8th terms of a GP are 3 and 35 respectively. Find the possible values of
aand of r.

Divide to eliminate a: &5 == % +3= L.
Hence r=+3.

Itr=+4a(}) =3anda=3x27=381
tr=-}.a(-}) =3anda=-81.
This gives two possible GPs: 81, 27, 9,

. or-81,27,-9, ...
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Example 18

The first term of a GP exceeds the second term by 4 and the sum of the 2nd and 3rd

terms is 23. Find the first three terms.

a-ar=4 @)

and ar+ar=$ (i)

Divide () by (i) to eliminate a:
d-r _3

Then -7 =3

which gives 2 - 2r = 3r + 3 or 32 + 5r =2 = 0.

Hence (3r — 1)(r +2) = 0 giving r = § or 2.

From (i), when r = 3, a =6 and when r =-2,a =

‘The first three terms are therefore either 6, 2, 3 or

Example 19

\A store finds that it is selling 10% less of an article each week. In the first week it sold
500. In which week will it be first selling less than 2007

The number of articles sold forms a GP with a = 500 and r = 0.9.

(If a = 500 then 7, is 10% less ie. T, = 0.9a]

T, = S00(0.9y" and we require the least value of n for which S00(0.9y"! < 200
ie. 097 <0.4. Then 0.9" < 0.4 x 0.9 = 0.36.

This can be found quickly using the x* key of a calculator and testing valucs of 0.9"
for say =5, 6, ... and stopping when the result is first < 0.36. This will be for n = 10.
In the 10th week less than 200 are sold. (An alternative method using logarithms is
shown in Chapter 1)

Geometric Means

1f a, b and ¢ are consecutive terms of a GP, then b is the geometric mean of a and c.
2 = § s0 % = ac or b = Vac. For example, the geometric mean of 2 and 32 is 8 as

VZx32=8.
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Exercise 13.3 (Answers on page 635.)

1 Find the term stated for the following GPs:
(a) 5th term of 80, 20, 5, ..
(b) 6th term of the GP 60, 40, 262, ...
(©) 8thtermof 22, 23 g1, ...

2 Find a formula in terms of # for the nth term of the GP &, BT

3 The 2nd and 7th terms of a GP are 40§ and § respectively.
Find the first term and the common ratio.

4 The sum of he Ist and 3rd terms of a GP is § £ and the sum of the 2nd and 4th terms
is 15 . Find the first term and the common ratio.

5 The 3rd and 6th terms of a GP are 2} and —3 respectively. Find the 2nd term.
6 Which of these sequences of numbers is 2 GP?
123 128 1

) ®) © 3.

8.1

® 9.12,15,...
7 The 2nd and 6th terms of a GP (with common ratio > 0) are § and 4} respectively.
Find

@) r,
(b) the first term,
(c) the 3rd term.
8 The 2nd and Sth terms of a GP are  and 535 respectively. Find
(a) the common ratio,
(b) the first term,
(c) the 3rd term.
9 The nth term T, of a GP is given by T, = ak®-'. State the first two terms. If the
Sth term s 16 times the 3rd term, find the common ratio.

10 If 8, x, y and 27 are four consecutive terms of a GP, find the value of x and .

11 The arithmetic mean of two numbers is 15 and their geometric mean is 9. Find the two
numbers.

12 Given that x+2, x + 3 and x + 6 are the first three terms of a P, find (a) the value
of x and (b) the Sth term of the GP.

13 Show that x+ 1,x+ 3 and x + 5 cannot be three consecutive terms of a GP, whatever
the value of x.

14 1fx -2, x— 1 and 3x - 5 are the first three terms of a GP, find
() the possible values of x,
(b) the common ratio for each of the possible GPs.
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15 Each year the value of an article decreases by 8% of its value at the beginning of the
year. If the original value was $4000, after how many years willits value first be less
than $1000?

16 Which term of the GP 3, 1, 1

17 The first term of a GP is 4 and the sum of the first three terms is 7. Find
() the possible values of r and
(b) the Sth term of each possible GP.

18 In a GP the sum of the 2nd and 3rd terms is 13 and the 4th term is 2.

Find (a) the possible values of r and (b) the first term of the GP.

19 In a GP where r >0, the sum of the 2nd and 3rd terms is 735 and the 4th term is 13,

Calculate the value of r.

s 4
is 4o

20 For the GP 4, 6, 9, ... find the value of » if the nth term is the first term greater
than 100.

21 When a ball is dropped onto a floor, it always rebounds a distance equal to 3 of the
height from which it fell. If it is dropped from a height of 300 cm, calculate, correct
to the nearest cm, the height to which it will rise after the 6th bounce.

22 The sum of the first 3 terms of a GP is 7 times the first term. Find the possible values
of the common ratio r if r # 1.

Sum of a Geometric Progression

I£ S, denotes the sum of the first  terms of a GP then
S, =a+ar+ar+ . +ar

Now multiply throughout by r:
1S, =ar+ar+ar+ .. +ar' +ar (i)
Subtract (i) from (i):
S,-rS,=a-ar
ati-r)
=T

or S,(1-r) = a(l - %) which gives 5,
Hence the sum S, of the first n terms of a-GP, i.e. the sum of the first n terms of a
geometric series, is given by:

Lo e et rel

» T Tior

“This formula can also be written as S, = “=12. This form is more suitable when r > 1.

If 7 = 1, the formula cannot be used but.the GPisthena +a+a+.. +aand S, = na.
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Example 20
Find the sum of the first 10 terms of §, 1. 1, ..

a=4,r=2,n=10

Lo
Sp= 22770 S L4 - 1= 192 < 127}

Example 21

Calculate, correct to 3 significant figures, the sum of the first 8 terms of the GP 12,8,
55,
a=12,

2T 23601 - (2)'1= 36 %0961 = 346

Example 22

What is the least number of terms of the GP 2, 3, 2, ... 1o be added 1o give a total
greater than 30?7 ?

Herea=2andr= 3.

Ay - 1) .
T =415~ 1) and this must be >30.

:

Hence 1.5~ 1> 7.5 or 1.5 > 8.5.

By calculator the least value of n (which must be an integer) satisfying this inequality
s 6. S0 6 terms must be added.

Exercise 13.4 (Answers on page 635.)
1 Find the sum of the first 6 terms of 64, 16, 4,
2 Galculate, correct to 3 sigificant figures, the sum of the first 7 terms of the GP 2,1,
L.

3 The 3rd and 6th terms of a GP are 108 and 32 respectively. Find
(2) the common ratio,
(b) the first term,
(c) the sum of the first 6 terms.
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4 In a GP the product of the 2nd and 4th terms is double the Sth term.
(a) Find the first term.
(b) If the sum of the first four terms is 80, show that r* + 1 + 7 + 1 = 40.
(¢) Hence find the value of r.

(d) Show that the sum of the first n terms is 3" - 1.

5 In a GP the product of the It and 7th terms is equal to the 4th term. Given that the
sum of the Ist and 4th terms is 9, find
(a) the first term,
(b) the common ratio,
() the sum of the first six terms.

6 Three consecutive terms of a GP are x + 1, x = 3 and x - 6. Find
(a) the value of x,
(b) the common ratio
If x + 1 is the dth term of the GP, find
(c) the first term and
(@) the sum of the first 5 terms correct to 3 significant figures.

7 The numbers p — 1, 2p ~ 2 and 3p — 1 are the first three terms of a GP, where p > 0.
() Find the value of p.
(b) Using this value of p, calculate the sum of the first 8 terms of the GP.

8 Ina GP the 3rd and Sth terms are 9 and 1 respectively. Find the possible values of
() the common ratio,
(b) the first term,
() the sum of the first 6 terms.

9 A particle moves along a straight line starting from a point O on the line. It covers a
distance of 24 cm in the st second, 16 cm in the 2nd, 103 cm in the 3rd and so on.
What is it distance from O after 10 seconds, correct to the nearest cm?

1. How many terms must be

=
s

‘The first term of a GP is 64 and the common ratio is
added to obtain a total of 12737

‘The 1st, 3rd and 7th terms of an AP with common difference 2 are the first three terms
of a GP. Find

(a) the common ratio of the GP and

(b) the sum of the first 6 terms of the GP.

=

5

Find 3 geometrical means between 40} and 8. Hence find the sum of these 5 terms of
the GP.

@

Aball is thrown vertically upwards to a height of 81 cm above a floor. Afier each
bounce it rises to a height of 2 of the distance it dropped. Show that the total distance
it travels until it reaches the floor for the nth bounce is given by 486[1 ~(2)'] em.
Calculate this distance correct to the nearest cm if n = 8.
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14 The sum of n terms of a GP is given by m-;i_’. Find
(a) the sum of the first 4 terms,
(b) the 4th term,
() the first term,
(d) the common ratio.

15 The nth term (T,) of a GP is given by T, = 2. Find
() the first tem,
(b) the common ratio,
(©) the sum of the first 9 terms.

16 What is the least number of terms of the GP 5, 6, 7.2, ... to be added for the total to
exceed 1007

17 The annual output from an oil well diminishes each year by 5%. 200 000 barrels were
extracted in the first year. It will become uneconomic to use the well when the output
is less than 80 000 barrels per year. For how many years can the well be used? How
much oil (in barrels correct to 2 significant figures) will have been extracted by then?

Sum to Infinity of a Geometric Progression

If we take more and more terms of a GP 5o that there is never a last term, we have an
infinite GP. We look at what happens to the sum of such a GP.

Consider these two GPs:
@ 1,2,4,8,... [ORFE N X

InG)a=1and r=2. Then the sum of n terms (5,) is given by §, = “&—

=21

Now as n increases, 2* will also increase, in fact doubling for cach successive value of .
2~ 1 will increase beyond any bound. We say §, — e (tends to infinity) as n — o=, Note
carefully that e is NOT a number but a symbol o indicate that n and S, continually
increase without limit. [

i -

Now in (i), a=1,r=} and §, = —2(17

As n gets larger and larger (i 1 = =), & will become smaller and smaller, i.e. — 0.
So 1 - 3¢ will get closer and closer to the value 1.

Then S, =2(1 %) will get closer and closer to 2 .

Here are some calculated values of S, to show this:

n s,
5 1.9375

10 1.998 046 88
15 1999 938 96

20 1.999 998 09

25 1.999 999 94
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Example 24

What is the least number of terms of the GP 3, 1,
the sum 10 infinity by less than 0.0017

-. for which their sum differs from

By calculator the least value of  to satisfy this inequality is 8.

Example 25

The sum to infinity of a certain GP is 27. f the first term is 36, find r.
36

S.= 1 ==Y

5036 =27 - 27r giving r =
‘This GP is 36, =12, 4,3, 5.3 -
If we add the terms one by one we get 36, 24, 28, 263, 275, 263, .. which are
altemately greater and smaller than 27 but tend to the limit 27.

Example 26

In its first year a tin mine produced 100 tonnes but thereafter output fell by 124 1%

per year. (Assume that production could continue in this way indefinitely).

(a) What is the maximum amount that could be extracted from the mine?

(b} It is decided 1o close the mine when the annual production falls below 40 tons.
After how many years will this be done?

(¢) How many tonnes of tin (correct 10 2 significant figures) had been taken up to
that time?

(d) What percentage of the maximum amount was extracted in that time?

‘This is a GP with a = 100 and r = 1 - 0.125 = 0375
(a) Maximum amount = sum to infinity

= nnes.
80— = 800 tonne;

(b) We must find n where 100(0.875)y"~" < 40 i.e. 0.875"' < 0.4 s0 0.875" < 0.35.
BY calculator, n = 8, so the mine will be closed after 8 years.

100(1 - 0875",
10875

= M = 530 tonnes

(¢) Amount produced in 8 years

(d) Percentage produced = W x 100% = 66%.
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Exercise 13.5 (Answers on page 636.)
1 Find the sum to infinity (if possible) of the following:

@2+3+1+. () z4+s+z’

(€ 1-2+4-8+... (d) 36+30+25+

(@ 1+3+9+.. ® 10-5+21+

@ 12+8+5L4. () 16-4+1%+...

() B+dedl () 1+ cos 60° + cos? 60° +

2 The sum t0 infinity of a GP is % and the first term is 5. Find the common ratio.

3 In Question 13 of Exercise 134, the distance the ball travels up to the nth bounce was
given as 486(1 - (2)') cm. What would be the maximunm distance the ball wil travel
before coming to a stop?

4 What is the sum to infinity of the GP 2, 0.2, 0.02,

5 The sum to infinity of a GP with common ratio 3 is 12. Find the first term.

6 The sum to infinity of a GP s 75 and the common ratio is L. Find the first term.

7 The sum to infinity of a GP is 9 and its second term is 2. Find the possible values of
(a) the first term and (b) the common ratio.

8 If the sum to infinity of a GP is 4 times the first term, find the common ratio.

9 Find the sum of the first 8 terms of the GP 1, 1, 1

(a) What is the difference between this value and the sum to infinity?

(b) Express this difference as a percentage of the sum to infinity.

(¢) Find the smallest value of n for which the sum of  terms differs from the sum to
infinity by less than 0.001.

10 If the sum to infinity of a GP is twice the first term, find the common ratio.

11 If the sum to infinity of the GP e + &' + & + ... is %, find the value of e.
12 If the sum to infinity of a GP is 18 and the second term is 4, find the first term and
the common ratio of the possible GPs.

13 The sum to infinity of a GP whose first term is a is a*. Find the common ratio in terms
of a.

141 1+p. 1 +3pand | +4p (p#0) are the first three terms of a GP, find
(@ the value of p,
(b) the common rati
(c) the sum to u\ﬁm(y of the GP.

15 The first three terms of a GP are 2x— 1, x + 1 and x— | (x # 0). Find the value of x
and the sum to infinity of the GP.
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16 A pendulum is released from the position OP (Fig.13.3) and swings freely. It swings
through angles of 60°, 50°, 413 ° and so on. Find the total angle it swings through
before coming to a halt.

Fig. 1.3

17 The 3rd and 6th terms of a GP are 23 and & respectively. Find
(a) the common ratio,
(b) the first term,
(c) the sum to infinity of this GP.

18 The Sth term of a GP is & and the sum of the 3rd and 4th terms is 3.

Find the possible values of (a) r and (b) the sum to infinity of this GP.
19 What is the common ratio of a GP if the ratio of the sum to infinity to the sum of the
first 7 terms is 128:1272
20 1200 people visited an exhibition on its opening day. Thereafter the attendance fell
cach day by 4% of the number on the previous day.
(2) The exhibition closed after 10 days. How many people visited it?
(b) If it had been kept open indefinitely, what would be the maximum number of
visitors?
21 Anoil well produced 100 000 barrels of oil i s irst year but output fel by 7 1% cach
year thereafter. (Give answers correct to 2 significant figures).
(2) What is the maximum amount of oil that could be extracted?
(b) If the well is closed down afer 15 years, what was the total amount of oil
extracted in that time?
(c) What percentage of the maximum amount is left in the well?

22 Find the sum to infinity of the GP 0.9, 0.09, 0.009, ...
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23 In Fig.13.4, ABC is an isosceles triangle with AB = AC. B,, C, are the midpoints of
AB, AC respectively. B,, C, are the midpoints of AB,, AC, respectively and so on.

) 134

Show that the areas of the triangles ABC, AB,C,, AB.C,, ABC,... form a GP and
state the common ratio of this GP.

If this sequence of triangles is continued indefinitely, find the sum of the areas
ABC,, AB,C,. ABC,, ... as a fraction of the area of triangle ABC.

24 The first three terms of a GP are 1, a and b while the first three terms of an AP are 1,
band a where a # b # 1. Find

(a)
(b)

25 @

(b)

the value of a and of b,
the sum to infinity of the GP.

Ifeach term of the GP a, ar, ar*, ... (r # 1) is squared, show that the new sequence
is also a GP and find its sum to infinity.

If this sum is equal to the sum to infinity of the original GP, find a relation
between a and r.
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SUMMARY

® Arithmetic progression (AP): a sequence @, a + d., a + 2d, ... in which the
terms increase by @ fixed amount (the common difference d). a is the first term

® Thenthterm 7, = a + (1~ 1)d.

® The sum of n terms S, = 5 [2a + (n — 1)d] = 5 (a + L) where L is the last term
being added.

® Ifa, b, c are consecuive terms of an AP, b is the arithmetic mean of a and c.
b=5(a+c).

® Geometric progression (GP): a sequence a, ar, ar, .. in which each term is
multiplied by a constant (the common ratio ). @ is the first term.

® The nih term T, = ar*.

 The sum of n terms §, = “0=2) = =D (Either form can be used).

.

1f @, b, c are consecutive terms of a GP, b is the geometric mean of a and c.

Provided -1 < < 1. GP will have a sum to infinity S_ which is the limit of 5,
when n - . §_= 74

T=r*

REVISION EXERCISE 13 (Answers on page 636.)
A

1 The 5th and 12th terms of an AP are 2 and 23 respectively. Find
(a) the 9th term, (b) the sum of the first 20 terms.

2 There are 20 terms in an AP. The sum of the first 10 terms is 55 and the sum of the last
10 terms is 355. Find the first term and the common difference.

3 If the 9th term of an AP is 3 times the 3rd term and the sum of the first 10 terms is
110, find the first term and the common difference.

4 What is the greatest number of terms of the AP 40, 45, 50, ... which can be added if
the total is not to exceed 500?

P

Find the sum of all the multiples of 3 between 5 and 91.

EN

Inan AP the sum of the first three terms is 12 and their product is 28. Find the possible
values of the first term and the common difference.

7 The numbers x + 3, 5x + 3 and 11x + 3 (x # 0) are three consecutive terms of a GP.
Find the value of x and the common ratio.
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8 (a) The sum of the first 8 terms of an arithmetic progression is 24 and the sum of the
first 18 terms is 90. Calculate the value of the seventh term.

A geometric progression with a positive common ratio is such that the sum of the
first 2 terms is 17} and the third term is 42. Calculate the value of the
common ratio. ©

e

9 (@) An arithmetic progression contains 20 terms. Given that the 8th term is 25 and
that the sum of the last 8 terms is 404, calculate the sum of the first 8 terms.
‘The first term of a geometric progression exceeds the second term by 2, and the
sum of the second and third terms is 3.

Calculate the possible values of the first term and of the common ratio of the
progression. Given further that all the terms of the progression are positive,
calculate the sum to infinity. ©

I

10 (2) The first term of an arithmetic progression s 2. The sum of the first 8 terms is 58
and the sum of the whole series is 325.
Calculate (i) the common difference, (ii) the number of terms (iii) the last term.
(b) The first three terms of a geometric progression are x + 5, x + 1, x.
Calculate (i) the value of x, (ii) the common ratio, iii) the sum to infinity. (C)

11 (2) A length of 200 cm is divided into 25 sections whose lengths are in arithmetic
progression. Given that the sum of the lengths of the 3 smallest sections is

4.2 cm, find the length of the largest section.
(b) An infinite geometric progression has a finite sum. Given that the first term is 18
and that the sum of the first 3 terms is 38, calculate the value of (i) the common
ratio, (ii) the sum to infinity. ©

12 In an AP, the 15th term is double the 9th term. If also the sum of the first 15 and the
sum of the first 9 terms added together is 279, find the first term and the common
difference.

13 Deliveries from a warehouse are reduced cach week by 10%. In the first week 2000
loads were taken. Assuming that this operation can continue indefinitely, find (i) the
maximum number of loads in the warehouse. If it is decided to stop the operation as
s00n as the number of loads taken falls below 400, find (ii) the number of weeks the
operation was in action, (iii) the total number of loads taken and (iv) the percentage
of the maximum left in the warchousc.

14 What percentage of the sum to infinity is the sum of 10 terms of the GP 1 + 0.8 +
0.64 + ... Find the least value of  for which the sum of n terms differs from the sum
o infinity by less than 0.1.

15 1 is the common ratio of a GP ( # 1) and the sum of the first 4 terms is 5 times the
sum of the first 2 terms. Find the possible values of r.

16 The positive numbers p, 6 and q are three consecutive terms of a GP. p and ¢ are also
the 3rd and Sth terms respectively of an AP whose common difference is 2. Find the
possible values of p and 4 and the common ratio of the GP.
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Further
Trigonometry:
Compound and
Multiple Angles:
a cos 0 + b sin 0

In this Chapter, we study the trigonometric functions for compound angles such as
A+ B where A and B are any two ang

Let us consider the values of in A, sin B and sin(A + B) where A = 60° and B = 30°.
Is sin(A + B) = sin A +sin B? Is sin(A — B) = si i
cases. We now derive suitable formulae to give the correct results.

ADDITION FORMULAE

I Sum of two angles A + B

Fig.14.1 shows two angles, ZUOP = A, ZTOU = B. Then ZTOP = A + B.

For simplicity we take OT as 1 unit in length.

TPis icular to OP, TU is icular to OU and UR is 1 TP.
T

Fig. 14.1

Now ZOSP = 90° - A = LTSU. So ZRTU = A.
PT =PR +RT = QU +RT
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Now PT = 1 x sin(A + B), QU = OU sin A and RT = UT cos A.
So sin(A + B) = OU sin A + UT cos A.
But OU = | xcos B and UT = I x sin B.

Hence sin(A + B) = sin A cos B + cos A sin B

@)

‘This gives us a formula for sin(A + B) in terms of A and B. It is rather more complicated

than you may have expected.
Now we find a formula for cos(A + B).

0P =0Q-PQ =0Q-RU
OP = 1 x cos(A +B), 0Q = OU cos A and RU = UT sin A.

So cos(A + B) = OU cos A — UT sin A.
But OU = cos B and UT = sin B.

Hence cos(A + B) = cos A cos B - sin A sin B

II Difference of two angles, A - B

In each of (i) and (ii), change B to -B.
Remember that sin(-B) = - sin B and that cos(-B) = cos B.
Then sin(A — B) = sin A cos B — cos A sin B
and cos(A - B) = cos A cos B + sin A sin B

(ii)

(iii)
(iv)

‘These four formulae are very important. Note the pattern of sin and cos in each pair to
help you remember them. Also note carefully the reversal of the sign in the two cos

formulae.

sin(A + B) =sin A cos B +cos A sin B
Addition formulae sin(A - B) =sin A cos B - cos A sin B
cos(A + B) =cos A cos B —sin A sin B

cos(A —B) =cos A cos B + sin A sin B

These formulac are identities and are true for any angles A and B.

Example 1
Show that cos (90° + 6)

c0s(90° + 8) = cos 90° cos 6 — sin 90° sin 6
— sin 8 as cos 90° = 0 and sin 90° = 1.

—sin 6.
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TANGENTS OF COMPOUND ANGLES A £+ B

‘We can derive the formulae for tan(A + B) directly from the four formulae derived earlier.
_ sifA+B) _ sinAcosB+cosAsinB
A+ = AT B) ~ cosAcosB-snASnB

sinAcosB  cosAsinB

_ _cosAcosB  cosAcosB
cosAcosB _ sinAsinB
cosAcosB  cos Acos B

dividing each term by cos A cos B

- nA+unB
“tan A tan B

cos(A - B) cos A cos B + sin A sin B
tan A —tan B i
e S after dividing each term by cos A cos B.

Similarly, tan(A — By = SMA=B) _ sinAcosB-cosAsinB
: os(
So the two formulac for tan(A + B) are

. A+ B mA-tnB
A+ B) s T WA-BE T

Example 8

Angles A and B are both obtuse angles. Given that sin A = 75 and that cos B =~ ,

14 1
= M socosa=-12

"
=

v
B

Exercise 14.1 (Answers on page 636.)
1 Simplify
(@) cos(A —B) —cos(A +B),
(b) sin(A + B) - sin(A - B).
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2 Prove that
() sin(90° +6) = cos 6,
(b) cos(180° + 8) = —os e

3 IfcosA=3 andcosB = 1 -— where A and B are both acute angles, find, without using
tables or a calculator,
(@) sin(A +B),
(b) cos(A-B),
(c) tan(A +B).

4 Simplify cos 8 cos(3 +8) + sin 0 sin(5 +6).

5 Simplify cos 40° cos x — sin 40° sin x and hence solve the equation
cos40"cosx—sinAO"sinx-07for0"<x<360"

6 Given that sin A 7 (180° < A < 270°) and that cos B ——, (90° < B < 180°),
calculate (without using tables or a calculator) the value of (a) cos(A - B),
(b) sin(A + B), (c) tan(A - B).

7 Prove that tan(@ + 45°) = ":g

Given that tan(@ + 45°) = i' find the value of tan 6.

8 Given that XA — L show that 2 sin A sin B = cos A cos B and that

2 tan A = cot B. Given also that tan A = £, find tan B and hence find tan(A - B).
9 If Aand B are acute angles such thattan A= % and tan B = §,shuwd|zlA+B- 5°.
10 Find the value of sin(§ +6) cos 8~ cos( + ) sin 6.
11 Express tan(c + B) in terms of tan o and tan B. Given that tan & = a and

tan(ce + B) = b, find tan B in terms of a and b. Hence express tan(ct — B) in terms of
aand b.

12 Solve, in the domain 0° < © < 360°, the equations
(@) cos(® +30°) = sin
() V2 cos(8 - 45°) = 4 sin O
(© cos(@ - 30°) = V2 sin(@ + 45°)
(d) cos(® +60°) = 2 sin(® + 30°)
(e) 2 sin(8 + 120°) = cos(6 + 150°).

13 Solve the equations (a) sin 50° cos x + cos 50° sin x = 1 and
(b) tan x — tan 35° = 1 + tan x tan 35° for 0° < x < 360°.

14 Given that cos A = 0.6 and cos B = 0.8 (A and B both acute angles), find, without
using tables or a calculator, the value of
() sin(A +B),
() cos(A -B),
() tan(A ~B).
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15 © and g are acute angles where cos lnd tan ¢ = 5. Without using tables or a
calculator, find the value of
(a) sin@®@ +9), (b) tan(8-9), (c) sec(®~9), (d) cot(6 + ).

16 A and B are both acute angles such that cos A = |2 and tan B = 27. Without using

tables or calculators, find the value of
(@) sif(A~B), (b) cos(A+B), () tan(A~B), (d) cor(A+B).

17 If cos 0 +cos ¢ = p and sin 6 + sin @ = g, by squaring each one and adding, prove that
cos(®-9) = 5@ + 47 - 2).

18 If sin AsinB = } and cos A cos B = ; (A and B both acute), find the values of
cos(A + B) and cos(A ~ B). Using tables or a calculator, find the values of the angles
A +B and A - B and hence.find the values of A and B.

19 If sin © = 2 sin(A — 6), prove that tan 8 = ;2324
Given that cos A = }, where A is an acute angle, solve the equation
sin © = 2 sin(A — 8) for 0° < 0 < 360°.

20 Simplify sin(A + B) - sin(A - B) and cos(A + B) — cos(A - B).

By taking X = A + B and Y = A — B, show that
sin X —sin Y =2sin $(X-Y) cos $(X + Y) and
c0s X +cos Y =2 cos §(X+Y) cos 3(X~Y).
21 The position vectors with respect to an origin O of the points A and B are
a = cos 6i + sin 6] and b = cos gi + sin gj respectively, where 8 > g.
(a) Show by means of a diagram that the angle between OA and OB is 6 — g.
(b) Find the scalar product a.b and hence derive the formula
cos(8 — ) = cos O cos @ + sin 0 sin g,

MULTIPLE ANGLES

The addition formula can be used to find expressions for trigonometric functions of
multiple angles such as 24, 5 etc.
In the formula for sin(A + B), put B = A.

Then sin 2A = sin A cos A +cos A sin A = 2 sin A cos A. [0}
Again, in the formula for cos(A + B), put B = A.

Then cos 2A = cos A cos A - sin A sin A = cos? A - sin’ A (i)
This can also be expressed in two other useful forms.

05 2A = cos? A = sin A = cos® A — (1 - cos® A) = 2 cos’ A - 1 i)
or cos 2A = (1 - sin? A) - sin* A = 1 - 2 sin® A (i)
Also putting B = A in the formula for tan(A + B),

tan A + tan A 2 tan A
fan2A = nAwnA C T-mwA ™

These five formulae are known as the double-angle formulae.
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sin 2A =2 sin A cos A

=cos? A —sin? 5
cos 2A 2cost A—Sin A ) Note that in these,

=2coA-1 { the cos always comes
Bre first, sin second.
21an A
HO2A & TR

Note that in each one, the angle on the left is double the angle appearing on the right. So.
for example, we could have
sin®=2sin § cos § orcos 4A = 1 - 2sin? 24, etc.

If we start with angle A on the left hand side, then the formulae become

sinA =25sin 5 cos 5

cos A= cos’ 5 —sin

A

These are sometimes called the half-angle formulae.

Also, for future use, note that

sin? A = 3(1 = cos 24)

cos* A= 3(1 +cos 24)

Example 9

Given that sin A = & where 0° < A < 90°, find the values of
(a) sin 2A, (b) cos2A, (c) cos4A, (d) tan2A, (e) tan4A.

Ifsin A= %, then cos A =1~ 32 and cos A= 3 (+as A is acute).
(@ sin2A=2sinAcosA=2x $x =2

25
6.1
2X 3 =35

(Either of the other two formulae for cos 2A could have been used instead.)
() cosd4A=2cos?2A -1

49
2% g3 -
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Exercise 14.2 (Answers on page 637.)
1 Show that sin® § = 5(1 —cos §) and that cos? 3 = J(1 +cos 36).

2 Given that cos A = ﬁ where A is an acute angle, calculate without using tables or a
calculator the value of (a) sin 2A, (b) cos 2A, (c) tan 2A, (d) cos %

3 Ifcos 0= g (0° < 8 < 90°), find, without using tables or a calculator, the value of

() sin® (b) sin 20 © cos
(@) tan 20 (@ sin § ® cosy

4 1£6 is an acute angle and cos 26 = 113, find, without using tables or a calculator, the

value of (a) sin 8, (b) cos 8, () tan 26.

5 Given that sin & = 1, find, without using tables or a calculator, the value of

(@) cos &, ® sinb, (@ cos6.

6 Prove that )
@ (sin 0+ cos 0= 1 +5in 20 ® un 0= o2
© g =t 3 @ et §
© Goor6+ Decosa=2eos2041
() cos'0—s

(g) cot 8 —tan
(b) cost{% —p) = Lesh20
7 Find, without using mbl:s or a calculator, the value of tan 20 if sin 6 = }
8 If tan 20 = 4, find, without using tables or a calculator, the value of
@ tn8, (b) sin 0.
9 Iftan 4 = 1, find, without using tables or a calculator, the value of cot A.

10 If cos e =p.fi t'nd in terms of p, the value of (a) sin 8, (&) sin §. () cos &,
(d) c0s 20, (e) sin20, (f) cos 40.

11 Express each of the following as a single trigonometrical function:

(@ sin A cos A ®) 1-2si° A
(0 2umac (@) cos? A —sin A,

Given that sin A = s, find the values of each one in terms of 5.
12 State each of the following as a single trigonometrical function

(a) sin 35° cos 35°

® T

(c) sin 25° cos 35° - cos 25° sin 35°

an
(&) 0.5 sin? 30°
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13 Solve the equations (a) cos 26 = 3 cos 6 ~ 2, (b) cos(20 + 30°) = sin 26,
(©) sin{ 2 - 45°) = 2 cos £ for 0° < 6.5 360°.
14 Solve the equations (a) sin 2x = cos x, (b) sin

cos , for 0° <.x < 360°.
15 Convert the equation 3 cos 26 = cos 8- 1 into a quadratic equation in cos 8 and hence
find the solutions of the equation for 6° < 6 < 360°.
16 By writing 3A as 2A + A, show that
(@) sin3A=3sin A-4sin’ A, and
(b) cos 3A =4 cos’ A-3cos A.
Using (b), solve the equation cos 3A = cos 2A for 0° < A < 360°.
17 Show that cos? A + 2 sin? A = § (3 - cos 2A)
Given that an B =2 un A, show that an(B - ) = 7522 =7
Given also that sin 2A = - , find the size of the angle B - A.

cos2A _ :m’A
18 Show that 36(0‘“ = e A"

1o
TRk

Given that

find the values of A for 0° < A < 180°.

THE FUNCTION acos 6 + b sin 6

‘This function occurs frequently and we now show how it can be converted to one of the
forms R sin(B + o) or R cos(8 + o) where the constant R and the angle o have to be found.

Example 13

Convert 3 cos 6 +4 sin 8 into (a) R sin(6 + @), (b) R cos (8 — ) by finding the
necessary values of R and a.

(a) R sin(B + a) = R sin 8 cos o + R cos 8 sin a

and this must be identical to 4 sin 8 + 3 cos 6 matching the terms with sin 8 and
cos

Hence R cos a =4
and R sin o = 3.

Squaring each one and then adding,

R (cos? oL+ sin® o) = R?= 3 + 42 =

Therefore R = 5 (the + value is always taken for R).
Also Rsina
both +)
Hence 3 cos  +4 sin 0 = 5 sin(8 + 36.87°).

¢ —ana=

50 &t = 36.87° (acute value taken as sin o and cos & are
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Example 15

Express 5 sin 6~ 12 cos 8 in the form R sin(6 - a).
Hence find the values of 8 (0° < 8 < 360°) for which the expression has a maximum
or minimum value.

R sin(® - o) sin © cos & ~ R cos O sin o
Ssin® - 12cos0

Hence R cos ¢ = 5 and R sin ot = 12.
Verify that R =13 and o = 67.38°
Hence 5 sin © — 12 cos 8 = 13 sin(® — 67.38°).

The maximum value is 13 when 8 - 67.38°
The minimum value is —13 when 6 — 67.38

Exercise 14.3 (Answers on page 637.)

1 Express the following functions of 8 in the form stated:
(a) 4 cos 0+ 3 sin 0: R cos(8 - @)
(b) 5sin 8+ 12 cos 8: R sin(0 + @)
() 2 cos 8 -3 sin 6: R cos(8 + )
(d 22 sin 8- cos 8: R sin(8 — @)
(e) 2cos 0+ Y5 sin 6: R sin(0 + &)

2 Using the results in Question 1, find the maximum and minimum values of the
functions and the values of © where these occur for 0° < 0 < 360°.

3 Express 3 cos 20 — 4 sin 20 in the form R cos(28 + o). Hence find the values of @
(0° < 6 5 360°) for which the expression has a maximum or minimum value.

4 By converting the expression V7 sin § + 2 cos § into the form R sin( $ + ), find
the values of 8 between 0° and 360° for which the expression has a maximum or a
minimum value.

S Express V5 sin 0 + 2 cos 0 in the form R sin(8 + a). Hence sketch the graph of
=5 sin 8.+ 2 cos 6 for 0° S 0 S 360°. State the value of & for which 3 cos(8 - &)
will have the same graph.
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12 Ifsinx = —% and 270° < x < 360°, calculate without using tables or a calculator, the

values of (a) cos 2x, (b) sin 2x.
13 (@) Find all the angles between 0° and 360° which satisfy the cquation
4cos8+2sin0=1.
(b) Given that A3 = 3 prove that cos A cos B =7 sin A sin B and deduce
a relationship between tan A and tan B. Given further that A + B = 45, calculate
the valuc of tan A + tan B. ©

14 (2) Find the maximum and minimum values of /3 cos 8+ 2 sin 8 and the values of
6 where they occur.

(b) Solve the equation sin 2¢t + cos 20t = % for 0° < & < 360°.

15 (a) Convert the expression V2 sin x + Y7 cos x to the form R sin(x + 0) where
R >0 and a is acute. Hence sketch the graph of y = V2 sin x + \7 cos x for
0° < x < 360°.

(b) Solve the equation Y7 cos x + V2 sin x = 2 for that domain.

16 Find all the values of x between 0° and 360° which are solutions of the equation

3tan 2~ 2 cotx=0.

17 Given that tan 30° = % and that tan 45° = 1, calculate, without using tables or a
calculator, the values of (a) tan 150°, (b) tan 15°, (c) tan 75°.

18 1f sin(® + ¢) = 2 sin0 - ). prove that tan 6 = 3 tan 6. Given that tan ¢ = . find,
without using tables or a calculator, the values of a) tan 6, (b) cosec 6, (¢) cos ¢,
(d) tan(8 + ), where 8 and ¢ are both acute angles.

19 1f A, B and C are the angles of a triangle and tan A =2, tan B = 3, ind the value of
tan C without using tables or a calculator.

20 16 1= tan 0 (¢ # 1), show that sin 20 = 725 and cos 20 = =5
Given that sec 26 + tan 28 = k, prove that = £=1

B

21 A and B are both acute angles. Given that tan A + tan B = 3x and that
tan A tan B = 2¢ find, in terms of x
(@ tan A-tan B,
(b) tan(A +B),
() tan(A -B).
(d) Hence solve the simultaneous equations tan A + tan B =3, tan A tan B = 2.

22 Solve for 0° < < 360°, the equation =20+ u020

23 Giventhat A~ B = 5, show that 1 + tan A tan B = 0.
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Exponential
and Logarithmic
Functions

In this chapter, we study functions such as 3* where x is an index or exponent. Hence 3¢
is called an exponential function and 3 is the base of the function.
First, here is a revision check on the rules for working with indices.

RULES FOR INDICES

The three basic rules are:

I x™xxn=xmn ‘When multiplying exponential functions
with the same base, ADD the indices.

I+ =xmn When dividing exponential functions with
the same base, SUBTRACT the indices.

() = xm If an exponential function is raised to

another power, MULTIPLY the indices.

Using these rules we can deduce that = 1 (x0) and that.x= = & (x0). A negative
index gives the reciprocal of the function.
Fractional indices
We can also find a meaning for fractional indices. For cxample
©}=93%2=91=9.509} =9 =3.
In general, x+ = Vx.
Further, 27} = (271
In general, x* = (Vo

271 = 31 =9.
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Example 1
Find the values of (a) 100} (b) 3275
() 100% = (V100)’ = (10)’ = 1000

do oL _ 1 _1
® 3= = o
Example 2

Show that (a) 3! = %, (b) 21 x 8wt = goxvt

(@) 3*1=3%x31= () x |
(b) 21 x 81 = 21 x @
pTaipes
= 2402 = (el = gaet

Exercise 15.1 (Answers on page 638.)
1 Find the value of:

@ 8 ® 4
@ 8 © 81
@ 167% @ oyt
2 Show that
(@) 22 (c) 227 =8 x4

() 5°x25 =5

@W2r=g
3 Simplify (@) 27 x4+, (b) 270+ 9%, () 8Y xare

EXPONENTIAL EQUATIONS

An equation such as 3' = B1 is an exponential equation. The unknown (x) is the
exponent. We can solve such equations by expressing both sides in terms of the same
base. Sometimes this can be done directly. If not, a more general method using loga-
rithms can be used. This will be shown later.



Example 6

Solve the equation 2+ + 217 = 3.

The equation is 2+ 2! x 2 =3 ie. 20+ 2
Take p = 2.

The equation becomes p + % =3 i.c. p' ~3p +2=0.
Then (p-2)(p~1)=0andp=2o0r 1.

Then 2=

The solutions are x = 1 or 0.

2%and x = 0.

=2'andx=lor2=

Example 7

Solve the simultaneous equations
Ix9=

and Zxo=g

In cquation (i), we see that each term can be expressed as a power of 3.
Then 3 x (3% = 3

sox+2y=0

Similarly, each term of equation (ii) can be expressed as a power of 2.
Then 2% x (22 = 27

s02r+2y=-3

Solving equations (iii) and (iv), we obtain x = -3,y =

(0]
(i)

(iv)

Exercise 15.2 (Answers on page 638.)
1 Solve thie following equations:
(@) 2=64

© 5=1

(e) 16"=0.125

® ¥=35 (h) 2%-9(29+8=0

@) 3*-12(39+27=0 G) 5+ 1=26(5")

(K) 22+1-1292) + 64 =0 ) 31 +26(39-9=0
(m) 251~ 15(2) = 8 M) 242+ =5

(0) 2 =2"+15 (p) 3 -283N+1=0

2 Show that the equation 2* + 3(2**') + 8 = 0 has no solutions.
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Conversely, if log, 10 = 4, then 10 = x*
if log, x = 5, then x = 3%,

Example 8
Write in logarithmic form: (a) 3 = 9, (b) x' = 10. (c) 2 = 5.

() 1£3 =9, then log,9 z
b) Ifx'= 10, then g, 1

(©) I£2= 4, then log, (%) = - 2. (Logarithms can be negative)

Example 9
Write in exponential form: (a) 4 = log, x, (b) x = log, 7. (¢) 2 = log, 5

log, x becomes 3
log, 7 becomes 5
= log, 5 becomes x* = 5

Example 10

Find the value of x if (a) x = log, 64, (b) log, 25 = 2, (c) x = log, (}). (d) log, x = 4.
(@) Ifx=log, 64, then 2' = 64 and x = 6 (as 64 = 2).

(b) Iflog, 25 =2, then * = 25 and x = 5 (+ as base must be positive).

@ Ifx=log,(}) then3 =L =3 andx=-1.

@ Ilog,x= 4 then 3= x =81,

Exercise 15.4 (Answers on page 638.)
1 Wiite in lognmhmlc form:

(@) 4 ) =81 (© 10°= 1000
@ uyﬂ oom ) 4} ® ¥=
(@ 7=21 ) x* @) 107=0.1
) =64 ®) 4=9 W =03

2 Write the following in exponential form and hence find the value of x:

(@) x=log, 16 (b) x=log, 27
©) x=log, 64 @ x= mg,( )
(€) x=log,,0.001 ® x=log, 4
(® x=log, () (h) log,625=x"
@ x=log,(35) ) x=log, 169

i (k) x=log, 13
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3 Find the value of:

(@) log, 5 (b) log, 64 () log, |

() log, 1 () log, 16 O log,243

() log,3 (h) log, p?* @ logy 35

) log, 8 (x) log,, 8 ) log, 16

(m) log, x ™ log, (1) © log, (1)
4 Find the value of x if:

(2) log,9=2 (b) log,

(c) log, 125=3 @) log,,,

(©) log, (x-2)=3 ® log,, 3

() log,81= (h) log,

@ log,,
) log,, 64=3

G log,(x-2=4

The Graph of the Logarithmic Function

As the logarithmic function is the inverse of the exponential function y = @, we can obtain
its graph by reflecting y = a in the line y = x (Fig.15.3).

Fig.153

Note the following:

(1) log, 1 = 0. This follows because a* = 1.

(2) log, x is not defined if x < 0. The logarithm of a negative number does not exist.
(3) 1f0<x<1,log, x <0. The logarithm of a positive number < 1 is always negative.
(@) log, 0 is undefined.

(5) As x increases, log, x increases.
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Rules for Logarithms

‘These are similar to the rules for indices.
Let P = a". Then m = log, P.

Let 0 = a. Then n = log, 0.
I PQ=a"xa"=a™"
Then log, PQ = m + n = log, P + log, Q.
log, PQ.= log, P+ log, 0

For example, log, 12 = log, (4 x 3) = log, 4 + log, 3.
Note: Do NOT write log, (P + Q) = log, P + log, Q. This is not true.

Po_a _ .
n i =amn.
Then log.% =m-n=log, P-log, Q.

log, & =log, P~ log, 0

For example, log, 3 = log, 12 - log, 4.
Note: This rule does NOT apply to Lﬂ:.% which is the division of two logarithms.
P =(ay=am
Then log, P" = mn = n log, P
log, P* = nlog, P
For example, log, 2* = 3 log, 2 and log, V3 = log, 3} = }log, 3.
Two Special Logarithms
1 For any base. a = 1. Hence
log, 1=0

‘The logarithm of 1 is always 0.

2 a' = a. Hence
loga=1
The logarithm of the base is always 1.
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Example 11

Simplify (a) log, 49, (b) Iog, (5 ).

(a) log,49=log, 7?=21log,7=2aslog, 7=1

() log,(5) =log, 1 —log,9 =0~ log, 3
=-2log,3

=-2

Example 12
Simplify log, 9 +log, 21 - log, 7.
log, 9 + log, 21 - log, 7 = log, (9 x 21 + 7) = log, 27 = log, 3' = 3 log, 3

Example 13
Given that log, 2 = 0431 and log, 3 = 0.683, find the value of
(a) log, 6, (b) log, 1.5, (c) log,8, (d) log,12, (e) log, F5.
We must express each in terms of powers of 2 and 3.

(a) log, 6= log, (3x2) = log, 3 + log, 2= 1.114

(b) log, 1.5 = log, (3) =log, 3 - log, 2= 0252

(c) log, 8.=log, 2° =3 log, 2= 1.293

(@) log, 12 = log, (4 x 3) = log, 4 + log, 3

log, 2* + log, 3
=2log, 2 +log, 3= 1545
(e) log, 75 =log, 1~ log, 18 =0~ log, (9 x 2)

=-log, 9 - log, 2

= -log, 3* - log, 2

=-2log, 3 log, 2=-1.797

(With-practice, some of these steps could be omitted).

Example 14
Given that log, x = p and log, y = q, express

(a) log, xy. (b) Ing.i‘ (c) log, V S in terms of p and g.

(a) log, xy* =log, x +log, y* = log, x + 2 log, y=p + 29
() log, % =log, x~log,y' =log, x~3log,y=p -3
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Example 17
(a) Iflog, p = x and log, q = y, express p'y and 5 as powers of 2.
(b) Ifalso p’q = 16 and % =% find the values of x and y.
(@) First, we express p and q as powers of 2.

Iflog,p = x, then p = 21

If log, q = y, then g = 4 = (2% = 2%,

Pq =29 x (2¥) =22

2

then 2v+2y =4
orx+y=2

LA
5 == g =20,

then x — 4y = -5
Solving equations (i) and (i), x= 3 andy= 1.

[0)

(i)

Example 18

of an AP.
As the terms are consceutive, log, x + log, (x + 12) = 2 log, (x + 3).
Then log, x(x + 12) = log, (x + 3 i.e. x(x + 12) = (x + 3)

which gives 22 + 12v =12 + 61+ 9 or 6x=9.

Hence x = 15.

Find the value of x if log, x. log, (x +3) and log, (x +12) are three consecutive terms

Exercise 15.5 (Answers on page 639.)

1 Taking scales of 2 cm for 1 unit on each axis, draw the graph of y = 2* for

~2Sx<2. Add the line y = x. By reflecting y
y=log,xfor § Sx<4.
From your graph, find approximate values for (a) log, 1.5, (b) fog, 3.

2 Simplify:

(@ log, V2 () log, 36
(©) log, 27 (d) log, 25
(e) log, 125 @ log,, 10000
(@ log, 121 () log, ¥*
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(i) log, 12.5 + log, 10 () 2log, 9~ log, 81

(k) log, 24 + log, 15 - log, 10 (1) log, 98 - log, 30 + log, 15
log,
() log, V6 + log, 9 ® o
(0) log, 8 (p) log, 81
@ log, 5 (© log, 4
© log, V10 © log, 10
3 Given that log, 4 = 1.262 and that log, 5 = 1.465, find the values of:
() log, 20 (b) log, 0.8 () log, 1.25
() log, 100 () log, 64 () log, 80
(g) log, 625 (h) log, 15 (i) log,0.25
4 Given that log, 2 = 0.356 and log,a 0.565, find the values of
(@ log, 6 (b) log, 9 © log, 18
(@ log, 24 (o) log, 4.5 ® log, }
() log, V3 () log, 14 (i) log, 42
G log, 3 &) log, 4%

5 If log, x* + log, x = 8, find the value of x.

6 1f log, x = a and log, y = b express (a) xy", (b) = in terms of a and b.

7 If log, x=p and log ¥=4q, express (@) log, 4, (b) log, Yy, (c) log,
in terms of p and

8 Find y if log, y =2 log, 7.
9 If log, p — log, 4 = 2, find the value of p.
10 Given that log, 8 + log 4 =5, find the value of x.
11 Given that log, x = p and log, y = g, express (a) x'y, (b) %) as powers of 3.
12 Given that log, 4 = p and log, 5 = g, find the value of x if (a) log, x = p + 2q,
(b) log, x=2p-g+2.
13 log, x = aand log, y = b. Express x’y and & as powers of 2.
Given also that %y = 32 and that %

14 Given that log,, 2 = n and log,, 7 k. find the value of x if (a) log,, x = 2h + &,
(b) log,, x =3 -k +

15 1f log,, x = a and log,, y = b, express log,, Y& in terms of a and b.

§» find the values of a and b.

16 Given that log, %y = p and that xog,(;fr) = q. find log, x and log, y in terms of p and
g and hence express log, xy in terms of p and .

17 If log, x = p, show that log, x = 2p. Hence find (a) the value of k if
log, k=2 + log, k and (b) the value of  if log, n +log, n = 9.
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18 Solve the equations
(2) 2log,x=log, 2x+3)
(b) 3 log, x = log, (3x - 2)
(c) log, (¥ +2)=1+log, (x +2)
(d) log, (* +8x-1)=2+log, (x~ 1)
(e) log, (26 +3x +5)=3 +log, (x + 1)
O log, (x+17) =2 log, (x~3)
(@) log, (@ -x+2)=1+2log,x
(h) logx =1 - log, (x~4)
19 (a) If log, b= x, deduce that x log, @ = 1 and hence show that log, b =
(b) Find log, 8 and hence state the value of log, 2.

i
Tog,a"

20 1f log, x. log, y and log, z are three consecutive terms of an AP, show that x, y and z
are consecutive terms of a GP.

Common Logarithms

For practical calculation, base 10 is used and logarithms on this base are called common
logarithms. These are written as Ig x, which is an abbreviation for log,, x. 10 is chosen
as it is the base of the decimal system of numbers.

To see the advantage of base 10, suppose we know that Ig 5.6 = 0.748. Then Ig 560 =
1g5.6% 10°=1g 5.6 +21g 10=0.748 + 2 = 2.748 (as Ig 10 = 1). The decimal part .748
is unchanged. Similarly lg 5600 would be 3.748. On any other base the logarithms of
these numbers would be quite different.

‘Tables of common logarithms are available but they can be found directly using the
LOG (or LG) key on a calculator.

There is another system of logarithms, called natural logarithms, writien as In x,
which is used in Calculus. The base of natural logarithms is a certain number e (= 2.718).
We shall see the reason for this in Chapter 18.

Logarithmic Equations

Example 19
Find log, 7.
If log, 7 = x, then'2

We cannot express 7 as a power of 2 directly so we convert this equation to a
logarithmic equation using logarithms of base 10.

Take the Ig of each side.
Thenlg 2'=1g 7.
'3

Hence xlg2=Ig7and so x = :g;

7.

= 2.81 (by calculator correct 10 3 sig. figs.)
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Hence log, 7= 2.81.
(Verify the result by using the x* function on the calculator).

Example 20

Find x if 31 = 24,

Convert to a logarithmic equation. Take the Ig of cach side.
Thenlg 371 = 1g 2! iie. (k= 1)Ig3=(x+ ) lg2.

Now solve for x. We do not find Ig 2, 1g 3 yet.
xlg3-lg3=xlg2+1g2 which gives xlg 3~ lg2) =g 3 +Ig 2
iexlg 3 =lg6orx= I—Lﬁ“—s = 4.42 by calculator.

(Note: The right hand side is NOT Ig {5).

Example 21

Find x if log, 6 = 1.5.

1f log, 6=1.5, then x'$ = 6.

Taking the Ig of each side,
151gx=lg6andlgx= 22

Hence x = 10°5'%

=0.5188 (by calculator).

=330by ca]culamr, using the ' function.

Example 22

In Example 19, Chapier 13 we found the least value of n where 0.9" ' < 0.4. This can
also be done using logarithms.

1g0.9"'<Ig 0.4 ie. (1 - 1) 1g 0.9 < 1g 0.4.

However we cannot now write n — 1 < % as log 0.9 < 0 and so the inequality sign
must be reversed. (Division by a negative quantity).

Son—1> ‘:‘” = 8.696 by calculator

and hence n > 9.696 and we take the integral value n = 10.

Note:To solve an inequality, if an integral result is required, the calculator method
(using ') as in Chapter 13, is very suitable and quick. However to solve an equation
such as 0.9 =0.4, the logarithmic method must be used. Here x = 8.70 (to 3 significant
figures).




Example 25

Show that log, b = L% . Hence find the value of log, 5 x log,, 4  log, 11.

Let log, b = x. Then a* = b. Now take the Ig of each side and
xlga=lgbsox= 5L

ga"
Using this result,
5 g4 n
10,;,15><mg,,4><1ng,u=-}:T x i ?K—s
—lgd g2
g2 Tz <

Exercise 15.6 (Answers on page 639.)
Give answers correct to 3 significant figures if not exact.

1 Find me Va.lu: of xif
) 3 ®) 2-'=7 ©) 6*'=

© 23

) 5

(k) 0.6"=04

2 Calculate log, 5 and log, 7.
3 Iflog, 3 = 17, find the value of x.

4 What is the least number of terms of the GP 3, 4, &
sum to be greater than 907

that can be added for their

5 If the sum of n terms of the GP 8, 12, 18,... is not to exceed 500, what is the largest
value of n?

6 Find the least integral value of x if (a) 1.8°~' > 47, (b) 0.75* < 0.15.

7 In how many years will $3000 invested at 5% per year compound interest amount to
$50007

8 After how many years will $9000 amount to $20 000 if it is invested at 4.5% per year
compound interest?

9 Given that P = 50(0.75)", find (a) the value of P when n = 4, (b) the value of # when

10 The population of a city in 1980 was 3 200 000 and this was an increase of 1.79% over
the population in 1979, If this rate of increase is continued, in what year will the
population first exceed 5 000 0007

11 The decay of a radioactive substance is given by the formula M = M, ¢ where M,
is the initial mass, A the mass after £ years and ¢ = 2.718. Calculate the half-lfe of the
substance, i.e. the number of years taken for the mass to be halved.
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12 Find the value of log, 49 x log, 9 x log, 5.
13 Find the value of log, 9 x log, 7 x log, 2 x log, 25.
14 If log, 8 x log, x = 3, find the value of x.

15 Given that Ig y = 1 - 3 Ig x, show that y can be expressed in the form y = px* and find
the values of p and g.

16 Show that Ig 5 = ~1. Hence find the values of x which satisfy the equation
Ig(sin x) + 1= 0 for 0° < x < 180°.

17 (a) Solve the equation log, 2.5 = 8.
(b) Find the value of x if x** = 10.
18 Find x if log, 12=5.

19 y=ar’ - 2. Given that y = 6 when x = 2 and y = 22 when x = 4, find the values of
aand b.

SUMMARY

® Rules for indices: x"x x

ey =

Zero index: = 1

Fractional index: x

Exponential form g,y logarithmic form

a is the base of the logarithm

Fig.15.4




.
g >
13 1 T= T, %5, show that 1 = 2(%)

Hence find the value of ¢ given that e = 2.72, T, = 30 and T = 10.
14 If log, (x— 6) = 2y and log, (x — 7) = 3y, show that * — 13x + 42 = 72", Given that
y = 1, find the possible value(s) of x.
15 Find the relation between a and b not involving logarithms if log, a = 2 + log, b.

16 $2000 is invested at 5% per year compound interest. After how many years will it
have amounted to $3500?

3

Inflation in a certain country is 15% per year. If this rate continues unchanged, after
how many years will the cost of living have doubled?

8 Draw the graph of y = 2 for 0 < x < 3 taking values of x at intervals of 0.5. By adding
a suitable straight line to your graph, find an approximate solution of the equation
24 x=d.

3

Sketch the graphs of y = Ig x and y = Ig 10x. State the coordinates of the points where
each curve meets the x-axis.

20 (a) Draw the graph of y = 2* for 0 < .x < 2 taking scales of 2 cm for 1 unit on each
axis. Add the line y = x and hence draw the graph of y = log, x for 1 S x < 4.
(b) Calculate the value of log, 6.
(c) Express x2* = 6 in the form log, x = px + ¢ stating the values of p and q.
(d) What is the equation of the straight line that must be added to the graph to find
the solution of the equation x2* = 6?7
(¢) Draw this line and hence solve the equation approximately.

21 (@) Solve the equations () 2 x 4 = 16%, Gi) log, y* = 4 + log, (y + 5).
(b) Given that y = ax" + 3, that y = 4.4 when x = 10 and y = 12.8 when x = 100, find
the values of n and of a. ©

8
8

Solve the equation I (cos? x) +2 = 0 for 0° S x < 360°.

23 Show that the sequence Ig k, Ig 10k, Ig 100.... forms an AP and find the sum of the
first 10 terms of this AP.

B

24 Solve the simultaneous equations log, x — log, y = 4, log, (x - 2y) = 5.

25 Solve the simultancous equations 9 = 27, 64 = 5121,

26 If log, 2 = a and log, 13 = b, express log,, 52 in terms of a and b.

27 Solve the inequality log, (log, x) > 0.

28 Given that log, (p +2) + log, ¢ =7 — & and that log, (p —2) - log, g = 2r + I, show
that p* = 4 + 32" If r = 1, find the possible values of p and g.
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Conversion
to Linear Form 1 6

Inscience, when two variables x and y are thought to be connected, a set of measurements
is made. The results can be used to find the mathematical law connecting x and y — if
there is one. When the law is found, it can be used to predict further values and these can
be tested by other experiments to see if the Jaw is still valid.

Usually the results are plotted as a graph. If this is a straight line, the relationship is
casily deduced as it will be of the form y = mx + ¢, and m and ¢ can be found from the
graph.

However if the graph is not a straight line, the relationship will not be so simple. A trial
formula is therefore guessed. We convert this formula to a linear form and see if the
transformed values lie on a straight line graph. If they do, then we can confirm that the
formula is true for these values, allowing for experimental errors.

Two very common relationships are y = ab* and y = ax* where a and b are constants.

Example 1

The following set of measurements of two variables x and y were obained in an
experiment. It is thought that they are related by the formula y = ab<. By converting
this 10 a linear form, find whether the relationship is true for these values

[« [rs]as[30]42]s0]06s]
lylr?alj.i[jj‘lxllo‘é\

If the formula is y = ab™, then taking the Ig of each side, Ig y = g a —x Ig b.

Now write ¥ = Ig y.
Then ¥ = —x Ig b + Ig a, which is a linear equation of the form ¥ = mx + ¢, where
m=-lgbandc=lga.

So we plot values of ¥ (= Ig y) against x.
First we find the values of Y.

[« [15 [28 [30 [42 [50]6s |
[ Yl:lg)‘)l 190 [15e [ 152 | 126 { 1 ‘ 078 \

‘These values are plotted as shown in Fig.16.1. We see that the points lie very nearly
ina straight linc. Any inaccuracies can reasonably be assumed to be due to experimen-
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tal erors. We draw the line which fits the points as well as we can judge. There may
be some difference of opinion over the position of the line, so our results will be
approximate.

Fig. 16.1
Now find the gradient by taking two well spaced points such as A and B on the line.
It helps to make the x-step between these points a convenient number. The gradient
-1
=S - 025,
Then g b=
To find
Then Ig

.25 and b = 1.8.

g a, extend the line to cut the ¥-axis (point C).
2.3 giving a = 200.

Hence we find that the law relating these values is y = 200 x 1.8,

Example 2

The following set of values for two variables x and y was obtained in an experiment.
It s believed that they are related by the formula y = ax". By converting to a linear
form, estimate the values of a and b. From your graph, estimate the value of x for
which y = 2000 and compare with the value found using the formula.




If the formula is y = ax?, then taking the Ig of each side, gy =lga + b lg x.
We write Y =lg yand X =g x.

Then ¥ = bX + Ig a which is a linear equation of the form y = mx + ¢ where
m=bandc=lga.

If we plot values of ¥ (= Ig ) and X (= 1g x) and the graph is a straight line, then the
relationship is correct.

Now find the values of X (= Ig x) and ¥ (= Ig y).

These are plotted as shown in Fig.16.2. To allow space for large scales, we take X from
13 and ¥ from 2.9.




Example 5

Fig.16.7 shows the straight line obtained by plotting Ig y against Ig x.
Find

(a) lgy interms of Ig x, ay

(b) y in terms of x,

(c) the value of x when y = 700. 04)
®2)
-I——v lox
Fig. 16.7
(a) The gradient of the line = 2 =~} and the intercept on the Ig y axis is 4. Hence

the equation of the line is Ig y =~ § Ig x + 4 which is the expression required.
(b) From (a),lgy =~ lgx+4ie.3lgy+lgr=12.
Then Ig y'x = Ig 10" giving y'x = 10% or y' =

Hence y = 1% = 10%-.

(&) 1f y =700, then 700 = 10 000x~} and x} = 190
Hence x = 2915.

Example 6

Convert each of the following relations (o a linear form and state what functions of x
and y should be plotted 1o obiain a straight lire graph. State also the gradient and
intercept of the straight line in terms of a and b.

(a)g+§=2 (b) y=ar+? (¢) ¥=a+bx
() y=32 (e) y=a(l.5)* (0 y=alx+3r
(@ TakeX =1, ThenaX +bY = 2ie. ¥ =-2X + 2.

Plot ¥ against X. Gradient = — § , intercept = 2.
() Ify=ax+ 2, thenxy=ar +b. Take X =2, ¥ =xy.

This gives the linear equation ¥ = aX + b, Plot Y against X.
Gradient = a, intercept = b.
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(c) Take Y=y Then ¥ = bx + a. Plot Y against x. Gradient = b, intercept = a.

(d) xy-by=asoby=xy-aory= jxy—j. Plot y against X = xy.
Gradient = , intercept = - §,
(&) y=a(1.5y* Thenlgy =Iga-bxlog 1.5. Take ¥ = Ig y then
¥=(blg 1.5)x +Ig a. Plot Y against x. Gradient = b Ig 1.5 and
intercept = Ig a.
) y=alx+3). Thenlgy=lga+blg(x+3). Take ¥ =lg y and X = Ig(x + 3). Plot
¥ against X. Gradient = b and intercept = Ig a.

Exercise 16.1 (Answers on page 640.)

1 A set of values of x and y are believed to be connected by the equation y = ab* where
aand b arc constants. Values of x and Ig y are plotted and the graph is a straight line
with gradient 0.47 and intercept ~0.65. Find the value of a and of b correct to 2
significant figures.

2 A graph of Ig y against Ig x gives a straight line with gradient 3 and intercept 1.3. Find
yin terms of x.

3 Fig. 16.8 shows the graph of Ig y against Ig x, where y = ax’. Find the value of a and
of b.
loy

(0.2)}

[
Fig. 16.8 o] ©9 "

4 Covert the equation by = ax? + x into the linear form ¥ = mX + c, stating X and Y in
terms of x and y. Y is plotted against X and the graph has a gradient of 2.3 with
intercept 0.5. Find the value of a and of b.

S The following results were obtained experimentally for two variables x and y:

Itis believed that x and y are related by the equation y = ab*. By drawing a straight line
graph, verify this is confirmed by the given data, except for one point. Using your
graph estimate the value of a and of b and calculate a more accurate value of y for the
point which did not fit.
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6 The variables x and y are related in such a way that when —L— is plotted against y,
a straight line is obtained, passing through the points (1, 5) and (3, 11) (Fig. 16.9).
Find y in terms of x.

Fig. 169

7 Itis believed that two variables u and v are related by the equation uv* = av + b, where
a and b are constants.
A set of values of u and v was obtained, as in the following table:

By plotting «? against v, verify that these values satisfy the equation and find
approximate values for a and b.

8 Two variables x & y are connected by the equation y = avx + —. Given the

7

Draw this graph and from i, estimate the value of a and of b.

9 The following set of values of x and y obtained in an experiment are thought to be

ion 2 _ 4
connected by the equation § — % =1.

Explain how a straight line graph may be obtained and draw this graph for these
values. From your graph, estimate the value of p and of g.
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10 The following table gives a set of related values of x and y:

xand y are known to be related by the equation 'y = p + gx* Convert this equation

to lincar form and draw a graph for the given values of x and y. Using the graph, find
approximate values for p and g.

SUMMARY Y=lay

® Ify=a’lgy=blgx+lga g'z"‘eﬂl
Linear form ¥ = bX +Ig a
where ¥ = Ig y, X = Ig x.

X-lgx
Fig. 16.10
o Ify=ablgy=xgh +lga
Linear form ¥ = (g b)x + Ig @
where ¥ = Ig y.
Fig. 16.11

Other relationships can also be converted to linear form, e.g.

Ex+ ) wherey=1.x

S+ 2 =1givesy=

b +xgives & = brs Lie

REVISION EXERCISE 16 (snswers on page 640.)

1 Comresponding values of x and y are showing in the following table:

Itis known that x and  are related by the equation y* = a + bx. Show that a linear
equation can be derived from this and draw its graph for the above values. Hence
estimate the value of  and of b and estimate the smallest possible value of x.
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i
e obtained by ploting 1 aigainst & Two

200 Fig 1612 shows part of the st

ot the points on the line are given Find v in terms of v

(4,69

=

Fig. 16.12

(b) lg y i plotted against Ig x and a straight line obtained, part of which is shown in
ig. 16.13. Two of the points on the line are given. Express y in terms of x.
oy

Fig. 16.13

(o) If variables xand y 4 by the equation ax® - y* = bx (a and
explain how the value of a and of b can be obtained from a straight line graph.

3 Measured values of x and y are given in the following table.

It is known that x and y are related by the equation ax’ + by = x.
Explain how a straight line graph may be drawn to represent the given equation and
draw it for the given data.

Use your graph to estimate the value of @ and of b. ©
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4 (@ Itis known that the variables x and y are related by the equationy = 52, where
p and g are unknown constants.

Express this equation in a form suitable for drawing a straight line graph, and
state which variable should be used for each axis. Explain how the value of p and
of g could be determined from this graph.

(b) The table shows experimental values of two variables x and y.

Itis known that x and y are related by an equation of the form y = ax+ 2 where

a and b are unknown constants. Plot xy against . and use the graph to estimate
(i) the value of a and of b, (ii) the value of y when x = 1.2. ©

5 (a) The table shows experimental values of two variables x and y:

It s known that x and  are related by the equation y = kv", where k and n are
constants. Draw a suitable straight linc graph to represent the above data and use
it to estimate k and n.

The variables x and y are related in such a way that when x + y is plotted against
 a straight line is obtained passing through (1, ~1) and (5, 2) (Fig. 16.14). Find

]

(i) the values of x when x +y = 5, (ii) y as a function of x, (iii) the values of
x when y = 0. ©
x+y
(52)
<
o
-1
Fig. 16.14
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6 (a) The variables x and y are connected by the equation y = ax* where @ and b are
constants. Fig. 16.15 shows the straight line graph obtained by plotting lg y
against Ig x.

Calculate the value of  and of b and hence find the value of y when x = 5.

Fig. 16.15

(b) The variables x and y are connected by the equation x + py = gxy, where p and
are unknown constants. Explain how the value of p and of g may be obtained

from a suitable straight line graph. ©
7 Its predicted from theory that two variables P and T are related by the equation
b
Peat

The following values of P and T were found by experiment:

L
By plotting P against == » confirm that the equation s approximately true for

these values. Use your graph to estimate the value of a and of b.

8 (a) Variables x and y are known to be related by an equation of the form
a(x + y — b) = bx? where a and b are constants. Observed values of the two
variables are shown in the following table.

Plot x + y against %, draw the straight line graph and use it (o estimate the value
ofaand of b.

(b) Variables x and y are related by the equation % + 3;;_‘ = 1 where p and ¢ are
positive constants. ”

When the graph of y? against x* is drawn, a straight line is obtained. Given that
the intercept on the )2-axis is 4.5 and that the gradient of the line is ~0.18,
calculate the value of p and of g. ©
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Calculus (4):
Further
Techniques:
Trigonometric
Functions

So far we can differentiate single terms such as x*, polynomials such as 2~ 3x + 1 and
composite functions such as (2 — 1)*.
We now extend the range of functions we can deal with.

Fractional Indices
If y = ax', then you will recall that & = nax*' and [ wdx = 7 + c.

‘The rules for differentiation and integration still hold when the index #, is a rational
number, i.e. a fraction.

Example 1
Differentiate (a) x3, (b) =, (c) V& — 2x — 3 wrt x.
@ y=x

© y=@-20-3
& -2-yix-2)
=(x- D2 -2c-3) or




Example 2
: .
Find (@ [ v o) ['2} ax.

32
+e=3d+c

Check by differentiating.

1]
(b)j‘lr‘dx-[,”]
A

=(4x 143)»(%)(32) 1243-32) = x 211 = 1683

Integration of Powers of the Linear Function ax + b
Ify = (ax + by*', then § = (n + Da(ax + by

Hence [ (n+ Datax + by dx = (ax + by

(ax+ by

and so J @+ brac= e

+c where n # -1

This result only applies to a linear function ax + b. The integration of powers of non-
linear functions such as ax® + b cannot be done in this way and is outside our work.

‘The case where n = —1 will be studied in Chapter 18.

Example 3
Find (@ [@e-17as ) [ty © [VaoTax
(a) Herea=2,b=-landn=3.

Sof@e-1rdr= BV yestar-ntee

%2
Br+2)!
® [y s shon for [ iy dv= QR 4
= -l@+iec
\
e *C
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©f Vot [fQr- b ar

= (o= (4 =o-§ -

Example 4
Find the area bounded by the curve y = m,% , the x-axis and the lines x = 2,x = 6.

¥

Fig.17.1

As V2 =3 is positive for x > 13, y is real and positive in the arca required.

Area <[’ - tae= [@=3i ]
) 21

- [(h—:)i]-:=(9%)—( f=2

Example 5

!
The section of the curve y = J== between the lines x = 2 and x = 9 is rotated about
the x-qxis through 360°. Find the volume of the solid created.

You will recall that the volume of a solid of revolution = [y? dx.
Here y = (x= 1),
So the volume = [/(x— 1) dx

T = 3= 1], =@rx2) - @rxn =3
:
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Example 6

Ify = 29 — ¥, what is the approximate change in y when x is increased from 2 to
2017

Whenx =k 8y = ({&),., 8x. where (&
Here k=2 and 8% = 0.01.
y=20-}s0 2 =2x 10—y} (20 = 200 -
o -

(F)=0i =5

Hence 8y =~ 7“? % 0.01 =-0.018 ( has decreased).

)., is the value of 3¢ when x= k.

Exercise 17.1 (Answers on page 640.)

1 Differentiate wrt x:

(b) 4Vx (©) VAx=3
oot @ v -6x ® 2
() Var -3 RIS

»

Integrate wrt x:
@ @) x

@ 5t

(@ -};
3 Evaluate

@ _|' Lo o ] © f fu @ j’ e @ [ xta

4 Integrate wrt x:

(@) x-3p (b) (2x+5)* © @-27
@ Vx-3 © w5 M @+t
1 3 . 1
® 5 ) (3 -axy 0 7=

@ Gx+2) ® @1y W @e-5*
) ax -1 () (1-207
S Find the values of
] s
@ [, @orrar O RETIEY
© [ e @ [N
© [} Gr-9pax © [ resa
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. :
® [ w5 ® [} Gr-2rax

6 Calculate the area bounded by the curve y = (3x - 1), the x-axis and the lines x= 1,
x=3.

7 The part of the curve y = ;5 betweenx =2 and x = 3 is rotated about the x-axis
through 360°. Find the volume of the solid of revolution.

8 If y = 3V, find the approximate change in y when x is increased from 4 to 4.01.

9 Given that y =3 Y9+ , find the change in y approximately when xis decreased from
410399,

10 Giventhat =93 and that ris increased from 8 0 8.01, find the approximate change

inT.

11 1fP=kv} , where k is a constant, find the approximate percentage change in P if v is
increased by 3% when it is 5.

12 1f V = 10+, find the approximate change in V when x is decreased from 4 to 3.998.

Differentiation of the Product of Two Functions

y=(3x~1Y(< + 5)* is a product of two functions of x, (3x — 1)’ and (x* + 5)%. Each of
these can be differentiated but how can we find % ? As we shall see, the result is NOT
the product of their derivatives.

Let y = uv where « and v are each functions of x.

Suppose x has an increment 8x. This will produce increments 8u in u and 8v in v and
finally produce an increment Sy in y.

Soy+ By = (u+ Bu)(v + &) = uv + ubv + vu + (Gu)(&v)

Then 8y = udv + vdu + (8u)(&v)

and @ =ud v s Moy

&l
g
a

ol
1

gl

Now let 8x — 0. Consequently 8u — 0, v — 0, 2 — % & _,
So,as8x— 0, § —»udl + v

Hence we have the product rule for y = uv:

where u and v are functions of x.

As the result is symmetrical in  and v, it does not matter which function is chosen as
uorv.

Example 7
Differentiate (3x - 2)(x' +4) wrt x.
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Take u=3x-2,v=x +4.
=3, & 230
Then & =ull 4y %
=@Bx=2)x3+ (P +4)x3
SOr -6+ 3P+ 122 120 -6 4 12

Example 8

Differentiate x(2x - 1) wrt x.
Take u =22, v=(2x- 1"
=2 x4@x— 1 x 2+ (- 1) x 38
P 1 1

u dv v S

In this example, we simplify as far as possible and leave the result in factor form.
=x(2x - 1)k X 8 + (2x - 1)3]
=x¥(2x - 1)(14x - 3)

Example 9

Differentiate (3x - 1/(x* + 5§ wrt x.

&= @B 1P X203+ 5) X 2 + (6 + 5 x 33x - 1Y X3
=(3x = DA+ 5)[(Bx — 1) X 4x + (3 + 5) X 9]
= (x - 1702 + 5)(12¢% - 4x + 922 + 45)
= (x - 1Y + 5)Q1e - 4x + 45)

Exercise 17.2 (Answers on page 641.)

1 Differentiate each of the following products wrt x. Leave the answers in simplified
factor form.

(@) x(x-2) (b) 2= 1) © @+DE-1)

(@ (c+ 1)ix-2) © &1 -20° ® (-xPG-x?

(8) #@-x-1 0 #@-3) @ Gr-27Qe-

G @+ 11 () N3G - 1) O xx-17

(m) 2x(1 - 2x)* (n) ‘lx—-l(x+l)‘ ©) (P-x-2)x+1)

@ Gr-1Qx+3)

2 Find the equation of the tangent to the curve y = (x + 1)(x — 2)" at the point where
x=1
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® =2+l v=r-x-1 %
dy _ (F-x-D20-(F+ )u-1)
Fri o —x- 17
P ey e Ly L TR
= B3

© u=xy=(eDh %

o _ wtosdeend  eent-geent
&

[+ DIF B X+l
To simplify this, multiply the numerator and denominator by 2(x + 1)i.

ay _ 24D-x x+2
E e naen: 2}

Example 11
x P 2
Ify= 3 show that & = 2.
" S
Hence or otherwise find [ T
& _ Goam-x®) _ 2
dr G+ T Gx+2y
Hence means that we should use the above result and notice that
S _de 2
Il Gy = z.‘. [ereiid
A T
=il o
3y _ 101y - 2
HOR ORE
Otherwise means that another method can be used. We must notice that it is the
integral of a linear function.

[P

=[asa), @
=(H)-(%) =%

Note: The two integrals (i) and (ii) look different but they only differ by a constant.

) =453 =i -2) =i -

The constant § disappears when the limits are substituted.
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Exercise 17.3 (Answers on page 641.)

1 Differentiate wrt x, simplifying where possible:

@ 5 ® %
@ 2 © 222
N 2
® 53 ® %
’ -
o $-2 ® 3x+1
oy o 4
21fy= 5. find & and &2 Hence show that (1 + 05F +2% =o0.

316y = 52, show that &

s
Hence or otherwise find | 25

4 Given thaty = 557, find .

2
. a
Hence or otherwise evaluate | 55,

s5lfy=

fmd . (Take y = ‘/L )

Hence evalumej Torh
- x+ i

6 Differeniate 77 wrt . Hence find [/, 2557

g 1
7 Find & ify= V2L

8 Find the values of x which give stationary points on the curve y =

-2
when x = 3, find the value of a.

» where k is a constant, find the value of k.

" ita o
9 (@) Given that y = £ and that &

S ——

JEpE S &y
101fy= ===, find .

Hence find the x-coordinate of the stationary point on the curve.

Differentiation of Implicit F

All the functions we have met so far have been in the form y = f(x) i.e. they have been
explicit functions. y has been given directly in terms of x. A function may however be
stated implicitly, as for example x* + y* = 31y, where it would be difficult to make y the
subject. Using the product rule we can differentiate such functions and then find .
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Using a calculator, the following values of sin x and x were obtained:

x (radians) sin x
02 0.198669
01 0.09983
005 0.049979
001 00099998
0.001 00009999
“This shows that when x is small, sin x = x. It would suggest that lim S35 = 1. Here is a

simple proof of this.
In Fig. 17.2, OAB is a sector of a circle centre O, radius r and angle x radians. AC is
perpendicular to OA. Then AC = tan x.

rtan x

Fig. 17.2

Area of AAOB < area of sector AOB < area of AAOC,

ie. 3rsinx < $rx < iPunx

Hence sinx <x < tan'x.

Dividing by sinx, 1 < 725 < gobg-

Now as x =0, cos x = 1 and iy — 1.

The left hand tem s fixed at 1 and the right hand term — 1 Hence the middle term must
> 1. Therefore lim 555 = 1.

In a more convenient form,

Note: For this result to be valid, x must be in radians.



Example 15
Differentiate (a) sin 3x, (b) sinfax + b), (c) sin’ x, (d) sir’(3x - 2).
(@) y=sin3x

‘We treat this as a composite function, i.c. y = sin u where u = 3x.

@ _ au
& =cosuand % =3,

Then § = 2 x % —cosux3=3cos3x.
Note that the function sin s differentiated first to give cos, then the angle 3x is
differentiated to give 3.
(b) y=sin(ax + b)
Taking y = sin u where u = ax + b,
o & o cosuxa=acosiar+ b)
Note this result for future use:
& sinax + b) = a cos(ax + b)
First differentiate the function, then the angle.
(©) y=sintx
Treat this as a power of the function sin x.
Take y = u? where u = sin u.

du

First differentiate as a power, ‘.e. :"IE . then differentiate the function sin, i.e. ;.

& g
$= 2sinx x  cosx

sin x cos x
differentiate differentiate
sin? x to get sin x to get
2sinx cos x
(The result could also be written as sin 2x).
(@ y=sin’ 3x-2)
First differentiate as a power, then differentiate sin, then the angle.

Lo 3siwEx-2)  x cos@Br-2) x 3
i sin ifferentiate sin ifferenti
to get 3 sin® 1o get cos 3x-2t0get3
[pover ft
The sequence is sin¥(3x - 2)

[P R E—

Hence & = 9 sin'(3x - 2) cos(3x - 2)

398




Example 16

Differentiate sin x° wrt x.

‘We must first convert the angle to radians.

2 = & radians

Ify=sin {55, then

& = cos B x a5 or 1k cos 2%,

Note that the result is NOT cos x°. Al formulae in calculus for trigonometrical
functions are only true for radian measure. Angles in degrees must be converted to
radians.

Example 17
Differentiate (a) x sin x, (b) VI - sin x wrt x.
(a) This is a product of x and sin x.

Ify=xsinx, then & =xcosx+sinx.

® Ify=(1-sinn! £ = L -sinx) x (cos 1)

Example 18
Find the values of x for 0 < x < 1 which satisfy the equation & (x — sin 2x) = sin’ x.

A -sin29=1-2cos2c=1-2(1 -2 ) =4 sin’ ¥~ |
L

in? x or sin x =

Hence 4 sin? x ~ A
Solving this equation, x = 0.62 or 2.52 radians (x < 7t = 3.14).




Example 23
Differentiate wrt x (a) X tan 2x, (b) sin x tan x.
(@) Fy=xtan2y & =xsec? 2rx2+tan2c
= 2x sec? 2x + tan 2x.
() Ify=sinxtanx, 5 = sinxsec? x + tan x cos x
= sin x sec? x + sin x
= (sin x)(sec? x + 1)

Exercise 17.6 (Answers on page 642.)

1 Differentiate wrt x:

(a) sin3x () sin § () cos %
(d) 1tan 3x (e) cosecx () xsinx
(g) *sin2x (h) cos(2¥ - 1) @ sin(% -x)
() tanj (k) xsinx+cos x 0 5o
(m) cos® 2¢ () xcos x—sin 2t (0) sin 3x cos 2x
(p) V4 + sin® 2x (q) cos¥(l -3x%) (r) Vian 2x

2 Differentiate wrt x:
(a) cos3x (c) cos(2r -
(@ sin* 2 (® sin £ cos 2

1

® Ty O coss

() x(cos 2x - sinx)

306y =sin2x, find & and 2, and show that $¥ +4y=0.

416 y = x sin 2, find the value of § whenx = }.

5 Given y = A cos 2x + B sin 2x, where A and B are constans, show that £ + 4y =0.
falsoy =3 whenx =  and & =4 when x = 0, find the value o4 and of B.

6 1fy = cos 8+ 2 sn 6, ind the values of © (0.< 6 < 2r) for which &

7 Find ﬁ if y = (sin x + cos 2x)%

8 Solve the cquauon ;’x (r+sin2)=2for0<x<m.

inx @
9 Differentiate 7wy wrt x and hence find | 15557

10 (a) Show that if y = 2 sin x - cos x, then ﬁ =0 when tan x =
Hence find the values of x (0 < x < 2) where y has stationary values.

(b) Find the value of x (0 < x < 2m) for which y = 3
the maximum and minimum values of y.

is stationary. Hence find
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11 Find the equations of the tangents to the curve y = sin x where x = 0 and x = 1.

12 Find the equation of the tangent to the curve y = cos x where x = &,

Integration of Trigonometric Functions
If y = sin(ax + b), then & = a cos(ax + b).
Therefore J costar+ by dx = ! sintax + ) + ¢

If y = cos(ax + b), then $ = —a sin(ax + b).

Therefore J sint@x + B dv = -1 costax + by + ¢
If y = tan(ax + b), then & = a seci(ax + b).
Therefore [ secttax + by dv = § tangax + by + ¢

For all these results, x must be in radi

Example 24
Integrate (a) ['sin 3x dx , b) [ cos § d.

@ Jsin3rdr= =83 ye=—Lcosdrac

@) [cos § dx= +c=2sin fac

in 3 Lox
T 2
2

Example 25

Find the area of the shaded region in Fig.17.4 between the part OA of the curve
¥ = sin x and the line OA. where O is the origin and A is the point (%, 1)

v

Fig. 17.4




The shaded area is the area under the curve minus the area of AOBA where AB is
perpendicular to x-axis.

Area—I sinx dr -

= [—cosx];

= (~cos3) - (c0s 0)- § =0-(-1)-§

x §x1

B nits?
7 units’

Example 26

Find [ sin? x dx.

We cannot find | sin? x d dircctly as it is not in the form sin(ax + b).
We use the formula cos 2x = 1 - 2 sin? ¥ to convert it to a suitable form.
Then [ sin® x dx = | “‘zﬂ dax

=[G~

The same method is used to find | cos? x dx.

Example 27

Sketch the curve y = 1 + cos x for 0 < x < m. This curve is rotated about the x-axis
through 21 radians. Find the volume created in terms of m.

Fig. 17.5




Fig. 17.5 shows the curve, which is y = cos x moved up 1 unit.

The volume = ja (1 +cos ) dx

=nJu(l+2cos.v+cost)d.x

= [l (14205 L) g

=n ]l (3 +2cosx+ §cos2e) e
Foazsinn o L]
3

units?

=n (¥ +25inn+ L sin2n) -n0)

Exercise 17.7 (Answers on page 642.)

1 Integrate wrt x:

() sin2¢ (b) cos 4x () sin 5
(d) 3sin 3x (e) sec? 3x (f) cos 2x - sin x
() sinx+cos x 0 cos' 3 @) cos 5x

sin(} -x) (k) sec? § (1) cos 2x—sinx
(m) (cos x — sin x)* (@ 2sinx+ § sin 2¢

2 Evaluate
@ [} cosxar ® ] sinxar
© JFsintx @ [} sect v
© [} sin2x-cos v ar ® [} (cos x+sinx?dr
o

® J~ sin ¥ dr @) f} sin 3 ds
o) jﬂ cos § dr [} j: cos 2 dv

@ [ eosxar

3% =4 + 3 cos20.findyify=1when6=13.

4 Find (a) the area of the region enclosed by the curve y = sin x and the x-axis from
x=0tox=and (b) the volume created if this region is rotated about the x-axis.
1
Treosx

Y= i between v = O and x = §

5 Differentiate wrt x. Hence find the area of the region under the curve
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6 The region bounded by the x-axis and the part of the curve y = 2 sin x between x = 0
and x = 0 is rotated about the x-axis through 360°. Find the volume of the solid
generated.

7 Skeich the curves y = cos x and y = sin x for 0S x < .

Find (a) the value of x where the curves intersect, (b) the area of the region bounded
by the two curves and the x-axis. (c) If this region is rotated about the x-axis through
360°, find the volume of the solid created.

8 Find the area of the region enclosed by the x-axis, the y-axis, the curve y = cos x and
§. If this region is rotated about the x-axis through 360°, find the volume

9 Using an identity for cos 4x, find | cos® 2c dx.
10 Sketch the curves y = cos x and y = sin 2v for 0 < x < J. Find
(@) the value of x where the curves intersect (apart from x = § ) and
(b) the area of the r:ginn enclosed by the two curves and the x-axis.
11 (2) Show that

———| Toos2r =sectx—1
J-cos2e

(6) Hence find the value of [ 1522 g,
12 By writing 3x as 2¢ + x, show that cos 3x = 4 cos’ x - 3 cos x.

Hence evaluate [ cos’ x d.

SUMMARY
+e(n#-1)
® Product rule: Tfy=uv, & =y& 4,8
o
® Quotient rule: 1f y = i« ac

® For x in radians, @ and b constants:
d

sin(ax + b) = a cos(ax + by, [ cos(ax + b) dr = 1

sin(ax + b) + ¢

& cos(ax + b) = —a sin(ax + b), [ sin(ax + b) dr =

1 costax + b) + ¢

& wn(ax +b) = a sec¥ax + b), [ secax+ by dx = 1 tan(ax + b) + ¢

‘To integrate sin x or cos? x, use the identity for cos 2x



14 1 r =aV1 - cos 6, show that §5 =
15 (@) Given that )

=

% 3

3

0
3

)

Focos S

= sin’ x cos 2x, find the values of x (0 < x < ) for which § = 0.
L sing

S cost

(b) Find the values of x (0 < x < 2r) for which y
maximum and minimum values of y

is stationary. State the

If y = sin 20, find the approximate change in y when 8 is increased from  to
x
% +001

Show that the function is always decreasing for x > 1.

Find & in terms of x and y if 212 + y + 2x = 8. Hence find the gradient of the curve
at the points where x = 1.

If y = a sin 2x, where a is a constant, satisfies the equation & + 8y = 4 sin 2x, find
the value of a.

wio

Given that r¥(1 + cos 8) = &, where k is a constant, show that 95 = % tan

x
Solve the equation | sin £ dr=0 for 0 x< 2.

Find § for each of the functions xy = a and y = V& + * where a and k are constants.

Hence show that the tangents at the point of intersection of the curves arc per-

pendicular.

A particle moves in a straight line and its distance s from a fixed point O of the line

at time ¢ s given by 5 = 4 sin 21,

(@) Show that its velocity v and its acceleration a a time ¢ are given by
v=2V16 -+ and a = —4s.

(b) Find the greatest distance from O reached by the particle.

Ata certain port the height h metres of the tide above the low water level i given by

h=2(1 + cos 6) where 8 = 75 and ¢ s the time in minutes after high tide.

() What length of time is there between high and low tide?

(b) At what rate is the tide falling, in metres per minute, 75 minutes afier high tide?

(©) A bridge is 10 metres above the low water level. A boat can only sail under this
bridge when the distance between the water and the bridge s not less than
7 metres. How long after high tide will it be before the boat can sail under the
bridge?

(@) Differentiate cot  wrt 0.

(®) A cone has a basc radius r and a semi-vertical angle 6. Show that its volume
V= inrcote.

(c) ris fixed but 8 is measured as 45° with an error of 4%. Find the percentage error
i the calculated value of V.
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Calculus (5) :
e*and In x

The function & cannot be integrated by the usual rule. So if this function is to have an
integral it cannot be an algebraic one but some other type of function. The story of ts
discovery is beyond our work but we can start with the origin of an important number in
the story.

‘This comes from asking what happens to the value of (1 + 1)'as r — e i.c. what is the

value (if any) of lim (1+1)?
‘We shall not be able to prove what this limit is but the following set of values made

by a calculator will suggest an answer.
1

f (1+1
100 (LO1)™ = 2.7048

1000 (1.001)™ = 2.7169

10 000 (1.0001)°® = 2.71815
100 000 (1.00001)/0% = 2.71827
1000 000 (1.000001)! *°* = 2.71828
10 000 000 (1.0000001)°% % = 2.71828

As x increases, it appears that (1 + })’ tends to a value which is approximately 2.71828.
This is true and we denote this limit by the letter e. Like 7, ¢ is an irrational number.
Tts importance is that it is taken as the base of natural logarithms, i.e. log, x (written as.
Inx)

Ify =log x=Inx then & =x

Ify = e thenlny=x

Similar to other logarithms, In 1 =0, In¢ = 1 and if 0 < x < 1, In x is negative. If
x<0,In x is undefined.

So for example, if y = e**then In y = 2v + 3; if y = 2e™ then In y = In 2 + In ¢* =
In2+3x

We shall now see why such a strange number is chosen as a base for logarithms.
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g4 In x
dx
Take y = In x and let x have an increment &x. Consequently, y has an increment 5.
Then y + 8y = In(x + &) and 8y = In(x + &0)  In x = In( <+,
8 1 x+8) _
Hence g = g In(3%&) =

To make use of the above limit, write & =150 L =1,

o 1y Iy
Then 2 =mn(1+4)i=tm(i+1).
Now let & — 0. Consequently, 8y > 0, & — £, wand (1 +1) 5.

Using these, we have § = Llne="Lasine=log e=1.

‘This is a very important and simple result. It is the basis of the work in this chapter and
shows why e is taken as the base of natural logarithms.
Now using the rule for a composite function, we can differentiate In f(x).

d

a5 Infe0

Suppose y = In f(x).

Take u = f(x) and so y = In u.

O land ¥ =2 =0
EeExEixrw=18
d Loy
acanio =rEs
Example 1

Differentiate wrt x (a) Infax +b), (b) In(x* = 3x +1), (c) In sin 3x, (d) X* In x, (¢} X”'T"
(@) Here f(x)=ax+b.

a4 b =25 sl W= @b =a
®) & G -3+ D= 252 @ fm=2-3)
© & Insin3r= 2B _ 3055




Exercise 18.1 (Answers on page 643.)

1 Differentiate the following wrt x and simplify where possible:
@ In5x ®) Inx? © In(Gx-1)

(@ In(sin x) (©) InCx + tan ) ® In(cos 2x)

(8 In(cos? x) () In(sin §) @ In@e-4x-1)
@ WnVZ-5 ® () ® xinx

(m) B @) In(x cos x) © cos(ln x)

® Inxin3x @ @+ Din(x-1) @ (nxp

(5) In(cos 31) ® (-Dln2x @) In (x+sinx)

) In(x +3)2x-1) ) In(4)

2 Ify = In(x + 1)6x - 2), show that & = Z=1
31f 3= In(3x + 1)(2x - 1) find and simplify &
4 Given that y = In(252) , find & in its simplest form.

5 Fig. 18.2 shows parts of two siraigh lines obtained by plotting In y against x for two

different functions. Each has two points marked. Find for each function, (a) y in terms
of x, (b) the value of x when y = 1.

ny
(4.9)

0 @-1

Fig. 182

6 State how the functions (@) y = ¢ and (b) y = 3¢ can each be represented by a
straight line graph and give the equation of each line.

7 On graph paper, draw the graph of y = * for 0 < x < 2. By adding a suitable straight
line, find an approximate solution to the cquation e* + x = 5.

8 Given that % = %+ and that In(3x + 4y) = 2 In 5, form two simultaneous equations
and hence find the value of x and of y.
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9 Differentiate In(x - sin x). Hence find the gradient on the curve y = In(x - sin x) where
x=n
T-cosx*

10 Differentiate

Hence show that 3 In

11 Differentiate 152X~ . Hence show that 5 InS%5- = —sec x.
d

g o

dx

If y = e, then In y = x. Differentiating both sides wrt x, + §

Hence e

‘This result makes e* a unique function, It is the only function whose erivative is itself.

‘The gradient at a point on the curve y = ¢* equals the value of  at that point. (This was

suggested in Question 3 of Exercise 15.3).

I

dx

‘We can also differentiate composite functions of the type ¢1®.

Ify = ¢ and 1 = f(x), then y = e*.

g =c*and :—‘; =f(x).
dy _ d du

Hence & = & x &

() = Flae™.

& e = pxe

Example 4
Differentiate (a) €, (b) €%, (c) xe’®, wrt x.
(a) 2 =3enias 905=2D) -3

&

® & e 2oos 2y et
(© y=xeis a product.
L e 4 20

(1 - 2x)
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Example 5

Find the coordinates of the point of intersection of the curves y = & and y = € and
the gradient of each curve at that point.

At the point of intersection, €' = ¥ 50 2x - 1 =2 —x and x = 1. The coordinates of
the point are (1.¢).

Fory = e, % =2¢* =2c whenx= 1.

me=="‘,%=4"‘=-cwhcnx=l.

Exercise 18.2 (Answers on page 643.)

1 Differentiate wrt x:

@ e ®) e © e

@ e . () e=x ® xer

(8 x-4ei ®) e @) et

G esinx ® 5;‘ o 5

(m) x%e™ (M) er—e* (0) e*(cos x —sin x)
(®) Gx+2)e™ @ e*Inx @ ==

® =5 ®) e cos2x O

) wex W -

2 Find the coordinates of the point where the curves y = ¢ and y = ¢+ meet and the
gradient of each curve at that point.

3 Find the range of values of x for which (x — 3)e™ is increasing.

4 Ify=xe" find :;" and :{’,. Hence find the value of x for which y has a stationary point
and state the nature of that point.

S Given that y = x', find the values of x for which y is stationary.

6 1f y = ( - 3)e™, find the values of x where y s stationary and the nature of these
points.

7 1fy = cos x, find & and &2, Use these to find the values of x (0 < x < 2x) where
y has stationary points and state the nature of these points.
9 and 9 for y = i
8 Find § and £ for y = e¥cos x + sin x).

Hence find the values of x (0 < x < 21) where y is stationary and the nature of the
stationary points.

9 Given that y = e*sin x, prove that &3 2% + 2y =0.
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10 Find the gradient on the curve y = ¢ cos x where x = 0.
11 1f y = ", show that In y = x In 2 and hence find 5.
12 1 £ (88) = 19, find f().
1
ax+b

Integration of and e+

We can now find an answer for [ 1 dx.
We know that & Inx=1so [ L axr=lnx+c.

However we must be careful. If x < 0, In x is undefined. We can guard against this by
writing
Jlax=tn|x]+e

This is justified as shown in Fig. 18.3 which shows the two branches of the curve y =
y

1
L

Fig. 183

The area A = [+ v = [inx] 7 which is undefined.
By symmetry however, area A = area B [Inx]: = [ln |x JL”

Further, since & In(ax + b) =

@b
then Jass = imjasb|+c
As 2 s = ge,

3 ,
then Jemtdos Lot o

Note: These results only apply to the linear function ax + b.
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Example 6

Find (@) [ (3x=2r" v, (b) [ 725 (o) [ e

@ [gipde={m|3-2]+c

® [1 5% =[-3miz-a]]
=(=4mIs)-(-3misl)

=-ims+ims=4mi=o16

Such results however are usually left in terms of In.

© [ evar=[e]

= (et

)=+

Example 7

Find the area of the region enclosed by the curve y = £, the x-axis and the lines
x=1x=3

s
Ama:j‘}dx:[mi;ﬂ:=ln3-1n1=|n3umxsz

Example 8
The part of the curve y = 5= between x = -3 and x = -1 is rotated abou the x-axis
through 360°. Find the volume of the solid created.

- .
Volume = [ myt dr=n [ 51 dx

=1([—ln|2—x|]1 =n-n|3)-n-1n|5))=nln} units’
Example 9

The region enclosed by the curves y = ¢ and y = ¢ and the lines x = 1, x = 2, is
rotated about the x-axis through 360°. Find, in terms of e. the volume of the solid
formed.

Volume = ] 12 - (€] dx
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. :
=nf @ -enar=nfier- o]

9) = 5t -3t 426

= B (6~ 3% +2) units?

Exercise 18.3 (Answers on page 643.)

1 Find
@ Jeva ® forax © ferdx
YR~ © | 7% ® [@-01
@ [ ® [(er+ Ffax @ [erax
0 Jera ® [ 0[5
2 Evaluate the following, giving the result in terms of e
@ [levar o [ ear © [levrax
© [ ear CEEY o [ eva
@[ et ® [ erax
3 Express the following in terms of In:
@[ o [l © [ 32
@, e-oa © J" -5 o [} %l
@fc-va o % o [ %
4 Show thar 715 - by = 25 Hence evaluate f] 725

§ Show that 717 - 715 = =25 and hence evaluate [} S
6 P is a function of £ such that % = e and P = 3 when £ = 0. Find P i terms of #.
7 Calculate the area of the region enclosed by the curves y = e* and y = ¢ and the line

8 Fina | €31
1
9 The partof the curve y = 75 between.x= 1 and x = 3 s rolated about the x-axis
through 360°. Find the volume formed.
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10 (@)
®)
11 @
®)
©

12 (a)
®)

The gradient of a curve is given by 5% = ¢ and it passes through the point
(0. 1). Find the equation of the curve.

Find the area of the region enclosed by the curve, the x-axis and the lines x = 0
andx=1.

Sketch the curves y = e and y = In x.

Differentiate x In x — x wrt x and hence find [ In x dx.

Hence find the area of the region enclosed by these curves, the x-axis, the y-axis
and the line x = 2.

Find the equation of the tangent to the curve y = In x at the point where x = 1 .
Find the area between this tangent, the curve and the line x = 2. (Use the result
of Question 11(b).)

SUMMARY

Inx=logx;e

Ify=lnxx=e

Emx=1 dose
Lt d ) = fix)
2 =52 & e poer
J& =mixl+e J & < Linjareb|+c

Jea=ese Jemrar=

Notes [ (ax + by dv= @b

an+ 1)

+ ¢ for all values of n except n = -1

REVISION EXERCISE 18 (Answers on page 643.)

A
1 Evaluate
3 . S
@ [ eac o[ &5 © [ e Fa
@ [ evdr ks a constany © [ erar o [ &

® f &

2 Find the gradient of the curve y = In(x + sin 2x) where x = 3.

3 Sketch the curve y

2 for x>0 and find the area of the region enclosed by the curve,

the y-axis, the x-axis and the line x = 1.

418



Parametric
Equations

In previous work, the equations of curves have been expressed in Cartesian form,
a relation between the coordinates x and y. Another method of stating the equation of a
curve is to use a third variable, called a parameter. x and y are then each expressed in
terms of this parameter. The equation of the curve is now given by nwo parametric
equations. For example, the parametric equations of a curve could be  where
tis the parameter. This scems to be a more complicated way of describing a curve (two
equations instead of one) but for many curves it can be more convenient .

‘The parameter can be any suitable variable such as a number, an angle, a length etc.
It must however satisfy two conditions:
(1) each point on the curve must be related to a unique value of the parameter;
(2) each value of the parameter must give the coordinates of only one point of the curve.

The Cartesian equation of the curve is found by eliminating the parameter between the
parametric equations.

Example 1

The parametric equations of a curve are x = 21, y = . Sketch the curve and find its
Cartesian equation.

Asy= £, y is never negative. Also the curve is symmetrical about the y-axis.

£=0 gives the point (0,0), 1= 1 gives the point (2.1), 7= -2 gives ihe point (4.4) and
so on.

11> 0, x>0 and x and y both increase as ¢ increases.

If 1<0,x < 0. As 1 decreases. x decreases but y increases.



As 1 takes values from —e 10 +e, the point (x,y) moves along the curve as shown in
Fig.19.1.
Fig. 19.1
Tx=210=3
Theny=r=(5) anddy=x.
The curve is a parabola.

Example 2

The parametric equations of a curve are x = 75, y
equation.

£ oy ’
753 Find its Cartesian

‘We find ¢ in terms of x and y first.

Ifx= v, then (1 + =1t @@
Ify= o then (14 0y=F (i)
Divide (ii) by (). Then = £. Now substitute in (1).

(1+¥)x= % which gives x +y = orx?+xy=y.

This could also be written as y

Example 3

Find the Cartesian equations of the curves given by (a) x = sec 8 + 2,y = 3 tan 6,
(b)x=3sin6,y =2 cos 26.

(a) To eliminate the parameter 6, we use the identity sec’ = 1 + tan® 6.
So rearranging and squaring the two parametric equations, we have
(r=2)'=sec? B
() =ure
Subtracting, we get
G-t (5 =1
which reduces to 9x* — y? — 36x + 27 = 0.
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(b) We use the identity cos 20 = 1 - 2 sin? §
Then § = 1-2(5) or9y=18-4x.

To find the gradient from the parametric equations

Given the parametric equations for a curve y = F(x) we can find g{ by using the rule

;o dy o de
from Chapter 10: & = & &,

Hence the gradient j‘ﬁ on the curve y = F(x) given by the parametric equations x = (r),
y=gis

Example 4

g ) ’ 1 LI,
A curve is given by the parametric equations x = T4,y = 75 . Find

(a) & interms of 1,
(b) the coordinates of the poini(s) where the gradient is -3,
(c) the equations of the tangent and the normal at the point where t = 2.

@ &=

dy _ (e02-F _ 42

ar (Y3 avn
i

Ty

and &

Hence & = X+

asy
& U T

=-1(t+2)

x

(b) If the gradient = -3, then —1(1 + 2)

Sor+2t-3=0ie (t+3)(r-1)=0givingr=-3ort=1.

There are two points where the gradient = -3.

When1=-3,x=—
When 1= 1, x

$ ie. the point (- 1, - 3).
. ice. the point (3, 1)-

1
2
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the point A(3,3).
i.e. the point BQ2,4).

The equation of AB will be 3=3 = =3 ie. x+y=6.
o
@ E=L -8 oo
When 0= 3, % = cot 3 = 1,x=2+cos ¥ =129,

y=3+sin 3 =371,
So the equation of the tangent is y - 3.71 = x - 1.29 f.c. y = x + 2.42.

Example 6

The parametric equations of a curve are x =21~ 1,y = £ +1.

(a) Find the Cartesian equation.

(b) If the tangent at a point P (parameter p) passes through the point (2,3), find the
value(s) of p.

(c) Find the equation of the tangent to the curve which is parallel to the line
y+2=3

(@) fx=2-1thenr= 53
Theny = (“‘) Flie.dy=x+20+5.

2
So the gradient of the tangent at P = p.
The coordinates of P are (2p — 1, p* + 1) and the equation of the tangent is
¥ =@+ 1)=p(r=2p + 1) and this passes through (2.3).
Hence 3 - p* — 1 = p(2 - 2p + 1) which reduces to p? — 3p + 2 = 0

ic.(p-2)(p—1)=0givingp=1o0r2.
(c) The gradient of y + 2x = 3 is ~2 and the gradient of the tangent to the curve is #.
Hence = -

When r=-2,x=-5andy =5.

So the equation of the tangent is y - 5 = ~2(x + 5) i.e. y + 2x = —
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() The coordinates of B are (1,0) where ¢ is a parameter.
The gradient of AB = 51 so the gradient of BCD = 1 - 3.
‘The equation of BCD is y = (1 = 3)(x - 1) and this meets the y-axis where x = 0.
The coordinates of C are therefore (0, ~1(t — 3)).

(b) A locus is the set of all the possible positions a point can take. In this case, the
Tocus of D will be the curve on which D lies. If the coordinates of D are (p,q) and
C s the midpoint of BD, then
0=3p+niep=—t
and +(1-3)= L+ 0) ie.

Hence the parametric equations of the locus of D are x = — and

Substituting = ~x in the equation for y, the Cartesian equation of the locus of D
will be y = 2x(-x —3) i.e. y = ~2x(x + 3).

Exercise 19.1 (Answers on page 644.)
1 Find, in as simple a fonn as possible, the Cartesian equations of the following curves:
(@) () x

cos 0,y =2 5in 0 x=1+2cost,y
fy=¢ ¢

©

@© x=t+fy=1-1
(@ x=tt-1),y=F
(i) x=2°-1,

Ifl

Loy=2-3 M) x=cty=3e

2 Find the gmdmm on the curve x =8 —cos 8, y = 1 -2 sin 8 at the point where 8 = 7.

B

3 Find -2 in terms of 7 for the curve x = . Lt

Hence find the equation of the tangent and the nofmal where 1 = 2.
4 The parametric cquations of a curve are x = -, y = (2 = 1%,
Find the equation of the normal where

5 By finding x* + )7, deduce the Cartesian equation of the curve given by
.
= YT

Describe the curve.

6 Find the values of ¢ and the coordinates of the points where the curve given by
x=1-1,y=3 meets the line given by x=m — 1, y=2m + 1. State the values of m
at these points.

7 Acurve is given by x = 1= 1, y = £ + 1. Find the values of f where
() the normal to the curve is parallel to the line 3x +y = 5,
(b) the turning point is.
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2 Find the Cartesian equations of the following curves:
:

© x=26"y=e
3 The equation of  curve s given in terms of a parameter 0 as x = sec © + 2 tan ,
=3 sec 8 — tan 8. Express sec @ and tan @ in terms of x and y and hence find the
Cartesian equation of the curve.
4 @) A curve is defined parametrically by
I 1
x=30+ 8, y=2(-1).
(i) Write down the gradient of the curve at the point whose parameter is 2.
(i) Write down and simplify expressions for 2x + 3y and 2x — 3y in terms of
#and hence obtain the Cartesian equation of the curve.
(b) The straight line 3x — 4y - 15 = 0 intersects the curve whose parametric equations
are x = 5¢, y = 101 at two points.
(i) Calculate the value of f at each of these points of intersection.
(i) Prove that the tangents to the curve at the points of intersection ar perpen-
dicular to each other. ©
5 A curve is defined parametrically by the equations x = T4 .y = 747 -
Show that £ = 1(t + 2).
Find (i) the value of ¢ at the point where the tangent is parallel to the tangent at the
point where £ = -3, (i) the equation of the normal at the point where = —3.  (C)
6 A curve is given by the parametric equations x = 27 = 31, y = £~ 8 + 1.
(@) Find § in terms of r.
(6) Find the value of £ at the tming point and the equation of the tangent at that

point.
(c) Find the value of  at the point where the tangent is parallel to the line
y+2=
7 (@) The parametric equations of a curve are x = 3¢ + 1, y = 2¢%.
A point P on the curve has parameter p. Given that the tangent at P passes
through the point (1, ~8) calculate the possible values of p.

(®) The Cartesian equation of a curve is 3(y = 2) = x. Given that x i defined
~ 1 and that y = 4 when £ = 3, express y in terms of 1.
(c) The parametric equations of a curve are x = £ — £,y = £ + 1.

Express § in terms of £ in the simplest possible form. Hence, or otherwise, find
the Cartesian equation of the curve. ©

8 The line y = tx meets a line through the point (+0) at right angles at the point P. Find
(a) the coordinates of P in terms of ¢ and (b) the Cartesian equation of the locus of P.

430



9

=

=

I3

A curve is given parametrically by the equations x = -2z
Given that P and Q are points on the curve with parameters 0 and 2 respectively,
(i) find the equation of the chord PQ, (ii) show that & =+ and hence find the

equation of the normal at P.
Find the points of intersection of the curve with the line y = x.

©

‘The parametric equations of a curve are x = ( + 1,y = 1(t— 2).

Find the values of 1 where the tangent is parallel to the line y = x + 2.

(2) Obuain the Cartesian equation of the curve whose parametric equations arc
x=1+by=20+1).

(b) For the curve whose equation is 2 + 4y? - 8y = 0, a parametric form for y is given
by y =1+ sin 6. Obtain, in its simplest form, a corresponding parametric form
for x.

(¢) The parametric equations of a curve are x = £+ £,y = 20 + 1.
Obtain the equation of the tangent at each of the two points where this curve
meets the y-axis. Calculate the coordinates of the point of intersection of these
tangents. ©)

A curve has parametric equations x = 4 - 3¢, y = 91(1 — 1). Find the equations of the
tangents which pass through the point (2,6).

(a) The coordinates of a point are given parametrically by the equations
244

x= 2y
Find & and hence, or otherwise, obtain the Cartesian equation which corre-
sponds to the above parametric equations.

(b) Write down the cquation of the straight linc having a gradient of ~t and passing
through the point (0,7). This line meets the line x + #(y+ 1) =0 in the point (X,Y).
Obtain expressions for X and Y in terms of  and hence evaluate X + Y. (C)

The parametric equations of a curve are given as x = ac” cos f, y = ac” sin 1, where

ais a constant and 1 is a parameter. Show that § = tan(r— %)

The position vector r of a point P is given by r = (1 — 1)i + (12 + 2)j where r is a

parameter.

(@ State the parametric cquations for the locus of P and obtain the Cartesian

equation of this locus.
(b) Find the position vectors of the points where the curve meets the line 2x + y = 3.

Fig. 19.4 shows a vertical circular disc centre C and radius 2 which is rolled along the
horizontal line AB. P is the point of contact with AB at the start and as the disc is
rolled, P describes a curve known as a eyeloid. When the disc has tumed through an
angle , P is at the position P'.
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Fig. 194

(a) Taking P as the origin of coordinates, show that the parametric equations for P’
are x = 2(8 - sin ©), y = 2(1 - cos 6).

(b) What is the value of & when P reaches the line AB again for the first time after
the start?

(© Show that (&Y +( &Y = 16 sin 3.

(d) The length s of an arc of a curve, given in terms of a parameter 8 is

[/ (%) + (%) 60 where aand barethe values ofthe parameter at he ends

of the arc. Using this, find the length of one arch of the cycloid.

17 By taking y = tx, find parametric equations for the curve x* + y* = 3xy. Hence find the

equation of the tangent at the point where = 1.

18 A curve is given by x = 2 cos £, y = 2 sin’ £ where ¢ is a parameter.

(@) Find & in terms of £ and show that the equation of the tangent at the point with
parameter p is x sin p +y cos p = sin 2p.

(b) This tangent meets the axes at P and Q. Show that the length of PQ is constant
whatever value p has.

(c) Obtain the Cartesian equation of the curve.
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Revision Papers
6-10

PAPER 6 (Answers on page 645.)

1 (2) Findx if (1.2) = 2.1
(b) Solve the equation log, x + log,(6x - 5) =

0 o o _ar

2B @ [ 725, o[ 2. ©f) 2.

3 Given that 2x° + ax® + bx + 6 has factors (2x — 1) and (x + 2) find the value of a and
of b. With these values, find the remaining factor.

4 (a) Sketch the curve y =1 +e*.
Find (b) the equation of the tangent to this curve at the point (1.1 + ¢) and (c) the
coordinates of the point where this tangent cuts the y-axis. (d) Hence find the area
enclosed by the curve, this tangent and the y-axis. [Leave your answer in terms of e.]

5 Express cos x + 2 sin x in the form R sin(x + &), where c is acute. Hence solve the
equation 2 cos x + 4 sin x = | for 0° < x < 360°.

6 () Find & if y = 1n(25%) , simplifying your answer.
(b) Hence evaluate [

7 The values of x and y in the table below are believed to fit the equation y = ax".

By drawing a suitable straight line graph, estimate the values of a and n to 2
significant figures.
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8 Fig. R6 shows part of the graphs of y = sin x and y = cos 2 for 0 < x < %. Find
(a) the x-coordinate of A and (b) the shaded area.

3
z

Fig. A6 -1 y=cos2x

9 (a) Find an expression for the sum of the first n terms of the AP 8, 11, 14, ... and find
the value of » if the sum is 148.
(b) The sum of the first three terms of a GP is 35 and the 3rd term is greater than the
first term by 15. Find the first term and the common ratio.

10 A curve is given by the parametric equations x= 2+ 1 = Ly =1+ 1.
Find the coordinates of the turing points on the curve.

PAPER 7 (Answers on page 645.)
1 (a) Differentiate x Sm X+ COS X WIt X,
Hence :valuau e cos .

(b) Given that g = L find yif y=-2 whenx = 1.
& ‘/2 -x

2 A straight line with variable gradient m is drawn through the point (1,1) and meets the
x-axis at A and the y-axis at B. The rectangle AOBT is drawn, where O is the origin.
(a) Find the coordinates of T in terms of m.

(b) Hence find the Cartesian equation of the locus of T as m varies.

3 (a) Find the values of x at the turning points on the curve y = (x* - 2)e > and the nature
of these points.
(b) Given that e* > and that In(8x + 3y) = 2 In 7 find the value of x and of y.
(c) Find and simplify fﬁ ify=(2x-3)0c+ D

4 (a) Prove that 2(3 cos A — 2 sin A)(3 cos A + 2 sin A) = 13 cos 2A + 5.
(b) Solve the equations
@ cos $ =04,
(i) 2 sin? @ = 3(1 + cos @) for 0° < 8 < 360°.
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5 (2) Solve the equation 2¢’ — 9x* + 12x - 4 = 0.
(b) If the remainder when f(x) is divided by x - 2 is 3, what is the remainder when
f(x + 1) is divided by x - 17

6 Values of x and y were found by experiment and are given in the following table:

[[2]«]6[s]w]r]
|y|4.6[11.4]13.4|37.e|5m|75.6|

It is known that these values satisfy the equation y = ax’ + bx where a and b are
constants. By drawing a suitable straight line graph, find approximate values for
aandb.

7 (@) Show that the tangent to the curve y = e*! where x = 1 passes through the origin
and find the area enclosed by this tangent, the curve and the y-axis in terms of c.

(b) Differentiate (i) %, (i) 57, wrt x.

@ 1f ' 5% =In2, find the value of a.

8 (@) If the nth term of an arithmetic progression s 4 — 7, find the sum of the first 40

terms.
(®) A geometric progression has first term a and common ratio r.
Given that the sum of 7 terms is 422, show that
= D
If, in addition, the first and ath terms are 32 and 162 respectively, find r and n.
©
9 (@ Find & ifp?+3r=8-2y
(b) The parametric equations of a curve are x = 21 - 3, y = £ Find (i) the Cartesian
equation of the curve, (ii) the values of k if the tangent at the point with parameter
k passes through the point (2.4).
10 (2) Prove the identity cot © — cot 20 = cosec 20.
Hence solve the equation cot 6 = cot 26 + 3 for 0° < 6 < 360°.
(b) Ifcos2A = 2, where A is an acute angle, find the value of tan A without using
tables or a calculator.

PAPER 8 (Answers on page 645.)
2 o
1@ Evaluate ) J] e de. 6], 125 .
(b) Differentiate In x¥a® + 1 wrt x, simplifying your answer.

© I 355 + 125 = G2ty forall values of x except 3 and =2, find the
Values of a and b.

2 +
Hence find the value of [} g2

Gri-x

dx.
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2 Express 3 sinx-+ 2 cos x in the form R cos(x - &) where t is an acute angle. Hence

find the maximum and minimum values of 3 sin x + 4 cos x and the values of
x (0° < x < 360°) where they occur.

3 (a) If T=In(2x - 1), find the approximate change in T when x is increased from
210201
(b) Sketch the curve y

+2sin 5 for-mSx<m
5. find the arca of the region bounded by the curve, the
7, x = . (Leave the answer in terms of ).

Given that cos §
x-axis and the lines

4 (2) Given that A is an acute angle and that tan A = %, find (without using tables or
a calculator) the values of (i) sin A, (ii) cos 2A, Gii) sin 5.
By expanding both sides of the equation 2 sin(x + 60°) = cos(x — 30°), show that
tan x = ~cot 30°. Hence solve the equation for 0° S x < 360°.

Ef

5 (a) When In y is plotted against x for a certain function, a straight line is obtained
passing through the points (1,3) and (3,-1). Express y in terms of x.

(b) A production line assembling computers is to be run down. Production started at
500 per week but this is reduced by 15% each week. When production first
reaches 100 or less computers in a week, the line will be shut down at the end of
that week. For how many weeks will it be operated?

(&) Solve the equation * + 12 = x* + 8x.

6 (a) A GP with r> 0 is such that the sum of the first two terms is 7 and the third term
is 2. Find r and the sum to infinity.

(b) The fourth term of an AP is 14 and the eleventh (and last) term is 35. Find the
sum of the last 6 terms.

7 Measured values of x and y are given in the following table:
[ ]z 3 Je [s Te T2 |
|y|5! |A46|4.2|3,ﬂ‘3.2IZ.AII,A‘

Itis known that x and y are related by the equation * = a + bx.
Explain how a straight line graph may be drawn to represent the given equation and
draw it for the values given.

Use the graph to estimate the value of a and of b. Estimate the greatest possible value
©

8 (a) Solve the equation 3+ — 10(3) + 1= 0.
(b) On the same axes, draw the graphs of y = In(1 +.x) and y
your graph, find approximately
(i) the solution of the equation x In(1 + x)
(ii) the value of e,

for & <x<4.From

1 and
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9 (@) Ify = In(tan ). show that & = ;2. Hence find J cosec 2x dx.
. the x-axis and

(b) Calculate the area of the region enclosed by the curve y =
lines x = 2, x =

(<) Given that sin y = ", show that & = tan y.

2,y =t~ 3¢ Find

10 The parametric equations of a curve are x
@ & interms of 1,
(b) the coordinates of the turning points of the curve,
(c) the values of 1 where the tangent to the curve is parallel to the line 3y = 4x + 2,
(d) the Cartesian equation of the curve.

PAPER 8 (Answers on page 646.)

1 (@) Differentiate wrt x (i) 525, (ii) (x - 2)*(2x - 3)" simplifying your answers.

® Evaluate () [ 527, i) |32 cos 3rdx
2 (a) The first 3 terms of a GP are x + 1, x - 3 and x - 6. Find
(i) the value of x, (ii) the sum to infinity of the GP.
(b) Find the sum to infinity of the GP i} + ' + {7 + ..
(€) The sum of the firstfive terms of an AP is 55 and the sum of the four terms from
the 6th to the 9th (inclusive) is 116. Find the AP.

3 (a) Fig. R7 shows part of the curve y = cos . Find the shaded area.

Fig. R7

(b) Sketch the curve y = . Find
(i) the equation of the tangent to the curve where x = 0,
(i) the x-coordinate of the point where this tangent meets the x-axis.
(iii) the area of the region enclosed by this tangent, the curve, the x-axis and the
line x = 2.
[Leave your answer in terms of e].



9 Variables x and y arc believed to be connected by the equation  + % = 1. The
following sct of values was obtained in an experiment to test the equation:

By drawing a suitable straight line graph for these values, show that the equation is
true and estimate the values of a and of b.
10 () Solve, for 0° < x < 360° the equations
()3cos2r=2+cosx, (ii)cot}
(b) 1ftan A =2 tar B, show that tan(A - B]

sin 28
3

PAPER 10 (Answers on page 646.)

1 (@) The first term of a GP is 3 and the common ratio is .
Find the greatest number of terms which can be added for their sum to be less
than 200.

(b) An AP has 15 terms and the last one is 44. The sum of the last ten terms is 305.
Find the AP.

2 (a) The polynomial 2" + x* + ax + b has (x — 2) as a factor and leaves a remainder
of —4 when it is divided by (x — 1). Find the values of a and of b and hence
factorize the polynomial.

(b) Without using tables or a calculator, find the value of
log, 24 - log, 6 + log, 64 - 2 log, 4
(c) Solve the equation 22 + 1 = 2%,
3 (a) Differentiate wrt x: (i) tan 3 (i) sin® 2¢ (i) V1 + sinx
(b) Given the curve y =2 + £, find (i) the equation of the tangent where x = 2,

) the coordinates of the point where this tangent meets the curve again.
Find the area enclosed by this tangent, the curve and the line x = 1.

4@ @) Ifr=tan % show that sin § = === and find a similar expression for

“cos 3 in terms of .

i) Hence show that sin x = 12

(i) Using these results show that the equation cos x = 2(1 + sin x) reduces to the
equation 3¢ + 41 + 1 = 0 and hence find the values of x which satisfy the
, equation for 0° < x < 360°.

()" Differentiate tan’ x wrt x.

(ii) Show that tan* x = sec? x tan® x — sec* x + .

and that cos

@

(i) Hence, using these results, find j tan® x dr.
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2 Two particles A and B are moving in the same direction on parallel horizontal tracks.
Ata certain point the particle A, travelling with a speed of 7 m 5™ and accelerating
uniformly at 1.5 m s overtakes B travelling at 3 m s-' and accelerating uniformly at
2.5 m s Calculate the period of time which elapses before B overtakes A.

If, after this time, B then ceases to accelerate and continues at constant speed,
calculate the time taken for A to overtake B again.

3 A particle is projected vertically upwards from the ground with a speed of 36 m .
Calculate
() the time for which it is above a height of 63 m,
(b) the speed which it has at this height on its way down,
() the total time of flight. ©

4 From the foot of a vertical cliff 28.8 m high, a stone was projected vertically upwards
$0 as just 1o reach the top. Find its velocity of projection.
One second after the first stone was projected, another stone was allowed to fall from
rest from the top of the cliff. The stones passed one another after a further ¢ seconds
at a height h m above the ground. Calculate the value of ¢ and of h. ©
5 Two particles, X and Y, are moving in the same direction on parallel horizontal
tracks. At a certain point O, the particle X, travelling with a speed of 16 m s
and retarding uniformly at 6 m s, overtakes Y, which is travelling at 8 m s and
accelerating uniformly at 2 m s,
Calculate
(a) the distance of Y from O when the velocities of X and Y are equal,
(b) the velocity of X when Y overtakes X. ©
6 A particle X is projected vertically upwards from the ground with a velocity of

80 m s°'. Calculate the maximum height reached by X.

A particle Y is held at a height of 300 m above the ground. At the moment when X
has dropped 80 m from its maximum height, Y is projected downwards with a
velocity of v m 5™, The particles reach the ground at the same time. Calculate the
value of v. ©

7 A man running 2 100 m race accelerates uniformly from rest for the first T seconds
and reaches a velocity of 10 m s\, He maintains this velocity for the rest of the race.
His time for the race is 12 s. Skeich a velocity-time graph.

Calculate

(a) the value of T,

(b) the acceleration,

() the distance the man runs before he reaches his maximum speed. ©

8 A car moves along a straight level road, accelerating from rest at a constant rate for
9.6 5 over a distance of S, m until it reaches a speed of V m s™\. Express S, in terms
of V.

It then accelerates at a constant rate of 2.5 m s
a speed of 25 m . Express S, in terms of V.

Given that the car has now travelled a total distance of 152 m, calculate the possible
values of V. Using the smaller of these values, calculate the time taken to attain a
speed of 25 m 5™ from rest. «

ver a distance of S, m until it eaches
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Let us consider another case of & man rowing a boat on a river. Suppose he rows the
boat at a velocity a and the river is flowing at velocity b. Then the resultant velocity of
the boat is ¢ = a + b (Fig. 21.3). Hence the actual path of the boat will be along OC.

Fig. 21.3

a
(course)

‘This path is called the track of the boat and the actual speed along the track is called
the ground speed. The direction of a is the course (which is the direction the boat would
have moved if there were no current). In diagrams. it is helpful to mark vectors with
different numbers of arrows. Thus in Fig. 21.3, we use the following notations:

course vector marked with | amow  ———>
current vector marked with 2 arrows  ———>
track vector marked with 3 arrows —>

Then we have:
course vector + current vector = track vector

(1 arrow) (2 armows) (3 amows)
The track vector is the resultant of the other two vectors.

Another practical example is the case of an aircraft flying in a wind. The aircraft has
a velocity a through the air (Fig. 21.4). Its direction is the course (like in the case of the
boat) and its speed along the course is the airspeed. The aircraft is also affected by the
wind with velocity b. As a result, the actual velocity ¢ is the resultant of the velocity of
the aircraft and that of the wind. Like the case of the boat, the actual path is called the
track and the speed along the track is the ground speed. The same arrow notations are
used, with the current velocity replaced by the wind velocity. It should be noted however
that a current is described as moving towards a certain direction whereas a wind is
described as coming from a certain direction so a current in the direction NE is moving
in the direction 045° whercas a NE wind is actually moving in the direction 225°.

Fig.21.4

a
{course)

Just as we can combine component velocities to obtain a resultant velocity, we can also
resolve (‘split’) a velocity into its components. Particularly useful is the resolution of a
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(2) Relative to the water, the boat will move at 1.2 m 5! perpendicular to the banks
(Fig. 21.7); but the water, moving at 0.9 m 5™, simultancously carries the boat
along parallel to the banks. The boat therefore moves crabwise across pointing at
right angles to the bank. The resultant of the course vector (OA) and the current
vector (OB) is the track vector (OC). Hence the path of the boat is along OC.
The actual velocity of the boat is represented by the resultant (track) vector and
it has magnitude V0.9 + 1.2* = 1.5 m s™' at an angle 6 to the bank where

tan 8= 52 = (0=53°).

(b) The boat moves along the track OC and will reach the opposite bank at P.

distance of OP

speed along the track

The time taken =

= ’5—;‘ (using similar triangles, &=
= 500's or 8 min 20 s.
((Note: The time taken can also be found more simply by considering the course

di
istance of OQ W s500)

component of velocity, thus time taken = — o & 02 _
speed along course

Example 2
An aeroplane has an airspeed of 200 km ! and flies on a course of N30°E. A wind
is blowing steadily at SO km ™ from the NW. Find, by drawing or calculation, the
track and ground speed.

1 By trigonometry

In Fig. 218, OC is the course vector (I arrow),
OW the wind vector (2 arrows).

O + OW = O, the track vector (3 armows)
which nas speed v and ZCOT = 0.

From AOCT, using the cosine rule,

V2 = 200° + 507 2 x 200 X 50 x cos 75°
giving v = 193,

Hence the ground speed is 193 km h".

sm 9 sm 75

By the sine rule, giving 6 = 14.5°.

Hence the track is N4445"E.
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i (no j component)
150 cos 8)i - (150 sin 8)j
= (30 cos 85°)i + (30 sin 85°)f
oSS
AT =AC+AW
Therefore vi = (150 cos 6 + 30 cos 85°)i + (30 sin 85° — 150 sin 6)j

Equating the j components,
0=30sin 85°- 150 sin @ giving O ~ 11.5° as before.

Equating the i components,
v = 150 cos 6 + 30 cos 85° giving v = 149.6

and the time taken can be obtained as before.

(b) By trigonometry A Fig. 21.12
The starting point is now sirfield B (Fig. 21.12).
BW is the wind vector, BC the course vector

=y
(airspeed 150) and BT is the track vector.

From ABCT, using the sine rule,
o _ S5 iving p = 11.5°

Hence the course for the retumn journey
should be 331.5°.

Verify that this can also be solved using
unit vectors as in (a).

(Answers on page 649.)

1 Find the resultants (giving both magnitude and direction) of the following velocities
by trigonometry or using unit vectors:
(@) 5km h~' due north and 3 km h*! due east
(b) 8m s north-east and 5 m s™' north-west
(¢) 10 m s north 60° east and 4 m 5™ east
(d) 40 km h' on a bearing 050° and 40 km h~' on a bearing 110°

2 A steamship s sailing duc north at 20 km h. There is a wind of 15 km hr" from the
west. Find the dircction in which the smoke from the funnel is drifting.

3 A ship is travelling at 10 m s™'. A ball is rolled across the deck (at right angles to the
motion of the ship) at 4 m ™. Find the actual velocity of the ball relative to the
ground.
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stream with the bank, find
() the distance where he lands from the point directly opposite A,
(b) the time taken to cross the river.

9

An aeroplane can fly at 300 km h™" in still air and there is a wind blowing from the

direction 060° at a constant rate of 40 km h™'.

(a) What course should the pilot take to reach an airfield 200 km due N of his starting
point?

(b) If he takes this course, how long will the flight last?

(¢) What course should be taken for the return flight (the wind being as before) and
how long will this flight last?

=

The speed of a helicopter in still air is v km h'. The pilot leaves A and flies on a
course 067°. There is a wind of 50 km h™' blowing from the direction 020°. After 45
‘minutes, the helicopter is above a point B which is due E of A. Find

(a) the value of v to the nearest km h-',

(b) the distance AB.

RELATIVE VELOCITY

Consider two acroplanes A and B flying at the same height. A s flying at 200 km - due
N and B at 400 km h™' on a course 030°. These are their velocities relative to the ground
and are their true velocities. To the pilot of A, however, B will scem to have a different
velocity because he himself is moving. We call this apparent velocity, the velocity of B
relative to A and we write this as BvA. Similarly B will sce A moving with the velocity
of A relative to B or AvB.

In geperal, suppose a represents the velocity of A and b the velocity of B (Fig. 21.13).
Then OA =aand OB = b.

Fig. 21.13

Let us reduce A to rest (theoretically) by introducing a velocity -a. A is now not moving.
In order o preserve their relative position, we must also give B the same velocity —a. B
mow his 2 velocities, b and —a and the resultant of these is OR. OR represents the velocity
of B as seen from A (as A is not moving). But OR = AB = b - a, Hence the velocity of
B relative to A is b —a or BuA = b - a. Similarly, AvB =a - b.

an



We can now find ByA for the two acroplanc. From Fig. 21.14,
| Bvk |2 = 2007 + 4002 - 2 x 200 X 400 x cos 30°
giving | BvA | = 248.

N

Fig. 21.14

Also Sn0 _ sin 30" giving 6 ~ 23.8°.

Therefore ZNAB = 30° + 23.8° = 53.8°.

Hence the velocity of B relative to A is 248 km h'' in the direction N53.8°E.

Note: Problems on relative velocity may also be solved by drawing if the rubric of the

question does not forbid it (see Example 6).
B

[We can also work with unit vectors as follows:
Take i along OF and j along ON (Fig. 21.15)
a=200
and b = (400 sin 30°)i + (400 cos 30°)
= 200i + (200 V3)j

So Bvi =b-a 200
§ |30

—

400

00 + (200 V3 - 200)j
= 200i + 146.4 Fig. 2115

—s

Hence | =200 + 146.4 (Fig. 21.16)
L=
giving | BvA |2 =248

and un g = iy giving o ~ S3.8°.

Hence BvA is 248 km b in the

o 146.4)
direction N53.8°E as before.]

Fig. 21.16

o 2000 E
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Example 4

Rain is falling vertically at S km k', A man is sitting by the window of a train
travelling at 40 km i In what direction do the raindrops appear to cross the windows
of the train?

(rain relative to train)
r-t

40
(train)

Fig. 21.17

The vectors are shown in Fig. 21.17.

‘The velocity of the rain relative to the train =
Sotan @
‘Thus the rain drops appear to cross the windows at 7.1° to the horizontal.

3 giving 0 =7.1°

Example 5

A ship is sailing due north at a constant speed of 12 knots. A destroyer sailing at 36
knots is 30 nautical miles due east of the ship. At this moment, the destroyer is ordered
1o intercept the ship. Find

(a) the course which the destroyer should take,

(b) the velocity of the destroyer relative to the ship,

(c) the time taken for the destroyer to reach the ship.

[It is assumed that both the ship and the destroyer do not change their velocities.]

N

C
|
12 fs is
1
Q

T >~ v 1

Fig. 21.18 —~J

Fig.21.18 shows the positions of the ship S and the destroyer D. We reduce S to rest
by introducing a velocity of 12 knots due south to both S and D. Then the course of
D is DC and, to intercept S, its track (D’I") must_lie along DS.
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(@) From ADTC, sin 0 = 32 giving 0 = 19.5°.
Hence the course the destroyer should take is 270° + 19.5° = 289.5°.
(b) The velocity of D relative to S is
—
B = bF
Therefore | Dv3 |2 = 362 - 127 giving | Dv3 | = 33.9.
Hence DrS is 33.9 knots due W.
(c) Time taken = 535 h = 53 min.
Hence the destroyer will intercept the ship in 53 minutes.
[By vectors, take i along DT and j along TC, then
DS =d-s
ie. vi= (36 cos )i + (36 sin 0)) - 12§
= (36 cos B)i + (36 sin 0 - 12)j
Therefore 0 = 36 sin 8 ~ 12 (equating the j components)
ie. sin@= 12 giving 0= 19.5° as before.
Also v =36 cos 8 = 339.

Hence ﬁ is 33.9 knots due W and the time taken can be calculated as before.

Example 6
To aman travelling in a car in the direction 060° at 40 km h™, the wind appears to be

blowing from the east at 10 km k. Find, by drawing or calculation, the true velocity
of the wind.

N —

Fig. 21.19.

1 By calculation (using trigonometry)

Py
Fig. 21.19 shows the vectors: OC = velocity of car, OW = true velocity of wind and
CW = WaC (the velocity of the wind relative to the car).

Since Wyl = OW - OC
OW = Wit + 6C
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By the cosine rule,
S 12 cving | G
| OW |2 = 40 + 107 — 2 x 40 x 10 X cos 30° giving | OW | = 31.7.
in 0 e .
Also, 32 = 83 giving 6 = 9.1°.
Hence the truc velocity of the wind is 31.7 km h™ towards the direction (60° — 9.1°)
= 50.9° or from the direction 230.9°.
2 By calculation (using vectors)
[By vectors, take i along OF and j along ON.
GC = (40 sin 60%)i + (40 cos 60°)j = (20 V3)i + 20
WiC =-10i
OW = OC + Wi = (2043 - 10)i +20j
> i
| OW | = (20 V3 - 10)* + 20° giving | OW | = 31.7.
203-10
20

Also, tan p = giving ¢ = S0.9°.

‘Thus we obtain the same results as before.

3 Firstdraw a sketch and label it with all the information given (it should be a rough
version of Fig. 21.19). The actual drawing must be done carefully. Choose @
suitable scale to ensure reasonably accurate results, say | cm for 4 km hr'.
Draw a north line ON as in Fig. 21.19.

From O, draw OC 10 cm long with ZNOC = 60°.
From C, draw CW 2.5 cm long parallel to OE.
Join OW.

Measure OW (and convert to km h') and ZNOW.
Compare with the calculated values above.

Exercise 21.2 (Answers on page 649.)

1 Acroplanc A is flying due N at 150 km L. Acroplane B is flying duc E at 200 km -,
Find the velocity of B relative to A.

2 Two cars A and B are travelling on roads which cross at right angles. Car A is
travelling due east at 60 km h", car B is travelling at 40 km h™' due north, both going
towards the crossing. Find the velocity of B relative to A. [The magnitude and
direction must be given].

3 A passengeris on the deck of a ship sailing due east at 25 km hr'. The wind is blowing
from the north-cast at 10 km h-'. What is the velocity of the wind relative to the
passenger?

4 A road (running north-south) crosses a railway line at right angles. A passenger in a
car travelling north at 60 km h™' and 600 m south of the bridge, sees a train, travelling.
west at 90 km h™', which is 800 m east of the bridge. Find the velocity of the train
relative to the car.
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5 To aman in a car travelling at 20 km h-! north-east, the wind appears to blow from
the west with speed 16 km h". Find the true velocity of the wind.

6 Acroplane A is flying at 400 km h-' north-east and sees acroplane B which is
apparently flying north at 500 km h-'. What is the true velocity of B?

7 An unidentified aircraft is reported as flying due north at 500 km h™'. A fighter plane,
which is 100 km on a bearing of 225° from the unknown plane is ordered to contact
it. If the fighter can fly at 800 km h~', what course should it take? After how long will
it be in contact?

8 A man on a ship steaming due south at 12 km ' sees a balloon apparently travelling
due west at 15 km h™'. Find the true velocity of the balloon.

9 Two ships A and B are 30 km apart with B due south of A. A s sailing at 10 km h™*
in the direction 120° while B is sailing at 15 km h-' in the direction 045°.
(a) Find the velocity of A relative to B.
(b) Calculate the time taken for B to be due west of A.

A helicopter is flying on a course 060° with speed 100 km h". An aeroplane, which
is 50 km due east of the helicopter, can fly at 200 km h'. What course should the
acroplane take to intercept the helicopter?

=

1 Toa ship sailing due N at 20 km h-' another ship appears to be moving with a velocity
of 12 km h™" in the direction 120°. Find the true velocity of this ship.

2 A ship A is heading north ar 20 km h-' and at 1200 h is 50 km south-east of a ship B.
If B steers at 25 km h™' s as to just intercept A, find
(a) the direction in which B must travel,
(b) the time when the interception takes place.

13 A man s walking along a horizontal road at 1.2 m . The rain is coming towards him
and appears to be falling with a speed of 4 m s-! in the direction which makes an angle
of 60° with the horizontal. Find the actual speed of the rain and the angle this speed
makes with the horizontal.

Find the speed and the angle with the horizontal which the rain would appear to
make if he walked at the same speed in the opposite direction.

SUMMARY

® Composition of velocities
1f @ body has 2 velocities a and b, the resultant
velocity ¢ is given by c=a +b. Ifa
and b are represented by the sides of a
parallelogram, then ¢ is represented by the
diagonal as shown in the diagram.
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® Resolution of velocities.

g Fig. 21.21
Itis useful to resolve a velocity r into 2
perpendicular components, usually along the y
x- and y-axes. Unit coordinate vectors i "
and j are often used as shown in the diagram. a
Also|r|=r=NFr g ]
x
p=rcos®,q=rsindandtan b =7 o
® Notation Fig. 21.22
————> course vector
——>>  wind/current vector
——>>>  track vector
The track vector is the resultant of the other 2 vectors.
(course) (wind/current) (track)
® Relative velocity
£ =
BvA means the velocity of B relative to A. b g
i
BiA=b-a
where b = velocity of B e
and a = velocity of A, Fig. 21.23

REVISION EXERCISE 21 (Answers on page 649.)

1 Ariveris 160 m wide and runs at 1.2 m s-' between straight parallel banks. A man can
row at 2 m 5™ in still water.
(2) Ifhe rows in a direction perpendicular to the banks, how far downstream will he
land?
(b) At what acute angle (to the nearest degree) to the bank should he now row to
return to his starting point?

2 A small aeroplane can fly at 200 km h" in still air. There is a wind of 50 km h-! from
the east. If the pilot wishes to fly due south, what course should he take and what is
his ground speed?

‘The pilot keeps this course but the wind changes and the pilot finds that his ground
speed is 200 km h-'in the direction 190°. Calculate the new velocity of the wind.
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3 An acroplane can fly at 300 km h! relative to the air. If there is a wind of 60 km -t
from the east, what s the least time in which the acroplane can reach a point 600 km
south-west of its starting point?

4 An acroplane has a speed of V km b in stil air and there is a wind of ¥ km h-!
blowing from the NE. Find the course that must be taken if the pilot wishes to reach
a point due east.

5 A destroyer detects the presence of a vessel at a range of 30 nautical miles on a bear-
ing of 060°. The vessel is steaming on a course of 150° at a speed of 15 knots. If the
destroyer steams at 22 knots determine either by drawing or by calculation the course
the destroyer must steer so that ts velocity relative to the vessel is in a direction 060°.
Hence determine the time taken for the destroyer to intercept the vessel if neither
changes course. ©

6 A helicopter whose speed in still air is 40 km h™", flies to an oil platform 60 km away
on a bearing 060°. The wind velocity is 15 km h-! from due north. Sketch a suitable
triangle of velocities and find
(i) the bearing on which the helicopter must fly,

(i) the time taken to reach the platform. ©

7 Two canoeists, A and B, can paddle in stll water at 6 m s and 5 m s°! respectively.
They both set off at the same time from the same point on one bank of a river which
has straight parallel banks. 240 m apart, and which flows at 3 m s-'. A paddles in the
direction that will take him across the river by the shortest distance whilst B paddles
in the direction that will take him across the river in the shortest time. Determine
(i) the direction in which A must paddle.

(ii) the direction in which B must paddle,
(iii) the time taken by each canoeist,
(iv) the distance between the points at which they land. ©

8 A plane flies in a straight line from London to Rome, a distance of 1400 km on a
bearing of 135°. Given that the planc’s speed in stil air is 380 km h™, that the wind
direction is 225° and that the joumney takes 4 hours, determine
(i) the wind speed,

(ii) the direction the pilot should set for the flight.
Find also the direction the pilot should set for the return flight, assuming that the
speed and direction of the wind remain unchanged. ©

9 A tanker is sailing on a fixed course due west at 30 km h''. At a time of 0900 a
destroyer wishing to refuel is 160 km away on a bearing of 225° from the tanker. If
the destroyer travels at 60 km h™', determine
(i) the direction in which the destroyer should travel in order to reach the tanker,
(ii) the time at which the destroyer reaches the tanker. (©)

0 A cyclist is travelling due north at 20 km h-' and finds that the wind relative to him
appears to be blowing from a direction 040° with a speed of 30 km h-'. Find the true
speed and direction of the wind.
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Assuming that the speed and direction of the wind remain unchanged, find the
speed of the wind relative to the cyclist when the cyclist is travelling due south at
20 kmh'. ©

An aircraft A is flying due east at 600 km h-' and its bearing from aircraft B is 030°.
If aircraft B has a speed of 1000 km h™ find the direction in which B must fly in order
to intercept A. If the aircraft are initially 50 km apart find the time taken, in minutes,
for the interception to occur. (©)

An aircraft whose speed in still air is 300 km b flies from A due north to B and back,
where AB = 500 km. The wind velocity is 120 km ' from 240°. Find

(i) the bearing on which the aircraft must fly for the outward joumey,

ii) the time of flight of the outward journey,

(iii) the bearing on which the aircraft must fly for the return journey. ©

An aircraft is flying from a point A to a point B 400 km north-cast of A, and a
wind is blowing from the west at 50 km h-l. The speed of the aircraft in still air is
300 km h'. Find

(i) the direction in which the aircraft must be headed,

(i) the distance of the aircraft from B one hour after leaving A. ©

(@) An aircraft flies in a straight line from a point A to a point B 200 km east of A.
There is a wind blowing at 40 km h-! from the direction 240° and the aircraft
travels at 300 km h" in still air. Find
(i) the direction in which the pilot must steer the aircraft,

(ii) the time, to the ncarest minute, for the journcy from A to B.

(b) To an observer in a ship sailing due north at 10 km h-!, a second ship appears to
be sailing due east at 24 km h-'. Find the magnitude and direction of the actual
velocity of the second ship. ©

When a man walks at 4 km h" due west, the wind appears to blow from the south.

When he walks at 8 km h~' due west, the wind now appears to blow from the south-

west. Find, by drawing or calculation, the true velocity of the wind.

Two ships A and B leave a harbour at the same time, A sailing due N at 20 km h™',

B sailing at 25 km h! in the direction 060°. Calculate

(@) the velocity of B relative to A (stating the magnitude and direction),

(b) the bearing of B from A in the subsequent motion,

(©) the distance between the ships after 2 hours of sailing.

An aeroplane has a speed of V ki h™ in still air and flies in a straight line from A to

B. There is a wind of speed 3V km h™! blowing from a direction making an angle 8

with AB where sin 8 = §. Find

(a) the angle which the course to be taken makes with AB,

(b) the ground speed in terms of V.
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18 A plane is scheduled to fly from London to Rome in 1 hours. Rome is 1400 km from
London and on a bearing of 135° from London. Givén that there is a wind blowing
from the north at 120 km h-' find, by calculation or drawing,

(i) the speed of the plane in still air,

(ii) the course which the pilot should set.

Assuming that the velocity of the wind and the speed of the plane in still air remain
unchanged, find

(i) the course which the pilot should set for the return journey.

(iv) the time taken, to the nearest minute. ©

19 (@) An aircraft is flying due south at 350 km h". The wind is blowing at 70 km h-*
from the direction 8°, where 8 is acute. Given that the pilot is steering the aircraft
in the direction 170°, find
(i) the value of 6,

(ii) the speed of the aircraft in stil air.

(b) A man who swims at 12 m s in still water wishes to cross a river which is
flowing between straight parallel banks at 2 m s™'. He aims downstream in a
direction making an angle of 60° with the bank.

Find

(i) the speed at which he travels,
(ii) the angle which his resultant velocity makes with the bank. ©)

20 (a) Two particles, A and B, are 60 m apart with B duc west of A. Particle A is
travelling at 9 m s™ in a direction 300° and B is travelling at 12 m s™' in a direction
030°. Find
(i) the magnitude and direction of the velocity of B relative to A,

(ii) the time taken for B to be due north of A.

(b) A wind is blowing from the direction 320° at 30 km h\. Find, by drawing or by
calculation, the magnitude and dircction of the velocity of the wind relative to a
man who is cycling due east at 18 km h.
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Projectiles

In the previous Chapter, we dealt with motion of a body in a plane where the body has 2
or more velocities. No acceleration was involved.

We now take the discussion of motion in a plane further by considering the effect of
gravity on the moving body. As in earlier work, we shall ignore resistance in our
discussion.

PROJECTILES

If we throw a ball at an angle to the horizontal (not vertically — vertical motion under
gravity was discussed in Chapter 20), the path of the ball will look like the curve in Fig.
22.1. The ball s a projectile and the path is a parabola.

H

Fig. 22.1

I
1
1
I
|
o M R

The ball is projected from O, with speed u, at an angle 6 (called the angle of
projection) to the horizontal. H is the highest point reached and HM is the axis of the
parabola. The ball reaches the ground again at R where OM = MR. OR is the range and
the time taken from O to R is the time of flight.
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VELOCITY COMPONENTS

‘The principle used in dealing with the motion is that the horizontal and vertical compo-
nents of velocity are independent. The initial horizontal and vertical components of u are
 cos 8 and u sin @ respectively (Fig. 22.2).

o

using

Fig. 222 ! L.

using

ucos o

The horizontal component u cos 8 is not affected by gravity and thus remains constant.
‘The vertical component is affected by gravity and changes continually as the projectile
has an acceleration g vertically downwards. At any point P of the path, reached after time
1, the vertical component will be u sin 8 — g (from v = u + ar).

So the components of velocity at time ¢ are:
horizontal component: V, = u cos 8 @
vertical component : V, = u sin 8 - gt (i)

‘The velocity v at P will actually lie along the tangent at P.

In usual vector notation where i and j are unit vectors along the x- and y-axes
respectively,

v = (u cos 0)i + (u sin 0 - gn)j

At R, by symmetry, the vertical component of velocity will be u sin © downwards.

Coordinates
‘The coordinates of P at time ¢ referred to O (Fig. 22.3) will be

x = (ucos B) (i)
and y=(usinO) - g (iv)
from s = ut + Jar?).
(from ar) Py
x R

Fig. 223 223

483



Hence if r is the position vector of P,

© = [u cos )i + [(u sin 0) — 3grlj

Greatest Height
At the greatest height (h
=0

) at H (see Fig.22.1), the vertical component of velocity

i.e. u sin © - gr = 0 (from (ii))
]

giving 1 = 13

(time taken 10 reach the maximum height).

Substituting this into equation (iv) gives

y:“ine<u~;ne) CLe(n ;na): _

wsint
2%

ie. greatest height, i,

)

Time of Flight

The time of flight, 7, is obtained at R when the vertical displacement is zero (see
Fig. 22.1),ie.y=0

or (usin O)f - Jgr =0 (from (iv))
giving 1=0GOyorr= 2400 ()
ie. time of flight, T = l“"%““ i)

Note that this is twice the time taken from O to H (see previous section on greatest
height).

Horizontal Range

‘The horizontal range R, is obtained by substituting the time of flight, 7 into equation (iii),
thus:

x= (ucos O)( 23

=2 5in6cos 0
=
2

sin 20 (since 2 sin @ cos © = sin 20)

g' sin 28 (vii)

From this equation, we can find the angle of projection for which the range is a
maximum.

iie. the horizontal range R,

00
59,

Hence the range is maximum when the angle of projection 8 = 45°.

Since the maximum value of sin 26 = 1, 26
ie.
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‘The maximum range is then R = % (viii)

In solving problems, you may make use of the equations (i) to (viii), but these must be
‘memorized. Alternatively, this can be avoided by using the principle of independence and
working from the beginning with the values given. In the first example that follows, we
will use both alternatives. As in previous work, we will take g as 10 m s unless stated
otherwise.

Example 1
A particle is projected from O with speed 30 m s at an angle of 30° to the horizontal.
Find

(a) the time of flight,

(b) the range on the horizontal ground,
(¢) the maximum height reached.

°t

305in30°
Fig. 224

30 cos 30°
(a) Using equation (vi), the time of flight is
2 % 30 x sin 30°
T= I T 3s
(b) Using equation (vii), the range is
307 x sin(2 x 30°)
R, = 220G XI0 - 779 m (10 3 sig. fig.)
() Using equation (v), the maximum height is
_ 302 xsin® 30° _
b, =X a5 m
Alternative solution
‘The initial components of velocity are
30 cos 30° = 15V3 m 5™ horizontally
and 30 sin 30° = 15 m 5! vertically.
(a) Consider the vertical motion.

The time of flight is obtained when the particle is at R. AtR, the vertical displace-
‘ment from O is zero.
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Using s = ut + %m’

we have 0= 151 - 5 x 10x¢
giving 1=0 (at Oyor £ =3 (atR).
Therefore, time of flight is 3 5.

(b) Now consider the horizontal motion.
The horizontal range is obtained when ¢ = 3 s (time of flight).

Therefore, R, = 15 Y3 x 3= 77.9 m (to 3 sig. fig.).

(c) Formaximum height, we consider the vertical motion again. At maximurm height,
the vertical velocity is zero.

Using 2as = - 22,
we have 2(-10)s = 0 - 15% giving s = 11.25 m.
Therefore the maximum height is 11.25 m.

Example 2

Aball is thrown with a speed of 20 m 5! and hits the horizontal ground 20 m away.
Find the angle of projection 6.

9| =

20sin 91
Fig. 225 A

20c0s 0 o 0m R
‘The horizontal range = 20 m
Using result (vii), 22" sin 26 = 20 giving sin 20 = 5
Therefore 26 = 30° or 150° i.e. 8 = 15° or 75°.

So there are 2 possible angles of projection (15° and 75°) for a given range. (Note that
these add up to 90°. This is generally true except when the range is a maximum, in
which case there is only one angle of projection, viz. 45° (Fig. 22.6).)

0+@=90°

Fig.22.6
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Example 3

A golf ball is struck at an angle 8 where tan 8= %, with an initial speed of 25 m s°'.
in

(a) when the ball is at a height of 15 m above the ground,

(b) the distance between the positions of the ball when it is 1S m above the ground.

25sing
Fig. 22.7 o
250050

Iftan 6

§.then sin 6= § and cos

(2) Consider the vertical motion.
When the ball is 15 m above the ground (at P and Q) at time 7, we have
(using s = ut + }ar),
15 = (25 sin O) + L(-10)2
ie 15=25(%)1-s¢
5#-200+15=0
F-dr+3=
t-1)r-3)=0
giving r=1,3

3

Hence the ball is 15 m above the ground 1 s and 3 s after being struck.
(b) The horizontal displacement after 15,

5,=@5cos0)1=25(3) =15

‘The horizontal displacement after 3 s,

5,= (@25 cos 0)3=25(2)3 =45

Hence the distance between P and Q is s, — 5, = 30 m.
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Example 4

From the edge of a cliff 60 m high, a stone is thrown into the air with speed 10 m 5™
at an angle of 30° to the horizontal (Fig. 22.8). Find

(a) the time of flight,

(b) how far from the foot of the cliff it strikes the sea,

(c) the velocity with which it strikes the sea

Fig. 228

‘The initial components of velocity are 10 cos 30° (= 5 V3) horizontally and 10 sin 30°
(= 5) vertically (upwards).
At time 1, the coordinates (referred to O) are
x=(5V3)rand y = 5t - 5¢.
(2) When the stone reaches the sea, y = ~60.
So 5t-57=-60 ic. - —12—0
or (1-4)(+3)=0 givingr E)
Hence the time of flight is 4 s (-3 is ot valid).
(b) When 1=4,x=(5V3)x4=20V3 =346
Hence the stone strikes the sea 34.6 m from the foot of the cliff.

(¢) When it strikes the sea at R, the horizontal component of the velocity remains
unchanged at 53 m s°'. The vertical component v m s is given by

- 10@4) =35
Hence the vertical component is 35 m s” downwards (Fig.22.9).
A 53
o
35

Fig. 229 S
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Therefore the magnitude of the velocity = V(5 V3)* + 35 = 36 and the angle 6 it
makes with the horizontal is given by

. N
n 0= = giving 6=76°.

Hence the stone strikes the sea with a velocity of 36 m s~ at 76° to the horizontal.

Exercise 22.1 (Answers on page 650.)
[Take g = 10 m 52 in numerical questions.]

1 For each of the following projectiles with an initial speed V at an angle 8 to the
horizontal as given below, find (a) the time of flight, (b) the range and (c) the maxi-
mum height reached.

@ V=10V2ms', 0=45
(i) V=12ms",0=30°
(i) V=30ms" tan 6= 3

(V) V=26ms", an0=3

~

A particle is projected from a point O on horizontal ground with a speed of 30 m s

at an angle of 8 1o the horizontal where tan 8 = §.

Find (a) the time of flight, (b) the magnitude and direction of the velocity of the

particle after 4 seconds.

3 If a ball is thrown upwards with speed 12 m 5°' at an angle of 30° to the horizontal,
at what times afier the start is it 1 m above the ground? What is the maximun height
reached?

4 A stone is thrown with speed 12 m s' at an angle of 60° to the horizontal but hits a

vertical wall 9 m away. How high above the ground does it hit the wall?

n

A ball is thrown at an angle of 60° to the horizontal with a speed of 15 m s™'. At what
times after the start is it moving in a dircction making an angle of 45° with the
horizontal?

6 A rifle is held horizontally and aimed at the centre of a target 100 m away. If the
bullet emerges with speed 400 m ™!, how far below the centre of the target does it hit
the target?

7 A ball is thrown from a height of 5 m above level ground with a speed of 10m s at
an angle of 30° to the horizontal. After what time does it strike the ground and how
far horizontally s this? At what angle does it strike the ground?

4

8 A stone is thrown at an angle 6 (tan 0 = ) to the horizontal so that it just passes over
the top of a wall 3 m away horizontally. If it takes 3 s to reach the top of the wall, find
(a) the speed of projection,

(b) the height of the wall.
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SUMMARY

using

ucosh

u = initial velocity

6 = angle of projection
horizontal range

H = highest point reached
h,,, = maximum height

o
=
n

Initial components of velocity: U, = u cos 0

Ul =usin®

Components of velocity at time r: V, = u cos 8

V. =usin®-gr

Coordinates at time r: (u cos B)r

y = (u sin 0)r —
Time of flight: 7= 2usnb
Horizontal range (OR): R.= "% sin20
Maximum range: R.="% (when @ =457)
Maximum height: b=

wsin
¥

(Note: The time taken to reach maximum height = § the time of flight =
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REVISION EXERCISE 22 (Answers on page 650.)

1 A particle is projected from a point O on horizontal ground and moves freely under
gravity. When the particle is at a horizontal distance of 12 m from O, it achieves its
greatest vertical height which is 8 m.

Calculate

() the angle to the horizontal at which the particle was projected,

(b) the speed of projection,

() the time from leaving O which elapses before the particle again reaches ground
level,

(d) the horizontal range. [5)

2 A gun fires shells with speed 280 m 5™ from a point of a horizontal plane. The shells
move freely under gravity. Prove that the greatest range on the plane is 7840 m and
state the angle of elevation at which a shell must be fired for this maximum range.

A target on the plane is at a distance of 3920 m from the gun. Find the smaller
angle of elevation at which a shell should be fired in order to hit the target. Find also
the greatest vertical height attained by this shell during its flight. o

3 A particle is projected horizontally at 35 m s from the top of a cliff which is 80 m
above sea level.
(a) Show that the particle strikes the water after 4 seconds.
(b) Find the horizontal distance travelled by the particle before it strikes the water.
(c) Find the vertical component of the velocity of the particle when it strikes the

water.
(d) Hence find the angle made by the path of the particle with the horizontal when
the particle strikes the water. w

4 An aircraft A is flying with constant velocity 100 m s in a straight line and at a
constant height of 980 m over the sea. At the instant when A is vertically above an
anchored observation ship'S, a bomb is released. The bomb falls freely under gravity
and hits the sea at a point T.

(@) Explain why A is vertically above T at the instant when the bomb hits the sea.

Calculate

(b} the time taken by the bomb to reach the sea from the instant of release from the
aircraft,

() the distance of T from S,

(d)  the vertical component of the velocity of the bomb at the instant when the bomb
hits the sea. @

5 A projectile has an initial speed of 84 m 5! and rises to a maximum height of 40 m
above the level horizontal ground from which it was projected. Calculate
() the angle of projection,
(b) the time of flight,
(0) the horizontal range. [}



i) lh: magnitude and direction of the velocity of the projectile 4 seconds after

ring,
(i) |h= range of the projectile on the horizontal plane through the point of
projection. ©)
10 From the top of a building 45 m high a stone is projected upwards with speed V m s

at an angle of 30° to the horizontal. Two seconds later another stone is let to fall from
rest. If the stones reach the ground at the same time, find the value of V.

Fig. 22.11 shows an end view of a house. A particle s projected from the topmost
point T horizontally with speed V m 5™ If it is not to hit the roof again, what is the
‘minimurm value of V?

Vms

Fig. 22.11

12 A target s set on a hillside and is 50 m horizontally from a point O on ground level.
A man tries to hit the target by firing from O at an angle of 60° to the horizontal, the
speed of the projectile being 40 m -1 If he hits the target, what is its vertical height
above 07

To knock the target over, the projectile must have a speed greater than 25 m s-1.
Can he do this?

o

A golf ball s struck from a point A on level ground with speed 35 m 5™ at an angle
of 8 to the horizontal where sin 8 = £, Two seconds later, another ball is struck from
a point very close to A and both balls hit the ground at the same time and at the same
place. Find the initial speed and direction of the second ball.

=

A stone attached 1o a string is swung in a vertical circle of radius | m whose centre
is 1.5 m above the ground. When the stone has completed 2 of a revolution starting
from the highest point of the circle, the string breaks and the stone flies off along the
tangent at that point with speed 23 m ™. How far horizontally from the centre of the
circle does it hit the ground?

5 A ball is projected from a point O at an angle 8 to the horizontal. Simultaneously, a
stone is dropped from a point P which is 36 m horizontally and 48 m vertically from
0. If the ball and stone collide, show that tan 6 = 3.



16 A particle is projected from a point A on level horizontal ground with 2 speed of
40m s at an angle 0 to the horizontal where tan = <. Find
(i) the maximum height reached,
(ii) the time taken first to reach a height of 44 m above the ground,
(iii) the speed of the particle after 1 second.
Determine, with full working, whether or not the particle will clear a vertical wall,
10 m high, the base of which is 144 m away from A. ©

17 A particle is projected from a point A on level horizontal ground with a velocity which
has a horizontal component of X m s~ and a vertical component of ¥ m s-\. After 4 s
the particle passes through a point that is 40 m higher than A and at a horizontal
distance of 180 m from A. Calculate
(i) the value of X and of ¥,

(i) the speed of projection,

(iii) the angle of projection,

(iv) the greatest height reached.

Given that the particle hits the ground at B, calculate

(v) the time taken to reach B,

(vi) the horizontal distance AB. ©

18 A particle is released from rest at the highest point A of a smooth plane which is
inclined at © to the horizontal, where sin © = 2. The particle slides down a line of
steepest slope and leaves the plane at its lowest point B, where AB is 3 m. Show that
the particle reaches B with a speed of 6 m s~ and hence find the vertical and horizontal
components of the velocity of the particle at B

Fig 22.12

On leaving B the particle travels as a projectile under the action of gravity, striking the
horizontal plane through C at the point £. Given that B is 11 m vertically above C.
calculate

(i) the vertical component of the velocity of the particle at P,

(ii) the magnitude of the velocity of the particle at P,

(iii) the inclination to the horizontal of the path of the particle at ,

(iv) the time taken for the particle (o travel from B o P,

(v) the distance PC. ©
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Weight

If Lhold a brick, I feel it exerting a downward force on my hand. If I let go, the brick will
fall to thie ground. The force I felt on my hand is now free to pull the brick towards the
ground. This force, the gravitational attraction of the earth on the brick is called the
weight of the brick. It always acts vertically downwards (towards the centre of the earth).
The weight of a brick of mass 2 kg is about 20 N (Fig.23.3). This will give some idea of
the size of the Newton. In fact, a mass of m kg will have a weight of mg N (= 10m N).
‘We shall assume this for the rest of this chapter and discuss it further in the next chapter.
Note that weight is the one inescapable force on earth. All bodies have weight.

weight

Fig.23.3 20N

‘The weight of a body acts through a point called the centre of gravity (CG). For sym-
metrical bodies, the CG is at the centre of symmetry. For example, the CG of a cube is
at its centre, the CG of a long uniform rod (same cross section throughout) is at the
‘geometrical centre of the rod. The CG of a thin rectangular plate (called a lamina) is at
the intersection of the diagonals and similarly for a parallelogram.

Reaction

If I place the brick, of weight 20 N, on a horizontal table, it does not move. We say that
the brick is in equilibrium. Now it would be unrealistic to assume that the gravitational
attraction has ceased, so there must be an opposing force exactly equal to 20 N, acting
vertically upwards and also through the CG (Fig.23.4(a)).

Reaction 20 N
Weight
20N

P 254 (@ Feacion 20N Weight 20 N

‘This is the normal reaction on the brick from the table, normal in the geometrical
sense ofbeng at right angls 0 the common surface. Sometimes hs for i alld the

di we show only the f ting on a body, so Fig.23.4(b)
shows the forces on |.hc brick. Note also that the dimensions of the body are not relevant
in this context. The brick is treated as a particle.
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Tension

If 1 suspend the brick by a string (or spring) and the string does not break, the brick is
again in equilibrium (Fig.23.5).

Tension 20 N

Fig. 235 Weight 20 N 20N

In this case the force which equalizes the weight passes along the string and is called
the tension in the string. If using a spring, the weight will also strech the spring until the
equilibrium position is reached. (We regard the siring as being inextensible, i.c. any
stretch is too small to be noted.)

Friction

1 place the brick on a horizontal table and try to push it along (Fig.23.6).

Reaction 20 N

Push

Fig. 23.6 Weight 20 N

1 have to exert a force to o so. There is resistance to my push, called the frictional
resistance or simply friction. We study this in more detail later. In this situation there are
four forces acting on the brick. Note that the weight and normal reaction are still equal
and opposite and the brick is in vertical equilibrium. If I push harder, eventually I
overcome the frictional force and the horizontal equilibrium will be broken.



Thrust

If the brick is placed on a large strong spring, the spring will resist the weight with a force
called a thrust (Fig.23.7). This is a similar force to a tension, but acts in the opposite di-
rection.

Fig.23.7

All of the above are examples of forces, but they need not all operate together in any
given problem.

COMPOSITION OF 2 FORCES

Like velocities, forces as.vectors can be combined to produce a single resultant force
(Fig.23.8).
A c

o

Fig. 23.8
ig. o Y B

1f 2 forces P and Q are represented by the adjacent sides OA and OB of the parallelo-
gram, then the resultant force R is represented by the diagonal OC. The two forces P and
Q could be replaced by the single force R which would have the same effect.

Example 1
F, and F, are 2 forces acting on a particle O. F, has magnitude 5 N in direction N30°E

and F, has magnitude 8 N in direction E. Find the resultant of the 2 forces.

N
i
1
1
|
|
I
I

Fig. 239
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Example 3

Forces of magnitudes I N,2N.3N.4 N and 5 N act along the lines OA, OB, OC, OD
and OE respectively, where OABCDE is a regular hexagon. Find the resultant of the
forces.

Fig. 23.14

The forces acting are shown in Fig.23.14.
Take i and j along and perpendicular to OC respectively.

Sum of components along OC
= (1 cos 60° +2 cos 30° + 3 +4 cos 30° + 5 cos 60°)i = 11.2i

Sum of components perpendicular to OC
= (=1 sin 60° — 2 sin 30° + 0+ 4 sin 30° + 5 sin 60°)j = 4.5§

Hence the resultant force r = 11.2i + 4.5] (Fig.23.15).

Fig. 23.15 [ T

| r|?=11.2? + 4.5 giving | r | = 12.1.
The angle 8 which the resultant makes with OC is given by

tan 8= 5 giving 0= 21.9°
Hence the resultant is 12.1 N acting at 21.9° to OC.
We can also obtain the resultant graphically.
Let the forces along OA, OB, OC, OD, OE be a, b, ¢, d, e, respectively. A sitable
scale is chosen, say | cm : 1 N. We start by drawing a line to represent a in magnitude
and direction. (We can start with any force, the order is immaterial). Then we add the
other forces, one at a time, each force starting from the end point of the one before.
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Fig.23.16 shows the construction where a, b, ¢, d, e are the forces given above. The

resultant r is then represented by the line OR in magnitude and direction. By measure-
ment, we find that | r | = 12.1 and 6 = 22°.

Fig. 23.16

Hence the resultant is 12.1 N acting at 22° to OC (approximately the same as before).

Exercise 23.1 (Answers on page 650.)

1 Resolve the forces shown in each diagram (Fig.23.17) in the directions of the dotted
lines.

a N (@ (b) a
| %
! 3
i
60N (500 B
\S -
\
I W
Fig. 23.17 s



2 Find the resultant of the following forces, in magnitude and direction (Fig.23.18).

(e

(@) (6)
10N 30N Gon an
12N o
&N

(@)

10
10N\ 140°
20N

O]
60°
N 10N
Fig. 23.18

3 Find the sum of the components of the forces acting as shown in Fig.23.19 in the
direction of the dotted lines and hence find their resultants.

—

Fig. 23.19
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EQUILIBRIUM OF A PARTICLE

A particle under the action of 2 or more forces is in equilibrium if the resultant of the
forces (i.e. the vector sum of all applied forces) is zero. If a particle under the action of
2 forces is in equilibrium, then the 2 forces must be equal in magnitude but opposite
in direction.

TRIANGLE OF FORCES

Consider a particle acted upon by three forces P, Q and R as shown in Fig.23.21(a).

Fig. 23.21

The resultant of P and Q is represented by the diagonal OC of the parallclogram. The
particle will be in equitibrium if R is equal in magnitude but opposite in direction to the
resulantof Pand Q. _,

‘This means that OA + OB + OD = 0. This may be illustrated by the triangle shown in
Fig.23.21(b), where the three forces P, Q and R are represented in magnitude and
direction by the sides of the triangle taken in order (following on one after the other). This
important result is known as the triangle of forces. We restate this result more formally
thus:

If three forces act at a point and are in equilibrium, then they can be represented in

‘magnitude and direction by the three sides of a triangle taken in order.

‘The converse is also true:

If three forces acting at a point can be represented by the sides of a iriangle taken in
order. then they are in equilibrium.

Example 4

A particle of weight 4 N is supported by a string attached o a fixed point and is pulled
from the vertical by a horizontal force of 3 N. Find the tension in the string and the
angle which the string makes with the vertical.
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®)

Fig. 2322 N @

Let the tension in the string be T N. The forces acting on the particle are shown in
Fig.23.22(a). We now draw the triangle of forces (Fig.23.22(b)).

We then have T° = 3° + 4°
Also tan 0= 3, giving 6 = 36.9°.

iving T = 5.

Hence the tension in the string is 5 N and the string makes an angle of 36.9° with the.
vertical.

LAMI'S THEOREM
If three forces are in equilibrium, Lami’s theorem relates them to the angles between
their directions. (It is in fact a version of the sine rule.)

P, Q, R are three forces in equilibrium (Fig.23.23(a)) and they form a triangle of
forces (Fig.23.23(b)).

(@ ©
Fig. 2323 R

If the angle between P and Q in Fig.23.23(a) is v, then ZACB = 180° - y in
Fig.23.23(b) and similarly for the other angles.
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By the sine rule,

BC Ac ___AB
Sin(180° - )~ smusutm = Sin(180° - )

e, 2 =2
e e wp my (where P=|P|.Q=|Qand R =|R|)

as P, 0, R are proportional to BC, AC and AB respectively.

Example 5
A particle of weight 10 N is suspended by 2 strings. If these strings make angles of 30°
and 40° to the horizontal, find the tensions in the string Fig. 2524

Let the tensions in the strings be

T, N and T, N respectively (Fig.23.24)

Using Lami’s theorem,

L . _hL ____t_

sin(90° + 40°) sin(90° + 30°) sin 110°

giving T, = 8.2 and T, = 9.2.

Hence the tensions in the strings are 8.2 N and 9.2 N.

POLYGON OF FORCES
We can extend the idea of the triangle of forces to more than three forces acting at a point
in equilibrium if the forces are coplanar. This extension is called the polygon of forces.
If a number of forces acting at a point are in equilibrium then they can be represented in
magnitude and direction by the sides of a closed polygon taken in order. Fig.23.25(a)
shows forces P, Q, R, S, T which can be represented by the sides of the polygon ABCDE
in Fig.23.25(b).

Q

Fig. 23.25 s (@

The sides of the polygon may cross each other if this is necessary by the layout of the
forces, but must follow each other in order, that is, one force must begin where the
previous force ends. We may start with any force. Constructing a polygon of forces can
be used as a graphical method to solve problems involving more than three forces acting
ata point.
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Example 6

Five forces act as shown in Fig.23.26 and are in equilibrium. Find the magnitude and
direction of force P.

50N

Y

60N

Fig. 23.26 40N

We will solve this problem using 2 methods.

1 Graphical method
Construct the polygon of forces to a suitable scale (say 1 cm : 10 N). ABCDE is
drawn and then E is joined to A. EA would then represent the force P in
magnitude and direction. From the drawing, we find that P = 62 N at an angle 73°
to the 40 N force.

Fig. 23.27

~

Resolution of forces

Since the forces are in equilibrium, the resultant s zero, and hence its component
in any direction is zero. Take i in the direction of the 40 N force and j in the
negative direction of the 60 N force (Fig.23.26).

Resolving along the i direction, we have

(P cos 8 + 40 — 50 sin 60° -~ 30 sin 30°)i = 0 (where P = | P |)

giving P cos 8 = 18.30. [0)
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Resolving along the j direction, we have
(P sin 8- 60 - 50 cos 60° + 30 cos 30°)j = 0
giving P sin 0 = 59.02. (i)

The components of P are shown in Fig. 23.28.

59.02)

Fig. 2328 k=T

The magnitude of P = V18.30° + 59.02? = 61.8.
The angle 6 which P makes with the 40 N force is given by

un 6 = 395 giving 6~ 72.8°.

Hence P is 61.8 N making an angle 72.8° with the 40 N force.

Exercise 23.2 (Answers on page 650.)

1 Find the unknown forces and angles in Fig.23.29. The forces in each set are in
equilibrium.

P

150° Y7200 80N

(@) ®)

Fig. 2329 100N
(c) (d)



2 A particle M of weight 20 N is supported by two strings, MA and MB making angles
of 30° and 45° on opposite sides with the vertical through M. Find, by drawing or
calculation, the tensions in the strings.

3 A body of weight 40 N hangs from a string attached to a point on a vertical wall. The
string will break when its tension exceeds 50 N. If the body is pulled away from the
wall by a horizontal force P N, what angle does the string make with the vertical when
it breaks and what is the value of P?

4 Three forces acting at the origin O can be represented by the vectors OA, OB, OC
where A, B, C have coordinates (5,2), (-3,8), (-2,-10) respectively. Show that the
L

forces are in equilibrium. [
5 The three coplanar forces P N, 2P N and 20 N are in equilibrium as shown in
Fig.23.30. Calculate the value of P and of 6. ©)
PN
1209
2PN
®

Fig. 2330 20N,

6 Find the unknown forces in magnitude and direction in the following systems of
forces which are in equilibrium.
0N
30N
2008
[ 0
son
q
7 0N
10N 13 o
@ ®

Fig. 22.31
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7 Find the resultant in magnitude and direction of forces 10, 20, 30, 40 N acting in
directions 060°, 120°, 180°, 270° respectively.

8 Referred to rectangular axes with O as the origin, A is the point (4,3), B is the point
(12.5), C is the point (0.-6) and the same scale is used for the x- and the y-
coordinates. Forces of magnitudes 75 N, 65 N and 35 N act at O towards A, B and C
respectively. Find, by calculation or drawing, the magnitude of the resultant force and
the angle it makes with the x-axis. i)

9 Five strings are attached to a point in equilibrium and radiate horizontally from this
point. The tensions and directions of four of the strings are: 50 N, 060°; 40 N, 090°;
100 N, 270° 20 N, 330°. Find the tension in the fifth string and its direction.

10 Fig.23.32 shows a particle in equilibrium under the action of five horizontal forces.
Calculate the values of 8 and P.

2PN
2PN
4PN 9
o
3PN
Fig. 23.32 &N

11 The four coplanar forces in Fig.23.33(a) have the single force shown in Fig.23.33(b)
as their resultant. If tan ¢ = 3, find the value of P and of 9.

2PN/ 2PN N

Fig.23.33 PN @ ©

12 Forces of 8 N and P N act along the lines OA and OB where ZAOB is an obtuse
angle.
(a) If P =4, the resultant is perpendicular to OB. Find ZAOB.
(b) Find the value of 7 if the resultant is to bisect ZAOB.
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13 When the angle between two forces P and  is 60°, the magnitude of their resultant
is VIO N. When the angle is 120°, the magnitude is V7 N. Calculate the value of
P and of Q.

14 The following four coplanar forces acting at a point O are in equilibrium: 10 N in
direction 000%, 20 N in dircction 090°, @ N in direction (180 + )° (6 < 90) and £ N
in direction 300°.

(@ By d.niwmg a polygon of forces, find the possible values of P and of 8 when
) Ded ce the values of P and 6 if 0 is to be the minimum force to maintain the
equilibrium and find the value of Q in this case.

FRICTION
*Smooth” surfaces are often specified in problems. A smooth surface is a convenient
approximation in Applied Mathematics. In real life, however, it is not possible to obtain
such a surface. When one body moves over another, there is always some re:
motion, the frictional resistance between the two surfaces. The size of this resistance will
depend on the nature of the two surfaces in contact.

Consider a particle of weight W at rest on a rough horizontal plane (Fig.23.34).

A

Fig. 23.3¢ w

‘The normal reaction R of the plane on the particle has the same magnitude as W.

We now apply a horizontal force P, slowly increasing its magnitude from zero, to the
particle. The frictional force comes into operation when an attempt is made to move the
particle. This frictional force always acts to oppose the tendency to move. Initially the
particle does not move because the frictional force is equal (but opposite) to the applied
force. As the force P is increased, the frictional force also increases to equal the applied
force. Eventually, however, the frictional force reaches its maximum and a slight increase
in P will make the particle slide.

‘This maximum value of the frictional force F is called the limiting friction. From
experiments, we obtain the ratio

limiting frictional force _

normal reaction ¥
where the Greek letter j (read mu) is a constant quantity and is called the coefficient of
friction. The value of |1 depends only on the nature of the surfaces in contact and is
independent of the arcas in contact or the forces present. We can also write limiting
frictional force F = pR (where R = normal reaction).
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resolve the forces acting on the particle normal and parallel to the plane respec-
tively to obtain:

R =10 cos 30°
ie. R=5V3 @

and P + pR = 10 sin 30°
ie. P+ 2R=5 (i)

Substituting R from (i) into (ii), we have
P+ 3(5V3) =5 giving P ~ 154 N.
Hence the least force (parallel to the plane) required to hold the particle is 1.54 N.

b) In this case, when the particle is about to move upwards, the frictional force
F (= tR) acts down the plane (Fig.23.38).

Fig.23.38

Resolving forces as before, we have

R = 10 cos 30°
ie. R=5V3 (iii)
and P = 10 sin 30° + uR

ie. P=5+ 2R @)

Substituting R from (i) into (iv), we have
P =5+ 3(5V3) giving P = 846 N.

Hence the least force (parallel to the plane) required to make the particle move up
the plane is 846 N.

Note that the force in part (a) is considerably less than that in part (b).
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Exercise 23.3 (Answers on page 651.)
(Take g = 10 m 5%)
1 A mass of 4 kg rests on a rough table (4t = 0.4). Find the least force required to make
it move.

2 If a force of 10 N is just sufficient to move a mass of 2 kg resting on a rough
horizontal table, find the coefficient of friction.

3 A block of mass 300 kg is just pulled along rough horizontal ground by two equal
forces P N inclined at 30° to the line of motion. If the coefficient of friction is 0.6, find
the value of P.

4 Ablock of mass 1 kg is placed on an inclined plane of angle 60° and is just held there
at rest by a horizontal force P. If the coefficient of friction is 0.4, find P.

5 A body of mass 5 kg can just rest on a plane when the plane is inclined at 60° to the
horizontal. Find the force parallel to the plane required to push the body up the plane
if the inclination s reduced from 60° to 30°.

6 A horizontal force of 10 N just prevents a mass of 2 kg from sliding down a rough
plane inclined at 45° to the horizontal. Find the coefficient of friction.

7 A mass of M kg is slowly pulled up a rough inclined plane of angle 30° by a string
parallel to the plane. The coefficient of friction is 0.6. If the string will break when its
tension exceeds 100 N, what is the largest possible value of M?

8 A particle of mass M kg is placed on a rough inclined plane whose angle with the
horizontal can be changed. When this angle is 8, the particle just begins to slip. Show
that the coefficient of friction = tan .

9 A block of mass 5 kg is placed on a rough plane inclined at an angle o to the
horizontal where sin @ = 3. The coeffcient of friction between the block and the
plane is 2. A force © N acts on the block in an upward direction parallel to a line of
greatest slope of the plane.

Calculate
(i) the minimum value of Q which will prevent the block from sliding down the

plane,
(ii) the value of Q when the block is about to move up the plane. ©

-
s

A particle of mass 0.5 kg is at rest on a rough plane inclined at an angle 8 to the

horizontal where sin 6= 3. The particle is just prevented from sliding from the plane

by a force of 2 N applied in an upward direction parallel to a line of greatest slope of

the plane.

(i) Draw a figure showing all the forces acting on the particle.

(i) Calculate the coefficient of friction between the particle and the plane.

(iii) Calculate by how much the force of 2 N must be increased so that the particle is
about to move up the plane. ©
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SUMMARY
® Composition of 2 forces, P and Q

! )
1f OA represents P and OB represents Q, then the diagonal OC of the
parallelogram represents the resultant R.

Resolution of a force, F v
F can be resolved into 2 perpendicular
components:

x-component = (F cos 0)i

y-component = (F sin )j (Fsn ol
where F = | F|.

(F cos a)i

Coplanar forces acting at a point
The resultant can be found by first resolving all the forces in any 2
perpendicular directions and then recombining the components into one force.

Equilibrium of a particle

A particle under the action of 2 or more forces is in equilibrium if the resultant
of the forces is zero.

Triangle of forces

If three forces act at a point and are in equilibrium, then they can be represented
in magnitude and direction by the three sides of a triangle taken in order.

The converse is also true:

If three forces acting at a point can be represented by the sides of a triangle:
taken in order, then they are in equilibrium.

a
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6 Forces of 5 N and 3 N act along the sides AB, AC respectively of an equilateral
triangle ABC of side 12 m. Find the magnitude and direction of their resultant. (C)

7 (a) Two forces, P and Q, of 2 N and 6 N respectively have a resultant of 5 N.
Calculate the angle between P and Q.
(b) The following horizontal forces pass through a point O:
6 N in a direction 045°,
8 N in a direction 180°,
P Nin a direction 330°.
‘The resultant of these forces is in a direction 000°. Calculate
(i) the value of P.
(i) the magnitude of the resultant. ©
8 Two equal concurrent forces, each of F N, have a resultant of 6 N. When the
‘magnitude of one of the forces is doubled, the resultant becomes 11 N. Calculate the
value of F and the angle between the forces. ©
9 A.B,C,D,E, Fare the vertices of a regular hexagon. Forces of 10N, 10N, 5 N and
20N actat A in the directions AB, AC. EA and AF respectively. Find, by drawing or
calculation, the magnitude of their resultant and the angle it makes with AB.

10 A body of mass 4 kg lies on a rough horizontal plane. It is acted on by an upward force
f 26 N inclined at an angle o to the horizontal, where sin o= -3, If the body is about
to move, calculate the coefficient of friction between the body and the plane.

The force is now removed and the plane is tilted to an angle B o the horizontal, where

sinB= 2. A force P N acts in an upward direction on the body parallel to a line of

greatest slope of the plane. Given that the body is about to move up the plane,
)

calculate the value of P. ©
11 Three ropes are attached to a heavy block which is about to be pulled due N along
rough level ground. The ropes are pulled horizontally in the directions 350°, 000° and
030° with forces P N, 100 N and 160 N respectively. Find the value of P and the
resultant force acting on the block.
If the mass of the block is 80 kg. calculate the coefficient of friction.
12 A block of mass 1.5 kg is placed on a rough plane inclined at an angle o to the

horizontal where sin a = 0.6. The coefficient of friction between the block and the
‘The block is acted on by a force P N perpendicular to the plane and s on
the point of slipping downwards.

Draw a diagram showing all the forces acting on the block and calculate the value
of P. ©

13 A body of mass m kg s held in equilibrium on a rough plane, inclined at an angle 6
o the horizontal, by a force of P N, acting up a line of greatest slope.
When P = 15.6, the body is about to slide up the plane, and when P = 8.4, the body
is about to slide down the plane.
Given that tan 8 = 3, find the value of m and of 1, the coefficient of friction between
the body and the plane. ©

522



Newton’s
Laws of Motion

In this chapter, we shall discuss the relation between the force acting on a body and its
motion. It was Newton who first understood this relationship and who enunciated the
three laws of motion. Dynamies, which is the study of the effect of forces acting on a
body, is based on these laws.

NEWTON'S LAWS

Newton’s laws may be stated as follows:

First law:  Every body remains at rest or moves with uniform velocity unless it is made
to change this state by external forces.

Second law: 1f a force acts on a body and produces a certain acceleration, then the force
is proportional to the product of the mass of the body (assumed constant)
and Alsothe jon takes place in the di of the

force.
Third law:  To every action there is an equal and opposite reaction.

The first law disposed of a pre-Newtonian misconception that a force was required to
keep a body moving. It explains why a spacecraft once free of the earth's gravitational
field will continue to travel in a straight line with steady speed until it is affected by the
pull of another planet. It is not possible to attain this state on carth, as friction or air
resistance s always acting and gradually slows down any moving body.

The second law involves the concept of mass. The mass of a body is usually defined
as the quantity of matter in the body. Though this is not very helpful, the idea is
reasonably easy to grasp; that is, a small body requires less force to give it a certain
acceleration than a more massive one. Thus, if I push a certain truck with a certain force,
an acceleration will be produced. If I push two similar trucks joined together with the
same force, the acceleration will be halved as I am pushing an object twice the mass. The
standard unit of mass is 1 kg (kilogram) = 1000 g (gram). The second law can be written
symbolically as follows:

Poma
or P = kma

‘where P = force, m = mass, @ = acceleration, k = some constant.
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For a standard mass of 1 kg having standard unit acceleration 1 m s the force acting
will be
P=kx1x1=kunits
If we now take the unit of force 1o be that which will produce an acceleration of
1'ms?inamassof 1 kg, then P =1 and k= 1. This unit of force is 1 Newton (1 N). The
equation of motion then simplifies to

P=ma
or force = mass x acceleration
(nN) (nkg) (nms?)

For large forces, the kilonewton, kN can be used (1 kN = 1000 N).

‘The third law means that the force a body exerts on another is always accompanied by
an equal and opposite force exerted by the second body on the first. We have used this
law implicitly when we discussed reaction in the last chapter and we shall dwell on this
further when we discuss connected particles.

MASS AND WEIGHT

All bodies are attracted to the earth by a gravitational force. Near the surface of the earth,
this force produces an acceleration ¢ m s g is about 9.8, but varies slightly over the
surface of the earth. A mass of m kg if free to move would fall with an acceleration
g m s (Note that the acceleration is independent of the mass of the body.) The force
acting on the body is thus mg N and this is the weight of the body.

The mass of a body is constant but its weight is not. In fact, the weight varies with
locality depending on the value of g which we noted earlier varies slightly over the
surface of the earth. So the weight of a mass of 1 kg is about 9.8 N. In space where
& =0or nearly so, its weight would be zero (weightless). On the moon where g = 1.6, its
weight would be about 1.6 N though its mass is still 1 kg.

In everyday life, the distinction between mass and weight is blurred. When we say the
“weight” of a person is 50 kg. we really mean that his ‘mass” is 50 kg. His actual weight
would be 50g N (or approximately 500 N). Similarly, a packet of washing powder
labelled ‘net weight: | kg' should actually read ‘net mass: 1 kg'. In our work the
distinction will be carefully noted between mass and weight and the correct units used for
each. The relation is that the weight W of a mass m (in kg) is mg (in N) i

As in Chapter 20, we will continue o take the approximate value of g = 10m s
work. In the worked examples that follow, we will use —> to represent a force and —>>
o represent acceleration in our diagrams.
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Example 1

A force of I N acts on a particle of mass 2 kg which is initially at rest. Find the
resulting acceleration. Find also the velocity of the particle after 5 s.

Using  P=ma

wehave 1=2a

giving  a=}

Hence the acceleration is 3 m s,

The velocity v m 5™ after 5 s is given by

=0+3(5)=25
Therefore the velocity afier 5 s is 2.5 m 5.

Example 2

A horizontal force of 0.5 N acts on a body of mass 0.2 kg (Fig. 24.1). There is a
frictional force of 0.2 N opposing the first force. What acceleration will be produced?

friction applied force
02N 05N

net force 0.3 N
Fig. 24.1 a
The resultant or net force acting is 0.5 - 0.2 =03 N.
‘The acceleration a m s will take place in the direction of the resultant and is given by

P=ma
ie. 03=02a
givinga = 1.5

Hence the acceleration produced is 1.5 m s
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Example 3

Two forces 5 N and 8 N in the directions 030°and due E respectively act on a body of
mass 2 kg. Find the acceleration of the body.

We first find the resultant of the two forces by drawing or calculation (Fig. 24.2).
N
4

|
1
I
|
I
I

Fig. 24.2 2kg 8

‘The resultant force s P = 11.36 N in the direction 067.6° (8 = 22.4°).
Thenusing P =ma,

wehave 11.36=2a

giving a=568

Hence the acceleration is 5.68 m s in the direction 067.6°.

Example 4

A parcel of 4 kg is suspended from a spring balance in a lift. What does the balance
read if the lift is

(a) moving with uniform speed,

(b) accelerating upwards at 0.5 m 57,

Fig. 24.
(c) accelerating downwards at 0.5 m 57 w243

A spring balance consists of a strong
spring with a pointer and scale attached.
Using a result in Physics that the exten-
sion of a spring is proportional to the
tension in the spring, the scale can be
calibrated to show the force extending the
spring.
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We consider the forces acting on the T P 244
parcel i.e. its weight of 4g N acting verti-
cally downwards and the tension in the

spring vertically upwards.
there s no net force acting on it.
Therefore T = 4g
=40N
which is what the balance should read. 4N
(b) There is an upward acceleration. r Fg. 245

‘This means there is a resultant force
upwards and this resultant force

=T-4g
T-40=2

Hence the new reading on the balance is 42 N.

agN

Fig. 246

s

Similarly, when there is a downward T
acceleration, we have a resultant force downwards and

4g-T=4(0.5)

e 40-T=2 n osmes
T=38

So the reading on the balance will then be 38 N.

agN




Example 5
A particle initially at rest slides down from the top of a rough plane 1 m long inclined
at an angle of 60° 10 the horizontal. The cocfficient of friction between the plane and
the particle is . Find the velocity of the particle at the bottom of the plane.
Let m = mass of particle in kg,

R = normal reaction in N.

F = frictional force in N
and a = acceleration in m 5.

Fig. 24.7 shows the forces acting on the particle. We resolve the weight along and
normal to the plane (Fig. 24.8).

Fig. 24.7 Fig. 248
A
R
mg
60°

B
We then consider motion along and normal to the plane respectively. Since the particle
slides along the plane, there is acceleration (a m s) along the planc only and no
acceleration normal to the plane. Hence there is no resultant force normal to the plane.
So we
R = mg cos 60°
: 1
ic. R=img
‘The frictional force F is given by
F=pr
_1(1
=3(3me)
1
= lmg
The net force down the slope is then
mg sin60° - F=mgx 3> - Img

Vg
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Using P = ma,

RE =
we have (T 4)mg_mn
givinga:(g,%)g

=6.16ms?

The velocity v m s™ of the particle at the bottom of the plane is given by

v -l =2as
ie.  v-0=2(6.16)(1)
¥=1232

Therefore v = 3.
Hence the velocity of the particle at the bottom of the plane is 3.51 m s-.

Note: The method of resolving the weight in this solution should be carefully noted.

As a general rule, all forces should be resolved into components parallel and normal

to any acceleration. The equation of motion is then applied in the direction of the
the other being in

Exercise 24.1 (Answers on page 651.)

[Take g = 10 m 5 where required.]
1 If a force of 20 N acts on a mass of 2 kg, what is the acceleration produced?
2 If a force of 5 N acts on mass of 750 g, what acceleration results?

3 If a force of 4 kN acts on a mass of 2.2 tonne (1 tonne = 10° kg), what is the

acceleration in m 57

41f g = 1.6m s on the moon, what is the weight of a packet of tea labelled: net mass
250 g?
5 A mass of 1.5 kg has an acceleration of 0.8 m 52, What force is acting on it?
6 If a force of 2 N acts on a mass of 1.5 kg at rest initially, what is its velocity after
s?

7 A mass of 5 kg is dragged across a rough surface (frictional force equal to 3 N
opposing the mation) by a horizontal force of 20 N. What is the acceleration
produced?

8 Two forces, 20 and 10 N, act on a body of mass 0.5 kg at right angles to each other.
What is the acceleration of the mass, in magnitude and direction?

9 A force of 20 N is applied at an angle of 60° to the horizontal to a mass of 4 kg on
a smooth horizontal table. What is the acceleration of the mass?

10 A particle of mass 2.5 kg is moving at a steady speed of 12 m s™! when it meets with
a fixed resistance of 10 N. How long docs it take to come to rest?
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11 Find the constant force which would give a body of mass 5 kg at rest a velocity of
64msinds.

=)

A mass of 2 kg is at rest on a rough horizontal table. A force of 20 N is applied to the
mass, the force making an angle of 30° with the table. Frictional resistance is equal
10 5 N. What is the acceleration of the mass?

b

A toy engine of mass 350 g exerts a driv
could it climb a smooth slope of 73 (
where sin 6 = 745 ) ?

g force of 0.1 N. With what acceleration
a slope making angle 8 with the horizontal

=

A man of mass 80 kg stands in a lift. What s the reaction from the floor of the lift if
the lift

(2) moves upwards with steady speed.

(b) moves upwards with acceleration 0.5 m s,
() moves downwards with acceleration 0.4 m s

o

A car of mass 750 kg is accelerating up a slope of 8 to the horizontal where
sin 0= 75 at 1.5 m s Ignoring any road resistance, find the tractive force of the
engine.

16 A block of mass 10 kg is placed on an inclined planc of angle 30° to the horizontal.
‘The coefficient of friction is 0.5. Find
(@) the acceleration of the block down the platie,
(b) the least Force parallel to the plane required to keep the block at rest,
* (¢) the least force parallel to the plane required to make the block begin to move up
the plane,
() the force parallel to the plane required to move the block up the plane with an
acceleration of 0.5 m s
17 A barge of mass 50 000 kg is being towed by 1wo tugs. The iwo ropes make an angle

of 15° on each side of the line of motion and the tension in each one is 1000 N. If the
barge is moving with an acceleration of 0.02 m s, find the resistance to its motion.
18 A body of mass 2 kg is pushed up an inclined plane of arigle 30° to the horizonial by
a horizontal force of 20 N. If the coefficient of friction is }. find the acceleration of

19 A body of mass 4 kg is pulled from rest to a speed of 4.5 m 5™ in a time of 3 seconds
on a rough horizontal surface by a force of 20 N which makes an angle of 10° with
the horizontal. Find the coefficient of friction

0 A particle slides down an inclined plane of angle 8 to the horizontal, where sin 6= 2,
with acceleration 2 m s7% Calculate the coefficient of friction.
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CONNECTED PARTICLES

Fig. 24.9

If a car pulls a caravan (Fig. 24.9), the pull of the car is transmitied through the tie rod to
the caravan but the caravan equally pulls the car backwards. The two pulls are the same
size (7) but opposite in direction, according to Newton's Third Law. If we are considering
the car, we must include the backward pull; if we consider the caravan we include the
forward pull. If however, we consider the two as one body, the two pulls cancel out as
internal forces and need not be considered.

Again, if two masses are suspended by a string over a frictionless (smooth) pulley, the
string transmits a tension which pulls the mass A (Fig. 24.10) upwards when considering
A, but pulls the mass B upwards when considering B. If the two masses are taken as one
body. again the two tensions cancel out as internal forces and need not be considered.

Fig. 24.10
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Example 6

A string (assumed to have no weight and not 1o stretch) passes over a smooth light
pulley. To the ends of the string are attached masses of 3 kg (A) and 2 kg (B) and both
parts of the string are vertical. With what acceleration does the system move? What
s the reaction at the axle of the pulley?

Fig. 24.11

‘The system is shown in Fig. 24.11 with the weights of the masses.
Let the acceleration of A be @ m s downwards and hence B will have the same
acceleration upwards.

Now consider each mass and the pulley separately (Fig. 24.12).

T R T
B
: Ea] s

The string transmits a tension T and the reaction at the axle of the pulley is R.

Fig. 24.12

For A, since the acceleration is downwards, 3g - T = 3a @
For the pulley, since it has no acceleration vertically, R = 2T @i
For B, since the acceleration is upwards, T - 2g = 2a. (iii)
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Now solve these equations for a, T and R.

Adding (i) and g=5a
giving a=f{~2ms?
From (iii), T=2a+2g
~4+420=24N
From (i), R=2T
=48N

(Note that this is less than the total weight of the masses, 50 N.)

Example 7

Fig. 24.13 shows two particles A and B each of mass 0.5 kg, joined by a light inelastic
string which passes over a smooth fixed pulley at C. The system is held at rest with A
hanging freely while B is on a rough horizontal surface. The coefficient of friction
between B and the surface is 0.4. Find the magnitude of the acceleration of each
particle and the tension in the string when the system is released.

Fig. 2413

Let the acceleration of A be a m 572 downwards and hence B will move towards C with
the same acceleration. The string transmits a tension T. Fig. 24.14 shows the forces
acting on A and B.

Fig. 24.14 05gN
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For A, since the acceleration is downwards,

05g-T=05a @
For B, since the acceleration is towards C.
T-F=05a (ii)

where the frictional force F =

Substituting this into (if), we have
T-02g=05a (iii)

Now solve (i) and (i) to obtain a and T.

Adding () and Giii), 03g=a

ie. a=3
From (i), T'-0.2(10) = 05(3)
giving T=35

Hence the acceleration of each particle is 3 m s and the tension in the string is 3.5 N.

Example 8

Fig. 24.15 shows two particles A of mass 1 kg and B of mass 2 kg connected by a light
inelastic string which passes over a smooth pulley at C. The system is held at rest with
B hanging freely while A is on a rough plane inclined at  to the horizontal where
tan 8 = 3. The coefficient of friction between A and the plane is 0.2. Find the
magnitude of the acceleration of each particle and the tension in the string when the
system is released.

2kg

Fig. 24.15
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Let the acceleration of B be @ m s downwards and hence A will move towards C with
the same acceleration. The string transmits a tension T. Fig. 24.16 shows the forces
acting on A and B.

Fig. 24.16

Now consider the motion of each mass separately.
For B, since the acceleration is downwards,
2-T=2a 0]

For A, since the acceleration is along AC, and the tension is opposed by the frictional
force, F and the component of the weight downslope, g sin 8, we have

T-(F+gsin®)=la (i)
Resolving forces perpendicular to the plane, the normal reaction is

R=gcos®
The frictional force, F is given by
F=pR

1g cos O

Substituting this into (ii),

T-(ugcos@+gsin@)=a (iii)
Now solve (i) and (iii) to obtain a and 7.
Adding (i) and (i),

2g - (Mg cos 8 + g sin 6) = 3a

ie. 200) - [0200 +10(3)] =3
giving a=413
From (i) 2(10) - T = 2(4.13)
giving T=1174

Hence the acceleration of each particle is 4.13 m s and the tension in the string is
1174 N.
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Exercise 24.2 (Answers on page 652.)
[Take g = 10 m 5 where required.]
1 Masses of 5 kg and 3 kg are connected by a light string over a smoath pulley. Find
(@) the acceleration of the masses,
(b) the tension in the string,
(¢) the reaction at the axle of the pulley.

2 Amass of 3 kg rests on a smooth horizontal table connected by a light siring passing
over a smooth pulley at the edge of the table 10 another mass of 2 kg hanging verti-
cally. When the system is released from rest, with what acceleration do the masses
move and what is the tension in the string?

3 A body of mass 10 kg lies on a smooth inclined plane. A light string attached to this
ody passes over a smooth pulley at the top of the plane and supports s mass of 2 kg
hanging freely. If the inclination of the plane is 8 to the horizontal where sin
find the acceleration of the masses.

4 Masses of 4 kg and m kg are connected by a light string passing over a smooth pulley.
When free to move, their acceleration is 0.5 m 2. Find the possible values of m.

5 A mass of 8 kg is placed on a horizontal table (= 0.3) connected by a light inexten-
sible string placed over a smooth pulley at the edge of the table to another mass of
4 kg hanging freely. Find the acceleration of the masses when released from rest.

6 Alorry of mass 1000 kg pulls a trailer of mass 450 kg on level ground. Resistance to
motion for either vehicle is 4 N per kg of mass. Find the tension in the tow-bar and
the tractive force of the engine when they are
(a) moving at a steady speed,

(b) acceierating at 0.6 m s,

7 A car of mass 800 kg is puling a railer of mass 300 kg up a slope of angle 8 (0 the
horizontal where sin ance to motion (apart from gravity) is 1.5 N per
kg of mass for each vehicle. Calculate the pull of the engine and the tension in the
tow-bar when they are
(a) moving with constant speed,

(b) accelerating at 0.2 m s

8 In Fig. 24.19, PQR is a fixed wedge on level ground where PQ
PRQ is a right angle. Particle A, of mass 1.5 kg, lics at the foot of the
PQ, attached by a light string passing over the smooth pulley at Q. to the particle B
of mass 1 kg. B is relcased from rest when it is 2 m above ground level. Find
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(a) the acceleration of the particles,
(b) how far A will travel up the slope before coming to momentary rest.

5m
LWJE 3m| 2m
Fig.24.19 P R

9 A wedge has two equally rough faces each inclined at 30° to the horizontal. Masses
of 5 kg and 2 kg, one on each face, are connected by a light string passing over a
smooth pulley at the top of the wedge. The coefficient of friction ju between each
mass and the surface of the wedge is 0.2. Find the acceleration of the masses when
they are released.

10 In Fig. 24.20, the particle of mass 2.4 kg is held at rest on the rough horizontal surface
AB (the coefficient of friction is 0.5). It is connected by a light string passing over a
smooth pulley at B to a particle of mass 3.6 kg. The sloping face BC is smooth and
makes an angle of 30° with the horizontal. Find the acceleration of the particles when
they are released.

Fig.24.20

11 In Fig. 24.20, if AB is smooth and BC is rough, and the acceleration of the particles
is the same as before, calculate the coefficient of friction of BC.

12 Two bodies A and B, joined by a light inextensible siring, are placed on a plane which
is inclined to the horizontal at an angle whose tangent is 0.75 so that the string is taut
and lies along a line of greatest slope and B is higher up the plane than A. The body
Ais smooth and its mass is 9 kg. The mass of B is 3 kg and the coefficient of sliding
friction between B and the plane is 0.5. The system is allowed to slide down the plane.
Calculate
(a) the frictional resistance to the motion of B,

(b) the acceleration of the system,
() the tension in the string. [5)



12 Particle A of mass 0.8 kg is held at rest on a rough horizontal surface and is connected

by a light string passing over a smooth pulley at the edge of the surface to a particle

B of mass 0.4 kg hanging freely. When A is released, the acceleration of the particles

is 2 ms

(@) Calculate the coefficient of friction between A and the surface.

(b) After travelling for 3 seconds, B is stopped. Calculate the total distance travelled
by A before it comes to a stop.

A car of mass 600 kg is pulling a trailer of mass 200 kg up an incline of angle 8 to

the horizontal where sin 8 = t5. The resistance to motion on either vehicle is 0.2 N

per kg of mass. Calculate the driving force of the :ngmc and the tension in the tow-

bar when the vehicles are accelerating at 0.25 m

Particle A of mass 4 kg lies on a rough plane inclined at an angle 8 to the horizontal,

where sin 8 = £, The coefficient of friction between A and the plane is 0.5. A is

connected to another particle B of mass m kg by a light string passing over a smooth

pulley at the top of the plane and B hangs freely. When the particles are free to move,

the acceleration of B is 2 m s% Find the possible values of m.

In Fig. 24.24, particles P and Q of masses 5 kg and 2 kg respectively, lie on the faces
AC and BC of the fixed wedge ABC. ZA = ZB = 45° and the coefficients of friction
on the faces AC and BC are 0.2 and 0.5 respectively. Find the acceleration of the
particles when they are free to move.

Fig. 24.24

16 Masses of 2.8 ke, 2.2 kg, 1 kg are connected by light inextensible strings, one of

which passes over a smooth fixed pulley as shown in the diagram. If the system is
released from rest, caleulate

(i) the acceleration of the masses,

(ii) the tension in the string joining the 2.2 kg and 1 kg masses.

Ifafter 1+ seconds the string joining the 2.2 kg and 1 kg masses

breaks, calculate the further distance the 2.2 kg mass falls before

coming instantancously (o rest. (©)

22kg 28k
Fig. 24.25



Fig 24.26

The diagram shows two particles A and B, connected by a light inextensible string

which passes over a smooth fixed peg. The system is held with the string taut and with

Aand B cach at a height of 0-09 m above a fixed horizontal plane; it is then released

from rest. When B reaches the plane it becomes stationary. Calculate

(i) the tension in the string while both partices are in motion,

(ii) the speed of the paticles when B reaches the plane,

(iii) the maximum height above the plane attained by A, assu
reach the height of the fixed peg.

ing that A does not

18 The diagram shows two bodies, A and B, connected by a light inextensible string
passing over a smooth peg. The body A has a mass of 8 kg and lies on a rough plane
inclined at an angle o o the horizontal, where cos 8 = . The body B has a mass of
2 kg and hangs freely.

Fig. 24.27

(i) In the case where the bodies are free to move and A accelerates down the plane
at2m s, calculate the tension in the string and the coefficient of friction between
A and the plane.

(ii) Find the smallest mass which, when attached to B, would prevent A from sliding
down the plane.

19 The diagram shows two particles. A, of mass 03 kg. and B, of mass 0-2 kg, joined by
a light inelastic string which passes over a smooth fixed pulley at C. The system is
held at rest with A on a smooth plane inclined at 30° to the horizontal and B on a rough
horizontal surface. The coefficient of friction between B and the surface is 0-4. Show
that, when the system is released from rest, the acceleration of each particle has a
magnitude of 1-4 m s and calculate the tension in the string.
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Work, Energy,
Power

WORK

When a force acts on a body and causes it to move, we say the force does work on the
body. The amount of work done is defined as the product of the force and the distance
moved by the body in the direction of the force.

Fig. 25.1

In Fig. 25.1, if the force P moves the body through a distance s in the direction of the
force, the work done = Ps.

Fig. 252

In Fig. 25.2, P acts at an angle 0 to the direction in which the body moves. When the body
moves a distance s, then the distance moved by the body in the direction of the force is
s cos 8. Hence the work done in this case is = P X s cos 8.
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Example 2

A trolley is pulled horizontally through 5 m by a force of 70 N at an angle of 60° to
the horizontal. What is the work done?

Fig. 25.4

The component of the force in the direction of motion is

70 x cos 60° =70 % §
=35N

Hence the work done =35 x 5= 175 J.

Example 3

The engine of a car exerts a constant pull of magnitude 500 N. Find the work done by
this force as the car travels 1 km.

KINETIC ENERGY (KE)

Suppose a force P N acts on a particle of mass m kg at rest and gives it a velacity v m s-
after moving it a distance of s m in the direction of the force.

If the acceleration is a m
then P=ma [0}
Also,

0 + 2as
(i)

(from (i)
(from (ii))

or im?
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‘This quantity, which is J(mass) X (velocity)? is called the kinetic energy (KE) of the
particle when its velocity is v. The kinetic energy of a particle can thus be regarded as the
work done on the particle by a force in giving it the velocity v from rest. The unit of KE
is therefore the same as the unit of work, 11.

Let us now consider a particle mass kg travelling at u m s-!in a straight line. A force
P N now acts on it in the direction of motion and gives it an acceleration a m 52, If the
particle acquires a velocity v m 5™ after travelling a distance s m, then

P=ma (@
wt + 2as

- e (i)

or

therefore work done = P x 5
= mas (from (i))
=m(}? - ) (from (ii))
= S = S
The quantity 3mu is the initial KE and the quantity 3mn? s the final KE.
Thus, the above shows that
work done by a force = final KE — initial KE
= increase in KE
The work done by a force in increasing the velocity of the particle from u to v is
converted into the increased KE of the particle. Conversely, some or all of the KE
possessed by a particle can be converted into work. Hence the loss of KE = work done
against a force.
‘The quantity §mv? is always positive and is not a vector quantity. The KEs of 2 equal
particles moving in any 2 directions with the same speed are equal. Also, as work can be
converted into KE and vice versa, work is also a scalar quantity.

Example 4

A force acting on a body of mass 2 kg moves it from rest to a velocity of 3 m 5™ over
a distance of S m. What is the magnitude of the force?

Let the magnitude of the force be P N,
Work done by the force = gain in KE
= final KE - initial KE
ie. Px5= 52037 -0
giving P=18N
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Resolving forces perpendicular to the plane,
R=05g cos 8
=05x10x §
=4N
Frictional force F = uR

Let the distance travelled by the particle be s,. up the slope.
Work done against total resistance = loss in KE
@+)s=4
s=1

Hence the particle will travel 1 m up the incline.

POTENTIAL ENERGY (PE)

Suppose 1 lift a mass of 4 kg vertically through a height of 2 m. The lifting force = the
weight of the body = 4¢ N. Hence the work I do is 4g x 2 = 78.4 J (taking g = 9.8 ms)
and this work has been done against gravity. At this point the body is now at rest and has
no KE, but if I let go, the body will acquire KE in falling and can do work on the
downward path. Hence in its state of rest at a height of 2 m the body has a potential for
doing work and we say it possesses potential energy (PE). PE is the ability to do work
because of the position of the body, in the sense that if released, the body will move to
alower position and its PE will be converted into KE. The PE of a body has no absolute
value, but is relative to some datum level, say the surface of the earth or some other level
above which the body is raised and to which it can fall.

Suppose a body of mass m kg is raised through a height of & m from a floor (Fig. 25.7).
The work done against gravity = mgh J and hence the body now possesses PE = mgh J.
If the body now falls it will acquire a velocity v on reaching its original level, where

V= 2gh.

Fig. 257

552



Tts KE is now 3mi?= 3m x 2gh = mgh.

Hence all the PE has been converted into KE.

Note that this result is true if the particle descends by any route (provided it is smooth)
through a vertical drop of & m (Fig. 25.8). The distance travelled by the point of
application of the weight (the centre of gravity, CG) in the direction of the weight is
always h. Hence the work done by gravity is mgh, which is converted into KE. Similarly,
if a body of mass kg is raised through a vertical height (i m) by whatever path
(provided smooth), the work done against gravity = mgh and this is the value of the PE
of the body.

mg
h
v
7 v
mg
Fig. 25.8

If the body now strikes the floor, some KE will be lost, ie. converted into another form
of energy, for example heat, light or sound. This is a simple llustration of the principle
of the conservation of energy. which states that the total energy in a closed system is
constant. This principle is true provided all forms of energy, mechanical and non-
mechanical are taken into account, such as heat, sound. light, chemical, electrical energy,
ete. It also illustrates the fact that energy can be converted from one form to another. For
example in a hydroelectrical scheme, the water in a reservoir posscsses PE. This can b
converted into KE by allowing the water to fall through a sluice gate. The water strikes
the turbine wheels and its KE is converted into another form of KE, i.¢. kinetic energy of
rotation. This in tum is converted into electrical energy. which is used in factories and
homes to be converted into light, heat and kinetic energy again.

From a mechanical point of view, energy dissipated through friction, heat, sound etc.
is energy lost and wasted. If there were no such losses it would be possible to achieve
perpetual motion mechanically. In applied mathematics, we deal only with KE and PE.
The principle of conservation will then appear in the form:

KE + PE = constant

Hence, the (KE + PE) of 2 body at any time = original (KE + PE) + any work done by a
force on the body.
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Example 6

A car of mass 800 kg is travelling in a straight line on ground level with a speed of
30m 57 when its engine is shut off. After moving a distance of 20 m, the ground siopes
upwards at an angle of 30° to the horizontal. The frictional resistance of the ground
is 5 N per kg. Find how far up the slope the car will ravel before coming to rest.

sm
oms! T Loan
g
800
2] “

Fig. 259

‘The frictional resistance, F

Initial KE of the car
Let the car travel s m up the slope equivalent to a vertical rise of & m
where /i = 5 sin 30°.
In climbing the slope the car acquires
PE = 800gh
00gs sin 30°
=80010)()( £)
40005 1

Work done against frictional resistance = F(20 + s)
=4000(20 + ) J

Now, the initial energy = final energy + work expended
360 000 = 40005 + 4000(20 + 5)

ie. 280 000 = 80005

giving 5=35

Hence the car will travel 35 m up the slope before coming to rest.




The particle will have the maximum speed when it has descended the maximum
distance, that is 0.6 m, when the particle is at its lowest point in the path. Taking the
initial position as reference, the loss in PE is now mg(0.6) = 6m J.

The gain in KE is §mv,? where the maximum speed (at C) is v, m 571,
So by conservation of energy.,

Hence the maximum speed is V12 m s°'. Note that the results are independent of the
mass of the particle.

Exercise 25.1 (Answers on page 652.)
[Take g = 10 m 5]

1 Find the work done when a load of 50 kg is lifted vertically through 10 m.

2 A block is pulled horizontally through 4 m at a steady speed by a force of 20 N,
inclined at an angle of 60° to the line of motion. Find the work done.

3 A mass of 20 kg is pulled across a rough horizontal floor (coefficient of friction 0.4)
through 2 m at a steady speed by a horizontal force. Find the work done.

IS

If a mass of 10 kg at rest acquires a velocity of 2 m s/ after being pulled through

1.5 m, what force is acting in the direction of motion?

5 Abody of mass 1 kg travelling at 2.5 m s-' on a horizontal surface meets a rough patch
and comes to rest in 2 m. What is the resisting force? Also find the coefficient of
friction of the rough surface.

6 The velocity of a body of mass 0.5 kg is reduced from 3 to 1.5 m 5™ in a distance of
1.5 m. What force is acting on the body?

7 A ball of mass 250 g is projected up a smooth planc inclined at angle 8 to the

horizontal where sin 8 = 7, with a velocity of 5 m 5™\

How far will it travel before coming to rest?

®

What force is required 10 stop a mass of 5 kg travelling at 2 m s” in 1.5 m?

-

A car whose mass is 500 kg starts from rest at the foot of an incline of 7 and after
travelling for 0.5 km has reached a speed of 5 m s-1.

If the resistances to motion amount to 250 N, what was the average tractive force of
the engine?

0 A car of mass 400 kg travelling at 9 m s comes to rest in 200 m. What was the
resistance?
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11 A train of mass 100 t travelling at 0.5 m s * hits the buffers at a station and comes to
rest in a distance of 30 cm. What is the average resistance of the buffers?

S

A ship of mass 5000 t moving at 0.01 m 5™ hits a quayside and continues to move for
15 cm before coming to rest. What average force does the quay exert on the ship?

13 A particle of mass 1.5 kg is projected up an incline of § with an initial speed of
1'm ™. How far will it travel up the incline if
(a) the surface is smooth,
(b) the coefficient of friction is 0.57

14 Find the average force required to stop a 5 t lorry travelling at 16 m s on a level road
in a distance of 15 m.

15 A pendulum consists of a light string 60 cm long attached to a mass of 5 kg and can
swing freely. It is held taut at an angle of 60° to the downward vertical and released.
Find the velocity of the mass at its lowest point.

16 A mass of 4 kg suspended by a light string 2 m long and at rest is projected
horizontally with a velocity of 1.5 m s . Find the angle made by the string when the
mass comes to momentary rest.

17 A mass of 10 kg stides down a slope of 30° from rest. The coefficient of friction is 0.5.
If the length of the slope is 5 m, find the velocity of the mass at the foot of the slope.

=

Masses of 10 kg and 4 kg are connected by a light string passing over a smooth pulley.
After the 10 kg mass descends from rest for a time of 2 s, find

() the velocity of each mass,

(b} the potential cnergy lost by the system.

3

A constant force acts on a body of mass 2 kg and does 45 J of work. The effect on the
body is that its final velocity is 2 m s ' more than its initial velocity. Find the initial
velocity of the body.

20 A machine drives a conveyor belt which lifts 100 bottles per minute through a vertical
height of 2 m and then pushes them forward with a speed of 3 m s-'. The mass of each
bottle is 1.2 kg. Calculate the amount of work done per second by the machine.

21 A bullet of mass 40 g strikes a fixed piece of wood 10 cm thick with a velocity of
300 m 5! and emerges with a velocity of 120 m s *. Find the average resistance of the
wood.

N
8

sed from rest at the 1op of a rough inclined plane making an angle
6= . If the coefficient of fy the
speed of the particle after travelling S m down the plane?

A particle s rel

on is 0.4, wh

0 with the horizontal where si

N
=

A particle is suspended by a light string of length 30 cm from a fixed point O. The
particle is now held on the same level as O with the string taut and projected vertically
downwards with spezd | m ™. Find

(a) the speed of the particle at its lowest point.

(b) how high above O it will reach.
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24 Fig. 25.11 shows a smooth track in the shape of a quarter circle AB, with centre O and
radius 0.8 m. OB is vertical and B is 2 m above the ground level. A particle is released
from rest at A. Calculate
(a) its speed at B,

(b) how far horizontally from B it will strike the ground.

Fig.25.11

25 A particle is projected wnh speed u m s™! directly up an incline of angle 8 to the
horizontal where sin = %. It comes to momentary rest afier travelling a distance of
4 'm. Given that the coefficient of friction is 0.4, calculate
(a) the value of u,
(b) the speed of the particle when it returns to its starting point.

POWER

Consider a machine that does 100 J of work in 1 s and a second machine that does
200 J of work in 1 5. We note that the second machine can accomplish more work (in fact
twice as much) in the same time. The second machine is thercfore more powerful than
the first. Its rate of doing work is greater. We define power as the rate of doing work.
Hence, power = amount of work (in J) done per second.

‘The unit of power is therefore 1 J 5™ which is given the name 1 watt (1 W). For very
powerful machines, we can use a unit of 1 kW (kilowatt) = 10° W or | MW (megawatt)
= W

A well-known unit in the British system of units was the horsepower (HP) which is
approximately 746 W. This was the original unit of power, established by James Watt in
the 18th century when he worked on the development of steam engines and the new unit
has been named in his honour.
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Hence the total resistance to motion up-slope = 3500 + 5000
=8500 N

‘When travelling at its maximum speed (v s™') lhe train has no acceleration.
The pull P equals the total resistance, i.c. 85

In 1 s the train moves v m.
Therefore work done by the engine in 1 s = Py J.
So the power of the engine is Py W which is 70 kW

ie. Pv=70x 10"
or 8500v =70 x 10°
70 x 10°

v="go0 =824ms"
‘This is equivalent to 525 x 60 X 60 = 29.7 km h!, which is the maximum
speed up the incline.

(ii) 20 km h™' is equivalent to ms’

zuxlo 50
9

The train is not travelling at its maximum speed (found in (i)) but the power

developed remains the same. Hence there is spare power available to accel-

erate the train.

Let the pull of the engine at this instant (when the speed is %'ms~) be P, N.
0

Y

and this is cqu:ll o the power of the engine which is 70 kW.

Thus, P, x & =70 10"

giving p‘ = 12600 N

But the total resistance (from (i)) on the incline is 8500 N.

So there is a resultant force P, of 12 600 — 8500 = 4100 N up the slope,

which gives an acceleration a m 5.

The work done per s = P, X

Hence  Py=ma
ie.  4100=200x10'xa
giving  a=002

Hence the acceleration is 0.02 m s
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Example 11
An engine which is 80% efficient works at a steady rate to pump water, initially a rest,
through a vertical height of S m and then discharges it at a speed of 8 m 5™ through
a pipe of cross-section 10 cm. At what rate is the engine working? (1 m' of water has
a mass of 10' kg.)
‘The work done by the engine consists of (a) giving it PE by lifting the water through
a height of 5 m against gravity and (b) giving it KE by discharging it at a speed of
8ms'.
In1s, alength of 8 m of water issues from the pipe with cross-section
10
10 cm? or 1 .
Therefore the volume of water carried per sccond = 8 x 1o m*
which has a mass of 8 X 1 x 10°= 8§ kg.
When this mass of water is lifted through a height of 5 m.
the PE gained = mgh
=8x10x5=400]
3 ®)E)
=2561

The gain in KE

Hence the total amount of work done in 1 s = 400 + 256 = 656 J.

As the engine is 80% efficient, this output is 80% of the actual work done by the
engine. (The other 20% of work done is unproductive, mostly against friction.)

Therefore 80% of the work done by the engine in 1 s = 656 J
Hence the rate of work done by the engine = 656 x ‘00 = 820 W.

Exercise 25.2 (Answers on page 652.)
[Take g = 10 m 5]

1 If a car travels at a steady speed of 15 m s™ against resistances of 200 N, what power
is being exerted by the engine?

2 A boy of mass 44 kg runs up a flight of stairs of vertical height 4 m in 5 5. What power
is he sustaining?

3 A man runs 100 m in a time of 15 s. If the resistances to motion are estimated at
45 N, what power does he use?

4 The power of the engine of a car is 7 kW. What would be the maximum speed of the
car on the level against resistances of 250 N?

5 A pump raises water through a height of 15 m at the rate of 0.05 m’ per s. What is the
power of the pump?
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=

A water pump sends a mass of 0.3 kg of water each second into a vertical jet. If the
power of the pump is 5.4 W. find the height of the jet and the speed with which the
water leaves the pump.

<

A conveyor belt carries 1200 kg of grain up a slope inclined at an angle 8 to the hori-
zontal where sin © = 0.08 against a frictional resistance of 120 N. If the belt is
travelling at 10 km h™', find the power used to drive the belt.

8
g

A truck develops a constant power of 180 kW. If its maximum speed on the level is
25 m s, find the resistance to motion.

If the truck of mass 3 x 10° kg, now climbs a slope of angle 8 to the horizontal, where
sin@ = 5, against the resistance, calculate

(a) the maximum speed up the slope,

(b) the acceleration of the truck when its speed is 15 m s,

® Work () done by a force (P) in moving a body a distance (s) in the direction of the
force is
givenby  W=Ps

Using vectors, W = Ps
= Pscos 0 where @ is the angle between the force and the direction
of motion of the body.

The unit of work is 1 joule (J) which s the work done when a force of 1 N moves a
body through a distance of 1 m in the direction of the force.

Kinetic energy, KE = 4 m

Potential energy, PE = mgh

Principle of conservation of energy: The total energy in a closed system is constant.
If no energy is dissipated through friction, heat, sound etc.. the principle of conserva-
tion of energy will take the form:

KE + PE = constant.

If work is done by a force on a body then
work done = initial energy — final energy
(where energy = KE + PE)

Power = rate of doing work

Unit of power is 1 watt (W) =11 s



REVISION EXERCISE 25 (Answers on page 653.)

1 A missile of mass 50 kg is projected vertically upwards with a speed 0F200 m s-! from
a submarine lying on the bottom of the sea at a depth of 600 m. Assuming that the
water offers a constant resistance of 160 N to the motion of the missile. calculate
(i) the kinetic energy of the missile s it leaves the water,

(i) the maximum height above sea-level reached by the missile. (©

N

Fig. 25.15 shows a mass of 5 kg placed on a rough horizontal table and attached to one
end of a light inextensible string which passes horizontally over a smooth light pulley
at the edge of the table. The other end of the string is attached to a mass of 3 kg which
hangs freely. The coefficient of friction between the 5 kg mass and the table is 0.4,
and the distance of the 5 kg mass from the pulley is 2.5 m. The system is released
from rest. Calculate

(i) the time taken for the 5 kg mass to reach the pulley,

) the loss of potential energy of the system during this time,

(iii) the kinetic energy of the system immediately before impact with the pulley.

5kg

[
/////////////////////////////////////////////////?

Fig. 25.15

3 The top of a chute whose length is 12 m is 3 m vertically above its lowest point. A
parcel of mass 1.6 kg slides from rest from the top of the chute and reaches the lowest
point with a speed of 5 m s™". Calculate, for the parcel,

@) the gain in kinetic energy.

(i) the loss in potential energy, .

(iii) the work done in overcoming the frictional resistance,
(iv) the average value of this resistance.

After reaching thé lowest point of the chute, the parcel slides along a horizontal floor,
tance to motion being 4 N. Calculate how far the parcel travels before coming

4 A pump forces oil from rest through a horizontal pipe so that it emerges with a specd
of 6 m 5™ from a nozzle of cross-sectional area 2 x 10~ m. The mass of 1 m’ of the
oil is 2500 kg. Calculate, in kW, the power developed by the pump.

Calculate by how much the power will have to be increased if the nozzle is raised
through a height of 2 m and the oil emerges at the same speed. ©)
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9 (a) An engine, working at an effective rate of 0.2 KW, pumps water, initially at rest,
through a vertical height of 4.8 m, where it is cjected with a velocity of 2 m 57!,
Calculate the number of kilograms of water delivered per second.

(b) A car of mass m kg is being driven down a slope inclined at an angle o to the
horizontal, where sin ot = 75. Given that the frictional resistance to motion is
600 N, and that the acceleration is 0.8 m 5%, when the velocity is 15 m s°!, show
that the effective power developed by the car at this instant is (9 + 77 ) kW.

©

10 A car of mass 1800 kg ascends an incline at a constant speed of 14 m s™*. Given that
the frictional resistance is 400 N and the engine is working at a rate of 17.5 kW,
calculate the angle that the incline makes with the horizontal.

Assuming that the frictional resistance and the rate of working remain constant,
determine the acceleration of the car on a level road at an instant when the speed is
Bmst. ©

A four-engined acroplane of mass 120 000 kg is flying horizontally at a constant
speed of 240 m s°'. Each engine produces a driving force of 52 000 N. Calculate
(i) the air resistance to motion,

(i) the power produced by each engine.

If one engine has to be cut out, what deceleration will be produced?

s

A car of mass 600 kg is travelling along a level road at a constant speed of 90 km h-'.
The frictional resistance is 450 N. Calculate (in kW) the power being used.

‘The car now climbs a slope inclined to the horizontal at angle 6, where sin 6 = 0.02,
at the same speed. If the frictional resistance is the same as before, what power is now.
being used? If this power is used but the speed of the car up the slope is 72 km
h!, what acceleration will it have?

=

A block of mass 6 kg is projected with a speed of § m s directly up a rough plane
inclined at @ to the horizontal, where tan 8 = 3. The block travels a distance of
125 m before coming to momentary rest and then slips back down the plane.
Calculate

(i) the initial kinetic energy of the block,

the gain in potential energy between projection and momentary rest,

(iii) the coefficient of friction between the block and the plane,

the velocity of the block as it passes through its starting point on the way down.

14 A cyclist and his machine together have a mass of 75 kg. If the cyelist works at the
rate of 0.15 kW, his maximum speed on level ground is v m 5™ !f he climbs a slope
of anglé 8 1o the horizontal, where sin 8 = 35, using the same power and against the

same resistance, his maximum is now § m s\, Find the value of v.
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15 Fig. 25.18 shows a track in the form of a quarter circle AB, centre O and radius
1.6 m and a straight horizontal section BC. OB is vertical. The section AB is smooth
but BC is rough. A particle of mass 2 kg is projected vertically downwards at A with
speed 2 m s”' and comes 1o rest at S where BS = 3 m. Calculate
(i) the change in kinetic energy of the particle,

(ii) the change in potential energy.
(iii) the speed of the particle at B,
(iv) the coefficient of friction along BC.

Fig. 25.18

ES

A particle of mass 4 kg is falling vertically with speed of 10 m s when it meets a
dense layer of material 3 m thick which gives a constant resistance of 50 N. Find the
speed with which the particle comes out of this laer.

If the particle had been moving upwards with speed u m s when it entered the layer,
what is the minimum value of « o that it will pass through the layer?

i<

A particle P is attached by a light string 2 m long to a fixed point O. The particle is
held so that OP makes an angle of 60° with the downward vertical through O and is
then projected with speed v m s downwards at right angles to OP. If it comes to
‘momentary rest when it reaches the level of O, find the value of v.

=

A car of mass 800 kg moves up a slope inclined at angle @ to the horizontal, where
sin@= 35, ata steady speed of 25 m s°'. The road resistance is 100 N. Calculate the
power being used.

If the car now travels down this slope, with the same resistance and using the same
power, what would be its acceleration when the speed is 25 m 5712

S

A particle of mass 2 kg is dropped from a height A, m onto a concrete floor and
rebounds to a height A, m. Given that it loses 64 J of energy, show that h, - h, = 3.
Given also that the velocity of if off from the floor is 4 m 5 less than the velocity

on hitting the floor, find the values of , and h,.

20 () As partof a manufacturing process a machine lifts a number of components, each
of mass 0.6 kg, from rest through a height of 1.3 m and then projects each one
with a speed of 2 m 57!,
Given that the effective power output of the machine is 27 W, find how many
components are dealt with per second.
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(b) Fig. 25.19 shows the vertical plane through the portion ABC of a road along
which a car of mass 750 kg travels against a resistance. The points A and C are
36 m and 28 m respectively higher than the lowest point B.

-]
8
3

l2gm

b——

h

Fig25.19

The car coasts from A to B, a distance of 150 m, with no power being transmitted
to its wheels. Given that its speed at A is 12 m 5™, its speed at B is v m s, and
that the average resistance is 720 N, find, as the car travels from A to B.

(i) the loss in potential energy,

(ii) the gain in kinetic energy. in terms of v,

(iii) the work done against the resistance.

Hence show that v = 24.

When the car arrives at B, power is supplied to the wheels and, 7.5 seconds later,
the car arrives at C with a speed of 20 m s™'. Given that the distance from B to
Cis 120 m, and that the average resistance is again 720 N. find, as the car travels
from B 10 C.,

(iv) the gain in potential energy,

(v) the loss in kinetic energy.

(vi) the work done against the resistance.

Hence calculate the average power supplied by the engine from B o C.  (C)
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Momentum
and Impulse

Consider a body, mass m kg, moving in a straight line with velocity u m s-'. Now suppose
a force P N acts on the body in the direction of its motion for f s (Fig. 26.1).

Fig. 261 —_—

The force will give the body an acceleration a

given by P=ma @)
The velocity v reached after 1 s is

given by =u+ar (i)
From (ii) a= 24

Substituting this into (i), we have
P=m(*7*)

ie. P= ; it (iii)

or Pt=my-mu @)
‘This equation shows the relationship between two important quantities. P! is called the
impulse of the force. It is the product of the force (assumed constant) and the time for
which it acts. Since force is measured in newtons and time in seconds, the unit of impulse
i the newton~second (N ). Thus the impulse of a force of 50 N acting on a body for 0.1
5is50x0.1=5Ns.
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‘The right hand side of (iv) measures the change in a quantity called the momentum
of the body. The momentum of a body is the product of its mass and its velocity

ic. momentum = mass x velocity.

Hence the initial momentum is mu and the final momentum mv. mv - mu s then the
change in momentum. Equation (iv) can be restated in words as follows:
impulse of force on a body = change of momentum of the body

Since the unit of impulse is N s, it follows that the unit of momentum must also be N s.
S0 a body of mass 3 kg travelling at 4 m 5™ has a momentum of 3x 4 = 12 N's.

To find momentum in N s, mass must be expressed in kg and velocity in m s-'.

Since momentum is the product of a scalar (mass) and a vector (velocity), it is itself
a vector quantity. Care must therefore be taken with its direction.

If the initial and final velocities are in the same line as the impulsive force, we measure
the momentum in the direction of the force and use the following equatior

N
impulse = final momentum - initial momentum
The arrows show that all are measured in the same direction.
If the two momenta are in different lines, the change of momentum must be found by
vector subtraction. Such cases will not be dealt with as they are beyond the scope of this
book.

Returning to equation (iii), we note that ZX=" represents the rate of change of

. S
‘momentum. Hence equation can be stated in words as follows:

force = rate of change of momentum

Example 1

A constant force of P N acts on a body of mass 2 kg travelling at 4 m s for 0.3 s in
the direction of its motion. If its final velocity is 7 m s, what is the force?

u=4ms v=7ms’

on——sr)

Change of momentum in the direction of the force

Impulse of the forc

= final momentum — initial momentum Fig. 262

=6Ns

Impulse = change of momentum
03P=6

giving P = 20
[Alternatively, we can use: Force = rate of change of momentum
ie. P= 5 =20as before]

o
Hence the force is 20 N.
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Example 2

A body of mass 2 kg travelling at 10 m 5™ encounters a constant frictional force of
5 N. How long does it take for the body to come 1o rest?

10ms v=0ms;

.____— FesN

Fig. 26.3

Let the time taken be 7.
Impulse of the frictional force = 5t N s
Change of momentum in the direction of the force
=2x0-2x(-10)
=20Ns

therefore 5t = 20

Hence the time taken is 4 5.

Example 3

A ball of mass 0.2 kg is dropped from a height of 5 m onto a concrete floor and
rebounds to a height of 1.8 m. Find the impulse of the floor on the ball. If the contact
time is 0.05 s, find the average force on the ball.

Let the velocities on arrival and lift-off be v, and v, m 5! respectively, and the
impulsive force be P N (Fig. 26.4).

down

Fig. 26.4 T P
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We use the equation @ +2as where a = g = 10 m 57 o find v, and v,.

For the downward motion,
0+2(10)(5)
giving v, = 10

For the upward motion,
0=v-20101.8)

giving v, = 6
hange of momentum in the direction of the force P (upwards)
omentum after impact ~ momentum before impact
=02x6-02x(-10)

2

Hence the impulse of the floor on the ball is 3.2 N s.

Impulse

But impulse = Pr where 1 = 0.05
therefore P x 0.05 = 3.2

giving P = 64

Hence the average force on the ball is 64 N.

Example 4

A hose of cross-section 2 cm’ delivers a jet of water horizontally with a speed of
20 m ! With what average force does the water hit a vertical wall? {A:mm that the
water does not rebound and that the mass of 1 m' of water = 10° k

Fig. 265

The, impulsive force P N exerted by the wall on the water (which equals the force
exerted by the water on the wall) = momentum of water destroyed on impact since the
water does not rebound.

Consider the momentum destroyed in 1 5.
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‘Volume of water issued from the hose in 1 s

= length of water issucd x arca of cross-section
=20mx (2% 104 m*

=4x10°m'
Mass of water = 4 x 107 x 10°
=4kg

thus the momentum destroyed in 1 s

‘The impulse lasts for 15,
therefore P x | = 80
ie. P=80

Hence the average force on the wall is 80 N.

Exercise 26.1 (Answers on page 653.)
[Take g = 10 m s%]

1 Find the momentum of the body in each of the following:

(a) mass 2 kg, velocity Sms*

(b) mass 0.25 kg, velocity 2 m 5!
(¢) mass 80 g, velocity 1.5 m 5™
(d) mass 300 kg, velocity 20 km h-!

2 A force of 10 N acts on a body of mass 2 kg for 0.5 5. What is the increase in
momentum? If the body was originally travelling at 5 m s™!, what is its final speed?
How far will it travel in this time?

3 A body of mass 1.5 kg travelling at 3 m s°' is acted on by a force P N for 075 s. If
its velocity at the end of that time is S m 5™, find the value of P.

4 A ball of putty, mass 0.75 kg, moving at 3 m s~ hits a wall at right angles and stops
dead. Find the impulse on the ball.

5 A ball of mass 60 g moving at 4 m 5™ hits a wall at right angles. If it rebounds with
speed 2 m ™!, what is the impulse on the ball?

6 A hammer of mass 5 kg, travelling at 4 m s~/ hits a nail directly and does not rebound.
What is the impulse on the hammer? If the contact effectively lasts 0.5 s, what is the
average force between the two?

7 Amassof 1.2 kg travelling at 2 m 5™ strikes a wall at right angles and rebounds (also
at right angles) with a velocity of 1.5 m s™*. If the contact lasted 0.25 s, find the force
on the mass.

8 A ball of mass 0.25 kg falls freely onto a concrete floor from a height of 20 m and
rebounds to a vertical height of 5 m. If the ball was in contact with the floor for
0.8 s, find the average force exerted on the ball.
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9 A truck of mass 50 kg has its speed reduced from4 ms™' to 1.5 m s in 30 s. Find the
braking force (assumed constant). After what further time will the truck come to rest
under this force?

3

A tennis ball of mass 30 g travelling horizontally at 20 m 5™ is hit straight back at
30 m s If the impact lasted 0.04 5. find the average force on the ball.

A box of mass 10 kg is dragged across a rough floor (coefficient of friction 0.5) by
aforce P N. If the specd of the box is increased from 0.5 m s to 1.9 m s in 10,
find P.

s

A hose (cross-section 4 cm?) delivers water horizontally with a speed of 25 m 7.
What is the impulse of the water on a vertical wall (assuming no rebound)? What
average force acts on the wall?

@

A horizontal jet of water is emitied from a circular pipe of radius 1 cm at a speed of
12 m s, Find the mass of water emitted per s and the average force exerted on a
vertical wall.

=

A particle of mass 3 kg moves on a rough horizontal surface with coefficient of
friction 0.4. When it is 3 m from a vertical wall its speed is 7 m s and it is moving
at right angles to the wall. If the impulse on the particle is 24 N s, calculate its speed
before and after hitting the wall.

o

A ball of mass 100 g is thrown at a horizontal floor and hits it with speed 6 m s~ at
an angle of 30° to the floor. Given that the horizontal component of its velocity is
unchanged by the impact and that the vertical impulse on the ball is 0.5 N's, find the
components of its velocity after the impact and hence find the velocity in magnitude
and direction.

CONSERVATION OF MOMENTUM

Let us now consider what happens when two bodies A and B coilide. We will only
consider direct collision, that is, the two bodies are moving in the same straight line.
Suppose A with mass 1, and B with mass m, are moving with velocities u, and u, before
collision, and v, and v, after collision respectively (Fig. 26.6).

Y Yy
P
@ @

A B

v, v,

PR
- T ©
A B

Fig. 266
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Change in momentum of A = m,v, ~ m,u, [0)
Change in momentum of B = m,y, - m,u, (ii)
Now when A and B collide, each will exert an impulse on the other.

By Newton’s Third Law, A will exert a force £ on B and B will exert an equal but
opposite force P on A. The time of contact, ¢ 5, is naturally the same for both. Hence the
impulse of A on B equals the impulse of B on A (both = Pr) and hence the changes in
momentum of A and B are equal but opposite in direction.

Thus, from (i) and (if) we get
v, = m, = ~m, - m)
[negative sign indicates opposite direction]
or my, kmyy, = mu, + mity
‘This shows that the total momentum after the collision equals the total momentum before
the collision. This in essence is the principle of conservation of momentu

In any collision between two bodies, the total momentum in any direction is
unchanged. provided no external force acts in that direction.

In Examples 3 and 4, momentum was not conserved as the forces were external forces.
Gravty is ot however an exteml force in thiscontext. We can also use th princple in
the form: momentum bef llision (in the
As an example of the pnncnple consider a gun being fired. The gun rests against the
shoulder of a man. The explosion gives the bullet forward momentum and so the gun
must acquire an equal amount of momentum backwards, thus producing the recoil of the
gun against the man’s shoulder. A more sophisticated example is how a spacecraft can
change direction in space. As there is no resistance to motion in empty space, any object
will move continually in a straight line. It is impossible to produce an external force to
change direction or to slow down, as there iis no atmosphere or friction to *push against’.
If however a small rocket is fired from the spacecraft, momentum in that direction is
created and an equal but opposite amount of momentum affects the spacecraft, thus
changing its direction of motion or its speed. So to increase the speed of a spacecraft, a
retrorocket is fired backwards, giving the craft additional momentum (and hence in-
creased speed) forwards. To slow it down, a forward-facing rocket is fired, so reducing
the momentum of the spacecraft.

Example 5

A particle of mass 2 kg is moving at 8 m 1. It collides with a stationary particle of
mass 3 kg and they move together. Find their common speed. Find also the loss of
kinetic energy during the collision.

Let the common speed after collision be v m s™'.
Momentum before collision=2x8 +3x0=16Ns

Momentum after collision = 5v N s
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Adding (i) and (i), we have
8=8¢

giving
Substituting 1 = 1 into (i) gives h = 3.
Hence collision occurs 3 m above the ground.

(b) Let the velocities of A and B just before collision be v, m s and v, m s
respectively.
For A, v, =gt = 10
ForB,v,=8-gr=8§-10=-2
‘The negative sign indicates that B is moving downwards just before impact.

Note: If we use v2 = u? + 2as, we would get v
n0t know if v, = +2 or -2 and it would be

Hence the velocities of A and B arc 10 m s and 2 m s respectively before
impact and both are in the downward direction.

(©) Let the common velocity after collision be u m ™.
By conservation of momentum,

©5+02u=05x10+02x2
0.7u=54

giving =771

Hence the common velocity after collision is 7.71 m s,

Before After

1

o
0skg o 8 fore
02kg

Fig. 26.12

(d) With um s as the initial speed and distance = 3 m, the final velocity v m s™* on
reaching the ground is given by

V=t + 2as
7712 +2(10)(3)
=1194
giving v = 10.9

Hence the speed on reaching the ground is 10.9 m s-'.
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Example 9

Fig. 26.13(a) shows the particles A and B of masses 0.6 kg and 0.4 kg respeciively,
connected by a light string passing over a smooth pulley. The particle C of mass
0.5 kg is resting on a table and is attached to B by a string which is slack. A and B are
held at rest with the connecting string between them taut and then released. Find
(a) the acceleration of A,

(b) the distance A descended and its velocity after | second.

At this time, the string connecting B and C becomes taut and C is lifted off the table.
Calculare

(¢} the velocity and acceleration of A immediately after C is lifted off the table,
(d) how much lower A will descend.

Fig. 26.13(a)

(a) The acceleration a m s is found from Fig. 26.13(b).
C can be neglected at this stage as the string between B and C is slack and hence
it will not affect the ensuing motion.

For A, 6-T=0.6a
ForB,T-4=04a

Solving the two equations gives a = 2 m 57,

[e]]a

Noan
Fig. 26.13(b) ¢




(®)

A will descend a distance s m given by s = ut + yar'
ies=0+3x2x1P=1m.
The velocity of A at that time will be v=0+2x 1 =2m s,

‘When the string connecting B and C becomes taut, the velocities and acceleration
immediately change. The total momentum is unchanged however, so we can find
the new velocity. Since the particles are connected by tight strings, we can take
them as one body (Fig. 26.13(c)).

2ms"
e

Ater

]

Fig. 26.13(c)

Momentum of the system before C is lifted = (0.6 + 0.4) x 2 + 0.5 x 0
=2Ns

Momentum of the system after C is lifted = (0.6 + 0.4 + 0.5)v, .5v, where
v, is the common velocity of the particles immediately after C is lifted.

By conservation of momentum,
1.5,

giving v, = §
Hence the new velocity of A is § m s+

“The new acceleration is found as in (a) by taking B and C as one particle of mass
0.9 kg. Check that it is 2 m 57 in the opposite direction to the previous accelera-
tion.

A now has a velocity of § m 5™ downwards and an acceleration of 2 m %
upwards. Tt will descend a distance s given by 0= ($) +2x (2)xsie.s= 3

Hence A will descend a further distance of 4 m.




Exercise 26.2 (Answers on page 653.)
[Take g = 10 m s}
1 Two masses of 30 kg and 20 kg, travelling at 4 m s and 1 m s™* respectively in the

same direction, collide and continue together. Find their common speed after the
collision.

2 A toy railway truck, mass 0.3 kg, travelling at 2 m s-1, collides with another stationary
truck, mass 0.25 kg, and they couple together. Find the common speed after impact
and the impulse between them.

3 A gun of mass 450 kg fires a shell of mass 2 kg horizontally at a speed of 300 m s
Find the initial recoil velocity of the gun. If the gun comes to rest (moving horizon-
tally) in 10 s, find the average resisting force.

4 Two masses of 3 kg and 2 kg move towards each other at speeds of 1.5 m s and
2'm s respectively. After the collision they move together. Find their common
velocity.

5 Amass of 0.1 kg travelling at 10 m s* overtakes and collides with & mass of 0.5 kg
moving at 2 m s™'. They move on together. Find their common velocity.

6 Two billiard balls of equal mass (0.8 kg) are moving in opposite directions (in the
same line) with speeds of 12m s-' and 5 m ™. They collide and the slower ball is now
seen moving at 8 m s in the opposite direction. Find the new speed of the other ball
and the impulse between them.

7 A body of mass 10 kg is moving horizontally with a speed of 20 m s-L. It explodes and
splits into two parts of masses 6 kg and 4 kg. The 4 kg part continues to move in the
original direction but with a speed of 30 m 5. Find the speed of the 6 kg part,
assuming it moves in the same direction.

8 A spacecraft of mass 450 kg is moving in space with a speed of 3 x 10°m ™. A rocket
is fired straight ahead, emitting 1.5 kg of gas at a speed of 2 x 10°m s™'. Ignoring the
slight reduction in mass of the spacecraft, find its new speed.

9 Two masses of 4 kg and 3 kg are connected by a light string over a smooth pulley.
After moving for 5s, the 3 kg mass picks up a third mass of 1 kg instantancously. Find
the speed of the 3 masses after the pickup.

10 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The
5 kg mass i4 at rest on a horizontal table (below the pulley) and the 2 kg mass is
released from rest. After it falls freely for 2 s the string is tightened and the 5 kg mass
is jerked off the table. Find the velocity with which the masses now continue. Also
find their common acceleration.

11 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The
system is released from rest. Find the common acceleration. After falling for 2 s, the
5 kg mass hits a horizontal table and does not rebound. Find the velocity of the 2 kg
mass at this time and find how much higher it will continue to rise before coming to
rest. Find also the common velocity when the string tightens again.

583



12 Particle A of mass % kg is let fall from a height of 5 m.
Simultaneously particle B of mass 1 kg is thrown vertically upwards from the ground
with speed 10 m 5™ so that it collides and coalesces with A. Find
(a) the height at which they meet,
(b) their speeds and directions just before impact,
() the common speed afier impact,
(d) how much higher the combined mass will rise.

13 A particle A, of mass 4 kg, is travelling in a straight line due north with a speed of
3m s; another particle B, of mass 3 kg, is travelling in the same straight line towards
A with a specd of 5 m 5. After the collision A is moving south with a speed of
2m s, Caleulate
() the velocity of B after the collision,
(b) the impulse between the particles.

=

A gun of mass 45 kg fires a shell of mass 0.9 kg at a speed of 100 m s°' horizontally.
Find the initial recoil velocity of the gun. If this recoil is opposed by a constant force
of 250 N, how far does the gun recoil?

b

A horizontal force of 10 N is applied to a body A of mass 2 kg, initially at rest on a
smooth surface, for 5 5. What velocity is gained by A? A now collides with another
body B of mass 4 kg at rest and the two continue together. Find the common velocity.

=

A shell of mass 5 kg is travelling horizontally at 200 m s when it explodes into two
parts. One part (of mass 3 kg) continues in the same direction at a speed of 400 m ™.
What will be the velocity of the other part? What are the KEs before and after the
explosion?

<]

A nail of mass 20 g is driven horizontally into wood by a hammer of mass 3 kg. Just
before the impact the hammer is moving horizontally at 4 m 5™ Find the common
velocity of hammer and nail after the impact, if they move together, and if the nail
penetrates the wood o a depth of 5 cm, find the average resistance of the wood.

18 Two masses of 5 kg and 3 kg move directly towards each other and collide. Their
speeds before impact are 4 m s and 3 m s respectively. After the collision the 3 kg
mass reverses at a speed of 2 m 5. Find the velocity of the 5 kg mass after the
collision. Also find the percentage loss of KE.

e

Two pendulums with light strings each 1 m long carry masses of 1 kg and 2 kg and
are suspended side by side from the same point. The larger mass is raised until its
string i horizontal and taut and is then released. If the two masses stick together on
impact, find the vertical height to which they rise after the impact.

»
2

A pendulum consists of a mass of 8 kg attached to a fixed point by a light string
50 cm long. The mass is at rest when it is struck a blow lasting 0.05 s by a force of
200 N, acting horizontally. Find the angle made by the string with the downward
vertical when the mass first comes to rest.
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6 Three particles A, B and C of masses 0.3 kg, 0.2 kg and 0.4 kg respectively lie at rest
in this order inside a horizontal smooth tube. A and B are projected towards one
another with speeds of vm s and 5 m s respectively. On impact, A is reduced to rest
and B retumns with speed 4 m s°' 1o collide and coalesce with C. Calculate
(i) the value of v,

(ii) the final speed of B and C,
(iii) the loss of kinetic energy caused by the first collision. ©

7 A particle A of mass 2 kg is dropped from rest from a height of 75 m above ground
level. At the same time a particle B of mass 1 kg is projected vertically upwards from
the ground so that it collides and coalesces with A after 3 seconds.

(i) Calculate the speed of projection of B.
(i) Determine whether B is travelling upwards or downwards at the point of impact.
(iii) Find the common speed of A and B immediately after impact. ©

8 A railway truck A of mass 4000 kg travelling at 2 m s~ collides with another truck B
of mass 6000 kg travelling at 1 m s-'in the same direction. The speed of truck A after
the collision is 1.25 m s~ in the same direction. Calculate the speed of truck B after
the collision.

A and B are now brought to rest by f
1000 kg mass. Calculate

(i) for how long A and B are each in motion after the collision,

(i) the final distance between them. ©

tional forces which are in each case 50 N per

9 Fig. 26.15 shows three bodies A, B and C of masses 3 kg, 2 kg and 4 kg respectively
moving in a smooth horizontal straight groove with velocities as shown. As a result
of the collision between A and B, A is brought to rest and B moves towards C with
velocity 7 m ™. Calculate the value of u.

When B and C collide they coalesce. Calculate
() the final velocity of B and C.

(b) the total loss of kinctic cnergy due to both collisions. (©)
ums gms 1ms

3ig ® 219 (8 4k (©

Fig. 26.15

0 Two spheres, A and B, of equal size but different masses, m, kg and m, kg respec-
tively, travel towards each other along the line of centres with speeds of 8 m 5™ and
6m s respectively. After the collision A continues to travel in the same dircction as
before with speed 2 m s-1, while the direction of motion of B is reversed and its speed
reduced to 3 m s™'. Given that the loss of energy on collision is 9.36 J, calculate the
values of m, and m,. ©

1 A ball of mass 50 grams dropped from a height of 2 m on to a horizontal floor
rebounds 10 a height of 1 m. Calculate the change of momentum due to the impact. If
the impact between the ball and the floor lasts for 0.04 seconds, calculate the average
force in newtons exerted by the floor on the ball. ©

587



12 A particle of mass 1.5 kg s freely suspended from a fixed point by a light inextensible
siring oflengih 2m. The paricle receives a horizontal blow. When the article omes
to its hori: 1.6 m. Calcul:
ing vertical displacement of the pamcle and its initial velocity.
Given that the duration of the blow was 0.003 s, calculate the average value of the
force acting on the particle during impact. ©

=
@

Two spheres A and B of masses 0.5 kg and 2 kg respectively are moving in the same
straight line on a smooth horizontal surface as shown in Fig. 26.16. Sphere A has a
speed of 16 m 5™ and B has a speed of 4 m 5™, On collision, A is brought to rest and
B continues with speed u m 57!, Calculate the value of u.

‘Sphere B then hits a vertical wall and rebounds with speed v m s along the original
linc of motion. Given that the change in momentum of B on impact with the wall is
26 N's, and that B is in contact with the wall for 0.02 seconds, calculate

() the value of v,

(b) the loss in kinetic energy of B on impact with the wall,

() the average force exerted by the wall on B. ©

A B
Fig.26.16

14 A ball P of mass m, moving with velociy u colldes with another ball Q of mass
‘which is al rest. Aflm' the collision Q moves with velocity 4u and P moves with
velocity 4 in the opposite direction. Find the ratio m:m,.

N

5

A particle of mass 100 g s projected with speed 20 m 5™ from a point O on level
ground at an angle 8 to the ground where tan @ = 2. At the top of its flight it hits a
vertical wall and the impulse on the particle is 2.8 N s. Calculate

(@) the height of the point of impact,

(b) the velocities of the particle before and after impact,

(c) how far from O it returns to the ground.

E

Fig.26.17 shows a smooth channel made up of a quarter circle AB, centre P and radius
0.8 m, a straight section BC and another quarter circle CD, centre Q and radius 1 m.
PB and QC are vertical. A particle of mass 3 kg is released from rest at A. At C it hits
and coalesces with another particle of mass 1 kg at rest. Calculate

() the speed of the 3 kg mass before the impact,

(b) the speed of the combined particles after the impact.

If the two come to momentary rest at E, find

(c) the height of E above the level of BC, Q m_
(d) the angle CQE. 39,

A
j08m

Fig.26.17 B C
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Alight string passes over a smooth pulley. One end is attached o a particle A of mass
8 kg. The other end is attached to a particle B of mass 7 kg. A particle C, whose mass
is greater than 1 kg, is attached to B by another light string. When the particles are
released from rest, their acceleration is 2 m 5%, Calculate

(a) the mass of C,

(b) the tension in each string.

After the particles have moved for 1 second, the 8 kg mass picks up a stationary
particle D of mass 4 kg. Find

(¢) the velocity of the particles immediately before this pickup,

(d) the velocity of the particles immediately after this pickup.

Ata certain instant 3 particles A, B and C of masses 2 kg, 1 kg and 3 kg respectively
are in a straight line where the distance AB = the distance BC. A is moving at
u(#2)m s towards Band C is moving at 2m s ! towards B. At each collision, the
particles coalesce. If the final velocity of the three particles is | m s°! in the direction
of «, find the value of u.
Three balls A, B and C of masses 4 kg, 1 kg and 3 kg respectively, lic in that order
a straight Jine. C s initially at rest. A is projected towards B with speed um s°!
whilst B is projected towards A with speed 4 m 5. A s reduced to rest in the first
collision. If the speed of C is then 1 m s™", find the valuc of « and the loss of kinctic
energy.

Particles A and B lic on a smooth horizontal table of a height 1.25 m above level
ground. The mass of A is 2.5 kg and the mass of B is 1.5 kg. The particle A is
propelled towards B at a speed of 9.6 m s~. Calculate

(@) the impulse applied to A.

On impact A and B coalesce and move towards the edge of the table. Calculate

(b) the common speed of A and B after the impact,

(c) the impulse exerted by A on B during the impact,

(d) the loss of kinctic energy at the impact.

When the combined particle reaches the edge of the table, it falls to the ground. Find
(e) the time that this fall takes.

By considering energy changes, calculate

(f) the speed of the combined particle when it strikes the"ground. (©
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7 A ball of mass 60 g travelling horizontally with speed u m 5™ is hit by a racket and
rebounds with speed 30 m ™. If the impulse between the ball and the racket was 5 N
s find the value of u.

8 An engine of mass 4 tonnes moving at 4 m s ! hits a stationary wagon of mass 500 kg
and is coupled to it. The two then hit a second stationary wagon of the same mass as
the first and the three are coupled together. Find the final speed of all three.

9 A car of mass 750 kg is towing a trailer of mass 100 kg on level ground at a speed of
24m ™' and accelerating at 0.8 m s 2. Taking the frictional resistances on each vehicle
1o be 2 N per kg of mass, calculate the tension in the tow-bar.

10 Particles A and B are hanging vertically from the ends of a light string which passes
over asmooth pulley. When released they move with acceleration 2 m s If the mass
of Ais 5 kg, find the mass of B (two answers).

PAPER 12 (Answers on page 653.)

1 Ship A sailing due N at 15 km h! sees another ship, B, which is sailing at 12 km h!
in the direction 300°. Calculate the velocity of B relative to A.

2 A ball is thrown with speed u m 5™ at an angle 6 10 the horizontal where tan 6 = 3.
If the greatest height reached is 7.2 m, find the value of u.

3 A car of mass 800 kg is travelling at a steady speed of 40 m 5™ on a level road against
a constant resistance of 500 N. What power is the engine using? Using this power,
what would be the acceleration when the car is travelling at 20 m 52

4 In Fig. R10, a body of mass 4 kg is in equilibrium on a rough horizontal plane. Forces
of 20 N and F N act on the body in opposite directions. If the minimum possible value
of F is 4, calculate
(@) the coefficient of friction,

(b) the maximum possible value of F.

20N FN
Fig R10 kg

5 Fig. RL1 shows a sphere of mass 4 kg and diameter 12 cm resting against a smooth
vertical wall and held in equilibrium by a string AB of length 4 cm. Draw a diagram
showing the forces acting on the sphere. Hence, by drawing or calculation, find the
tension in the string.

Fig.R11



6 A body of mass 5 kg is projected with speed 20 m s°' directly up a rough inclined
plane of length 10 m fixed on horizontal ground and making an angle  with the
horizontal where sin 0 = % ‘The resistance to motion is 33.75 N. With what velocity
docs it reach the top of the plane?

Itthen leaves the plane and moves freely under gravity. How long does it take to reach
the ground?

<

Particle A is travelling at a constant speed of 10 m s ! in a straight line. Particle B, of

equal mass, is 16 m distant from A on the line and is moving towards A with speed

5 m s and uniform acceleration 2 m s,

(a) How far has A travelled when the particles collide?

(b) Find their speeds at that point.

(©) At the collision the particles join together. Find their speed immediately after the
collision.

8 ABCD is a square and E is the midpoint of DC. The forces 3 N, ‘G N and 2 N act at

A in the direction of the lines AB, AE and AD respectively. Find the magnitude of

their resultan and the angle it makes with AB.

9 A pump raises 50 kg of water per second at rest from a well 8 m vertically down and
discharges it with a speed of 4 m . Calculate
(a) the increase in potential energy of the water per second,
(b) the increase in kinetic energy of the water per second,
() the power of the pump in kW.

Fig. R12 shows two bodies, A of mass 5 kg and B of mass M kg, placed on the faces
of a double wedge, whose faces make angles of 30° and 45° with the the horizontal.
The face on which A stands is rough with coefficient of friction % while the other
face is smooth. Calculate the maximum value of M if A is to remain at rest.

Fig.R12

PAPER 13 (Answers on page 654.)

1 A block of mass 3 kg rests on a rough plane inclined at an angle @ where tan @
It is just prevented from slipping down by a horizontal force of 10 N, Find the
coefficient of friction between the block and the plane.

What force, applied parallel to the plane, would be just sufficient to make the block
move up the plane?
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2 Two towns A and B are 500 km apart and the bearing of B from A is 030°. A wind
is blowing from the direction 345°. A pilot wishes to fly from A to B and the airspeed
of his aeroplane is 300 km bt I he takes 2 hours over the flight, calculate
(a) the course he must take,

(b) the wind speed.

3 A particle is travelling in a straight line with constant acceleration @ m 2 It passes
a point A with speed « m s°'. Between 3 and 4 seconds after passing A it travels
1.4 m and between 4 and 5 seconids after passing A it travels 11.8 m. Find the value
of aand of u.

4 A particle s projected with speed # m 5™ at an angle © to level ground where tan
= 3.If it reaches its maximum height 30 m horizontally from the point of projection,
calculate
(a) the value of ,

(b) the maximum height reached.

5 (a) A mass of 10 kg is attached by two strings of lengths 15 m and 20 m to points A
and B. If A and B are on the same level and AB = 25 m, find by drawing or
calculation the tensions in the strings.

The following coplanar forces acting at a point are in equilibrium: P N in
direction 000°, 2P N in direction 6° (0 < 8 < 90), 3P N in direction 150° and
20 N in direction 270°. Find the value of 8 and of P.

&

6 Fig. R13 shows two bodies A and B connected by a light string passing over a smooth
pulley. A has a mass of 5 kg and lies on a rough plane inclined at angle  to the
horizontal where tan © = 3, while B hangs vertically. The coefficient of friction
between A and the plane is 0.4. Calculate the mass of B if
(a) A moves up the plane with acceleration 1.4 m s,

(b) Ais just about to slide down the plane.

Fig.R13 e _
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7 A rocket consists of three parts, A of mass 6M, B of mass 3 and C of mass M. The
rocket is travelling in space with constant velocity V' when an intemal explosion
causes part A to separate from the rocket with a backward speed of . Find
(@) the new velocity of parts B and C in terms of V,

(b) the amount of KE generated by the explosion in terms of M and V.
() A second explosion later separates B and C giving B a backward speed of 2V.
Find the final velocity of C in terms of V.

8 InFig. R14, the particles A and B of masses | kg and 2 kg respectively are connected
by a light string passing over the pulley P. Because the bearing of the pulley is not
smooth, the tension in string PB s 1.2 X the tension in string PA. If the particles are
released from rest, calculate
(2) their acceleration,

(b) the tension in PB,
() the force exerted on the pulley.

W] [
Fig.R14

9 A car of mass 750 kg has a maximum speed of 40 m s~ on the level when the power

output of the engine is 20 kW. The car climbs a slope at an angle 8 to the horizontal
where sin 8 = 5. If the power output and the frictional resistance are unaltered,
calculate

(2) the maximum speed up the slope,

(b) the acceleration up the slope when the car has a speed of 5 m 5.

0 A straight stretch of a motorway has three parallel lanes. Car A is travelling in an

outside lane at a steady speed of 15 m s-1. At a certain instant, car B is travelling in
the middle lane with speed 20 m s, constant acceleration 0.4 m s and is 30 m
behind A. Car C is travelling in the third lane and at the same instant has speed
25m s°!, constant acceleration 1 m s and is 20 m behind B. After what time will
(a) B overtake A,

(b) Covertake B?

(c) How far ahead is A when C overtakes B?



PAPER 14 (Answers on page 654.)

1 The three coplanar forces shown in Fig. R15 are in equilibrium. Calculate the value
of 6 and of P.

Fig.R15

2 A helicopter rises to a height of 240 m. First it accelerates uniformly to a speed of
8m s, maintains this speed for 6 seconds and then decelerates uniformly to rest. The
magnitude of the acceleration is twice that of the deceleration. Draw a v— graph.
Hence, or otherwise, calculate
(a) the rate of acceleration,

(b) the time taken for the ascent.

3 To a motorcyclist, travelling due N at 25 km h", the wind appears to be blowing at
15 km h™* from the direction 030°. Calculate the true velocity of the wind.

4 A police patrol boat receives a report that a suspicious ship is 30 km away on a
bearing of 135° and sailing at 30 km h™ in the direction 045°. The patrol boat has a
maximurm speed of 50 km h". Calculate
(@) the direction in which the patrol boat should be steered to intercept the ship as

s00n as possible, and
(b) the time it would then take to reach the ship, assuming that the ship does not alter
its velocity.

5 Two particles P and Q are projected vertically upwards from ground level at the same
instant. The initial speed of Q is three times that of P. When P has retumned to the
ground, the height of Q is 160 m. Calculate the initial speeds of P and Q.

6 Ball A of mass 0.5 kg is moving towards ball B with speed 4 m s™! while B, of mass
0.2kg, is moving towards A with speed 5 m s-1. They collide and A’s speed is reduced
to 1 m s, Calculate
(a) the speed with which B rebounds,

(b) the impulse between A and B.
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7 Fig. R16 shows three bodies A, B and C of masses 2 kg, 1 kg and 0.5 kg respectively,
‘moving in a smooth horizontal groove with the velocities shown. The bodies coalesce
on each impact. Given that the final speed of all three is 14 m s in the direction
A = C, find the value of v.

2oms vmsy

Fig.R16

8 (a) An electric motor drives a pump which raises a mass of § kg of water per second
through a vertical height of 15 m and then sends it through a pipe with a speed
of 8 m s, If the motor is only 65% efficient, calculate the power of the motor.

(b) A hosepipe of internal diameter 2 cm is held pointing upwards at an angle of 25°
to the horizontal. Water cmerges with a speed of 20 m s-1 and hits a vertical wall
at right angles and then drops vertically. Calculate the average force exerted on
the wall.

9 Two particles P and Q of masses 3.4 kg and 2.6 kg respectively are connected by a
light string passing over a smooth pulley. The particles are at rest hanging vertically
and are released when P is 2 m above the ground. If P remains on the ground after
impact, calculate
(a) the speed of Q when P reaches the ground,

(b) the total distance travelled by Q from the start until it comes to momentary rest.

10 A body P of mass 2m is projected from a point A on level ground with speed u at an
angle © where tan © = 3. At the same time another body Q of mass m is projected
towards A from a point B with speed v at an angle g where tan ¢ = 3. Given that AB
=270 m and that P and Q collde when each s at its maximum height, find (a) the
value of u and of v.

If P and Q coalesce on impact, find (b) the distance from A where they reach the
ground.

PAPER 15 (Answers on page 654.)

1 Amissile is projected vertically upwards from ground level. Between 1 and 2 seconds
after leaving the ground it rises 15 m. Calculate
() the speed of projection,
(b) the maximum height reached,
() the length of time for which the missile is higher than 40 m.

2 (@) A body of mass 3 kg rests on a rough plane inclined at an angle 8 to the horizon-
tal where tan 8= 3. The coefficient of friction between the body and the planc
is L. What force, applied parallel to the plane, will cause the body to move up the
plane with acceleration 2 m 527
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6 The pilot of a fighter acroplane on patrol, flying horizontally at 400 km h-' in the
direction 0452, sees another aeroplane at the same height and due east of him flying
horizontally with relative velocity 100 km h! due west. Calculate the true velocity of
this aeroplane. The fighter pilot immediately alters course to due north with the same
speed as before. Calculate the new relative velocity of the second aeroplane.

7 (@) Abullet of mass 50 g is fired horizontally from a gun of mass 15 kg, which is free
to recoil. If the bullet has a speed of 300 m 5™ on leaving the gun, calculate the
speed with which the gun recoils.

If the average force exerted by the gun on the the bullet is 3750 N, find how long
the bullet was in the gun after firing.

(b) A body of mass 50 kg is moved from rest through a distance of 30 m in a straight
line in 20 seconds by a constant force P N. Calculate (i) the final kinetic energy
of the body, (ii) the value of P.

8 A car accelerates uniformly from rest to reach a speed of 24 m ™, continues at this
speéd for 20 seconds and then decelerates uniformly to stop at traffic lights. The total
time from start to stop was 35 seconds. Given that the magnitude of the deceleration
was twice that of the acceleration, calculate
() the total distance travelled,

(b) the rate of acceleration,
(c) the time taken to travel the first half of the journcy.

9 (@) Atennis ball of mass 60 g moving in a straight line with speed 20 m s is hit by
a racket and returned along the same line with speed 35 m s™'. Calculate the
impulse on the ball.

If the ball is in contact with the racket for 0.005 seconds, with what average force
does the racket hi the ball?

(b) A nail of mass 30 g is driven horizontally into a wooden fence by a hammer of
mass 1 kg. Just before hitting the nail the hammer is moving with a speed of
10m s, If the hammer does not rebound, find the common speed of the hammer
and nail after the blow. If the nail is driven 1.5 cm into the wood, calculate the
average resistance of the wood.

0 Two balls A and B, of masses 1 kg and 0.5 kg respectively, lic in a straight linc
perpendicular 1o a wall with B 9 m from the wall. A is projected with speed 6 m s
towards B which is at rest. After the collision, A continues in the same direction with
speed 3 m s while B moves to hit the wall and rebound to meet A again. If the
impulse of the wall on B is 3.5 N's, calculate
(a) the speed of B after the first collision,

(b) the distance of A from the wall at the moment B hits the wall,
(c) the speed of B after hitting the wall,
(d) the time between the first and second collisions.
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PAPER 17 (Answers on page 654.)

1 Fig. R20 shows three particles A, B and C of masses 1 kg, 3 kg and 3 kg respectively.
Aand B are at rest on a rough horizontal surface with coefficient of friction 0.6 and
are connected by a slack light string. C is held at rest and is connected to B by a light
string passing over a smooth pulley. When C is released. the string AB will tighten
after 0.7 seconds. Calculate
() the initial acceleration of B,

(b) the velocity of B just before and after 0.7 seconds,
() the acceleration of B and the tension in the string AB, when AB is taut.

1kg 3kg

Fig.R20

2 The pilot of an aeroplane whose airspeed is 200 km h' sets a course of 020°.
(a) Whatis his position after a flight of 1 hour if there is a wind of 40 km h! blowing
from the north?
He then decides to retun to his starting point.
(b) What course should he take, the wind being unchanged in velocity?
(©) Calculate the time for the return flight.

w

Two small spheres of masses 4 kg and 2 kg are cach attached by light strings of length
40 em to the same point A and rest side by side. The 2 kg sphere is then held with its
string taut and making an angle of 60° with the downward vertical through A. It i re-
leased from this position. Calculate

() its speed just before it hits the other sphere.

If the two spheres stick together on impact, calculate

(b) their common speed and

() the vertical height they will reach, after the impact

4 () Two bodies, A, of mass 3 kg, and B, of mass 4 kg, are moving towards each other
on the same straight line with speeds 6 m s and 2 m s respectively. They
collide and after the collision the relative velocity of B to A is 6 m 5™ in the
direction A — B. Find their speeds after the impact and the loss of kinetic energy.
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6 In Fig. R24, particles A and B lie on a smooth horizontal table of height 0.8 m above
the ground. The masses of A and B are 1.5 kg and 0.9 kg respectively. A is pushed
towards B with speed 2 m s and A and B stick together on impact. Find
(a) the impulse given to A at the start,

(b) the speed of the combined particle after impact,
(¢) the impulse of A on B at the impact,
(d) the horizontal distance from the edge of the table of the point where the com-
bined particle hits the ground.
0.9kg

A B

Fig.R24

7 A ferryman wishes to cross a river 300 m wide flowing at 4 m s between parallel
straight banks. He can sail his boat at 6 m 5™ relative to the water. At what angle
should he set out 50 as to cross
(a) in the shortest time,
(b) by the shortest distanc
(¢) Find the times taken to cross the river in each of these cascs.

(d) Ifhowever he sails at an angle of 60° upstream to the bank, how long will he take
10 cross the river?

8 Aball is hit at 20 m s~ from floor level in a sports hall whose ceiling is 8 m high.

(:

B

) What is the maximum angle to the horizontal at which it can be hit if it is not to
touch the ceiling?

(b) At what angle should it be projected with the same speed 50 as to reach a point
on the floor 25 m distant and not to touch the ceiling?

) Ifthe ball i hit at an angle 6° where sin 6 = 0.7, again with the same speed, where
would it hit the ceiling? -

(

9 A train takes 5 minutes (o travel from rest at one station to rest at the next station

5.25 km distant. For the first 500 m, it accelerates uniformly at the rate of a m s * to
reach a speed of v m s It continues with this speed before decelerating at the rate of
2a m s~ Find the valuc of @ and v.

0 An engine with a power of 1000 kW can pull a train of mass 300 tonnes (including
|

the engine) up a slope making an angle of © to the horizontal where sin 6 = gy at a
maximum speed of 25 m s”!. Caleulate the frictional resistance to motion.

What would be the acceleration up this slope if the speed of the train was 20 m s, the
power and resistance being the same?
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Answers

EXERCISE 1.1

1@ (15D ) (32) © 131 () 22 () @5-19) O 00 (2) 2pp)
W @a+b) @ @+la+) () (55 2 @LID, @2, 615D 3 (2D (
4(52) 52,7 6-1,10 7 (1,1) 8 (50),(-1,-3) 9 (3,5:(157) 10 (2,1),(-1,-2)
11 (a) (4.5) (b) (5,2),(7,-4) 12 [Use coordinates of midpoint of diagonals]

13 No: (4,-1)

1)

EXERCISE 1.2

1@35 M5 ©13 @5 ©22 61 (45 M5l ()V2a G Va+b
2 Sunits 3 (a) Yes,at B (b) (-1,2) [midpoint of AC] (c) 5 units 4 (a) AB? =25,
BC?=25,AC?=50 (b) Right-angled isosceles (c) 12.5 units® 5 (a) Isosceles [PQ = QR]
(b) (54) (c) 4 units, 8 units® 6 V41 = 6.4, V65 =8.1, VI22=11.0 7 (a) (1,0)

(b) 100, 68, 58,26 8 (a) (3,4), (6,1i) (b) 15.25,61 (c) } 3 9 5units

10 [Fig AL circle touch imermally) 12 X +)7=9 13 (a) Perpendicular bisector of AB
(b) [AP=PBY] () Tx+y=

Fig. A1.1

OPTIONAL EXERCISE
@4} ® 113 ()63 (d) 33 () 37}

EXERCISE 1.3

1T @-2 ®-1 @1 @2 (0 ()undefined @2 ) 3 @)1 G -1
®p+g 2@0 B3 © 3 @ -1 3@, .M 0)E 4@ 45 () 135
(€) 63° 5 Yes 7a+2=4 821 10 @ -5 (7 11 (b) 14 123016
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EXERCISE 1.4

1@ 0. 2606 -2 & (el ®-1 Ge i o -3
)@ -5 B)7 3 Yes 44 5(0) -12.-3 6266%1166° 7 &

8 @ () 315 (@) -3 () 6p+8g=61 9 (b) 4 10 () (50).(50), (035
1@ 255 3.2

EXERCISE 1.5

@ y=x+1 @x+y=1 (@ 2+y=1 (Hy=-2
® 2 y=2x (i) y=3x k) x=0 2 (@ (-1,0,(0,1) () (30),
(0-1) © (160, (0. %) (@ (1.0, O (@ (50).(01) () does not cut x-axis, (0,-2)
(® (~2,0), does not cut y-axis () (0,0) () (~3.0),(0.8) () (-1,0), does not cut y-axis

(k) 00) 32x-3y=6 43y-2r=0 5 (a) dy+ 2=
6 y=2c+3,(-11,0) 7y-x=5y+2=55y+4x=7 8 (a) 5x 2, 7y=x+
4x+Sy=14 (b) 4x-y=12 9X+y 7 10 (@) (6i,-11), (b) (7.-5) (c)x+9y~

Tx+y=44 1@ (13 ®F ©y+2=S

EXERCISE 1.6

1@-1 b1 (©2 -2 () -3 @0 (3 [0 ERCE
MF mr -5 ©-% 2@x-y=-1 (b) 2+ © 2y
) +y=-9 (g)) 3@ x+y=lx-y
+2y=6 () dr+3y=-63x-dy=8 (d) x-3y=23x+y=
4y+5e=3, skhn 53c+2y=12

EXERCISE 1.7

1Sunits 24y-x=3 3 (@) x+y=5y=2c-1 () BG0.C-1-3) 43x+y
5 200, Vi3 units 6 (@) x-2y=1 (b) (10) 7 (L-1),(4-1), (-13) 8 (@) (6.1), @-1),
©06) () 6x-5y=17 9 AG6.C2.1 10 @ (1,1, (5.1, 24) (b) x=2,y=x,
Jy+x=8 () 22) 11 (@) Sy-3r=30 (b) (-10.0) (c) 34 units’ 12 (a) 2x-Sy=-27,
®) 1L, (10013 @ (-30),20) () 3y+x=-3.x-2y=2 (c) (O-1)
14 @y-x=1Ly+x=9 (b) @5, @1 (0) 6units 15 (@) 2+y=

() 47) (© (0.5 (d) 10 units’ 16 (2) 3x+2y=11 () (255, *5%) [Substitutc in
2-3y=3] (© L4

REVISION EXERCISE 1

1 () x+2y y==17 (c) 2¢+3y 2@ 3x+y=13

3 6 units T@ae=1 ©) 15 © QD)
6@ 3 G T @2Wrx=5y=3kx-22
) G165 8@ r+23=5 ®¥=T(9D 9@ 2y=x+2
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(b) (0, 1); 20 units® 10 (@) (2,4) (b) Bunits 11 (@) 3y-x=22 (b) (14, 12)
(¢) (16,6) (d) 80 units® 12 3x+2y = 22; (0,11), (8-1); 6.45 units
1323y +5x=132y=3x-13 () G,-2) Gi) (1,8) (iii) 26 units?
14 (@) (44),(2-3) 1) 01,20 15 @ y=3x+2 () 02) () y=3x-8
(@ (2 -2: 40 units® 16 (@) y=x+3:(69) () (-10) (c) 24 units’ 17 (a) 4
(b) x+2y=20;(0,10) (c) [perp bisectorisy = 2x+ 5, OC is y + 3x = 0] (-1,3)
(d) 25 units® 18 (2) y=x+1,2y+x=53x-y=1 (b) (1,2) (¢) S units
19 @ 2y-x=1 (b) @2) () 25units 20 3 21 -3,-1 22 ()3, 2
23 (@) 0,2-3m), @m+3,0) (b) 22 24 1+2,6
25 [lineisy— 1 =m(c-3)ie.y—mr=1-3m
Ais (31,0), Bis (0, 1 - 3m)
ACisy (x - =1y 50 C is (0, 51y
BD s y - (1'- 3m) = —L(x) s0 D is (m(1 - 3m), 0)

Gradient of CD i: is —
26 (@) [consider point of intersection of diagonals] (b) [diagonals perpendicular]
(©) [AB perp 10 Ad s0 222 x 2% =1
multply OUt 10 get Y, + Xpk, = X0kt £) = X2 + 3,0+ y) -, and substitue from ()]

EXERCISE 2.1

1 (..) 3,20r1,4 (b) 3,1;-3,-5 (c) 3,-lor1,3 (d) —"’ —“om 1 (o) 4, -1,-;.2
o 2 Fo-Hord 1 (g 58o0r2,-1 (h) 73 2 or4‘—l (.) 2,-lor &,
@320 2 & L-for62 ()8 3or (m) 3,~lor-1,-6 2 24
303 400 5 Tagentat2l) 67cmdcm 7 49 8 (035 9 8.60r-6,-8
10520001010 11 33,-34) 12 (44.5)

REVISION EXERCISE 2

12-lor-%,-10 2(-5-2) 3.4} 4(43).(3.3) 5340022

6 10cm,ScmorScm, 10cm 7 (@) 4 (b) 3,1) 83,20r-2,43 95,7

10 35,5 or3i, 3 113, -lor %5,-% 12 () 290r83 13 (@ 4x (b) 1.3or}, %
14 2,40r21,-15 15 9,3 0r-11,~7 16 (a) [From (x - 4) + (v =27 = 5] (b) (2,1), (63)
(© 5.0, 34

EXERCISE 3.1

1@ 7,-3,-5.-5.-3-7 () 4,0,1,4,9,25 () 2, undefined, -1,0, 1, 2

(@ 10,0,-2,-2,0,10 2-1 3 @2 B 1} ©-1,2 (-3 4@ (W=x+2
() 3,32 (%5 50 FW=x+2 ©9%L4 @3,-7 ©No 62 7555
8() 2432 M4 9@ 1 ()3 10-21906 11-1,6 12 () 1,4 (b) -1,3
1323 4723 153,14 1653 17 1,2} B@LLi &1 ©-L1}

o
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10 [Fig.A3.8]

0

Fig. A3.8.

11 [Fig.A3.9] self-inverse function
12 (a) (b)c) [Fig. A3.10]
13 [Fig.A3.11)
14 [Fig.A3.12)

Fig. A3.9 Fig. A3.10
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[mm 117
H T
1) T
A I 1
& e [ |2 1
T ]
& - |7 1 1
7 A\ T
- ] L m
T ! IND ]
[ I
7 i TT I
I |
Fig. A3.11 Fig. A3.12

15 (a) x=10r2 (b)c) [FigA3.13]

Fig. A3.13

EXERCISE 3.5

T@x-1 O x-1 ©x+4 @ x-6 2@ 064 (b) 0.68 3 (@ 3x+1
B)3x+5 ©x-2 @3 ©R-3 O d@r+2 (b)x+3
©x+4 () x+5 (@x+n 5@ 22 () B2 () F3 6@ FHbr+T

S P
B 2+L-1 T-1 8@x+d B 2 (© 52 @ ,’;'5 92
10 (a)

g g
L5x#0 © xrl © 24Lx20 @21 1@ 242,520
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© ghxe-i © 5220 @ x%2 @ 5ol O -1 Rxxef
13 () x 14(a)3n_b+3 (b) 5,12 15 [fgis 3 - x. gfis 11 -x]
16 @ 2txe-l i ©5 17 2 we-2-10) 252 (e#2-L-1i-1 B+l
19 x-2 20 (@ gh () hg (©) Eg (@ hgg (@ llll () ghh (g) g' (h) hg!
21 @ fg () gf (o) ff (@ gff () gf' () flg 22 @ fz O gl (© gg
@ fgg (@ fg' (O f'g (@ f'g' () flgg 23 °+1 24 2=%
25 (a) 55 (x#3, 2 L, 3D © (=3, 2 2.8
G322, 8 )

e

f-m

REVISION EXERCISE 3

1-1<x<3

2 (b) 3,2

3 (a)(-) x< orx23 (i) 4<x<® ()23
4 (Fig. A314]

y=2-1x-21

Fig. A3.14.
5 [FigA3.15] 1
6 [Fig.A3.16]
7152,-
9 @4 +12t+5 () 22-5 (@) -1,-5
10 (0, 1,2} no
I R Ty SRR R ) |
12 2 -2 gf! ‘
13 @ -11:5 (b)) L2 (r#0), A5, 223 (x#3) L }
() 7 (o) f2-3;ff2-11
14 3,-5,24, 24 [f( )‘x] HENN
15 @) 9% -8 () L-14(=0) GiD) 1 x| [ 3
() 18,30 16 (@) 6-%(x=0) (b) 715 (x#3)
© &5 @220 @© j(xss) =N
17 @ fg (b) g (c) gg (d) gef (o) gf!
18 (@) 24,36 () 2 (x#4,12) (0) 2 Fig. 4315

614



V@5 ®1 © %

20 @ 2,3 (b) 6 (c) Lok (x20)

21 @) £-5(#0) () g5 kDl ) SE@#0) () 5 k#-12)
-5

b=
©
22 [Fig. A3.17]
23 [Fig. A3.18]
2 @) Ltk (e 0y 222 $ 37
25 [Fig. A319] 10123)
y
x
Fig. A3.17
y = T
| I
"
I
Fig. A3.18 Lt
y [ I 11
M I
y=l1-12-x11
1 N \\
x Ina
) o 5 ’f °
fig. 320 Fig. A3.21
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28 @ fgh () gf'h () g'fh (d) hg'f!

29 (b) [(n +x)? + 7 = Tn’ + 2nx, remainder 2); g(5n + x) = g(x)

30 @) G.0,3.3) ©) (-2 © (L) @ @y —m (B2, 222
31 @) -l1to4 (b) 0to5

EXERCISE 4.1

1 (a) cqual (b) notreal (c) real (d) notreal (¢) real (f) equal (g) real (h) not real
@) real () motreal 246 3% 42,-1 508 744 8k=-% 9@ m>dorm<—4
(b) y=4x+5, 13y ==dx+5,(-2,13) 10 -1} 11 £12 12 (@) 2mc=1

(b) 2y=2v+1,4y=x+8 13 -6<c<6 M4 ps} 1504 164,-Lx=dx=-1
17 24

EXERCISE 4.2

1@ 10523 0 4x=-1 @ 3x
@® -fx=3 ) 24 x

1

@3hx=={ () -4},x=} (0 3,x=0

©

@ ©

'
RS
7 post
E_ alw
£
x
L
—

Fig. Ad.1



~

5() 4,-12 (i) r<-16

69-(x-1%:0t09

7 (@) -} <x<2} (b) (15.6) [Fig. A4.7)

9 G) k>4 (i) k<-2-2<k<? b

10 a5 (b) g28orgs-8

1 x<-,0<x<2,x>3 Fig. A7 o .+ "
12 @ k ®) ps-i

13 —lor-2 /

14 [Fig. A4.8] 010 61

15 2,8, 10

16 4<x<6 3

17 () x<—Lorx224 (i) (1-9); (19) [Fig. A49) i /

18 <x<1

19 @ -} Fig. A48 9 3 o
20 @G 7,10 Gi) 2,4 () 21,6 y

21 $<x<2

22 -1sx<-§,1<x<1}

3
23 2<x<-l, f<x<li

24 k<-6ork22 ()1 (i) -3
25 2,4,7

0.9

Fig. s9
27 (a) 6,8 (b) 4<x<-1,7<x<10 .
28 (@) 2t&=%3 (b)) g<2oraz} -0 2

29 [(x- )(x— B) = (@ +B)x + @B = O s identical to x* + 2x + & = 0: compare coefficients.
O + 7 = (o + B - 2aP; (@ - B)? = (0 + )’ - 40B]

EXERCISE 5.1

1(a) X'~ 82+24¢ -32c+ 16 (b) 82 - 362 + 54x - 27

(c) 324° + 80 + 80x* + 402 + 10x + 1 (d) x°— ’x‘+’x‘ W iv-t

© P+ +158 420+ B4 S+ L (D) 5 -2+ -8x+16

2 (@ 1- 100+ 4028 — 800 + B0t~ 32 (b) 16— 96x + 2166 - 2160 + 81k

(©) 64-96x+602-200+ S~ 2 4 £ (d) 1-32+3¢ -2 3 (2) 32— 80x + 80 - 40x
(b) 1~ 14x+8422 =280 (c) 1-4x+7¢-7¢ (d) 1024 - 640x + 1602* — 202

4 (@) 81X - 2162 + 21685 9657 + 16y (B) X'~ 52+ 10x- 24 5 - &
5 o+ 5a'% + 1085° + 106%° + Sab' + b%; &5 6 0.941 480

7@ 1+3x+32 40, 1-3r+38 -2 (b) 2+65 14 8194

9@ 1+4x+62 +4c + x4, 1 -4x+ 682 -4 +X* (b) Bx+
10@C+50+10x+ 2 + 5+ 5 0-50+100- 2+ 5 - %

®) 108+ 2+ 2 () 904k

080 008
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EXERCISE 5.2

11-d4x+ 68 —af 42 1 dx+ 8 2 1+ %2 3 (@) 16-320+24¢
(6) 81— Sdx-+ L 3456, 3888 (0) B-dx—6° ()3 4 (@) 1+5c+ 108+ 108

(b) 1+5x+58- 108 5 (a) 1 +8x+242 4320+ 168 (b) 1-3x+38-x5 1 +5x+32
6 1+6x+ 120 +8¢% 16— 165+ 68— x + 2102 7 -1

8 14 5S¢+ 105 + 109 32 — 80c-+ 802~ 4085 120 92,3 102 "

10 (@) 1+3ax+ 362 + @' b + b + 663 + 4b0 + X4 (0) 2,2 122,- i &

13 (a) 1+4px+6px% 1 +3gx + 302 (b) 3,-20r—1,2 14 (a)(i) 1 +3ax + 3@’ + a™x'
i) 1+4bx + 66 + 465 + b2 () Y, -5 or=1.2 15 (@) 70,168 (b) 350
16-19 2,12 17 @ l-ax+24x1 320 (b) 1-8x+ 28651

18 14 44 6% 1+ dax+ (4b+ 620632, 3 19 0.1 20 1 - 8x + 2857 099203

EXERCISE 5.3

1@ 6 (b) 12 (c) 504 (d) 495 2 (a) 15 (b) 36 (c) 495 (d) 455 33
4141054452 (b) X7-6x" + 350 (0 2 -907 +36¢ 5 @) 7920 (b) 3240 (0) 126
620 79,3 863 9 founh,-¥ 107

REVISION EXERCISE 5

1.G) 1-15x+902-270¢ (i) 1+ 35x + 52522 + 4375x% 90

2 a*+6a% +154'5 12,43, £64x 3 1-10x+406%2,7,-13

4 (2) 1+ 10x+ 406 + 805" + 80x* + 3205, | — 10x + 40x° — 80X’ + BOX* — 324

(b) 20x + 1602 + 642° (c) 0.020 000 160 000 064 5 (i) 1 + Sou + 1002

(ii) 1-8Br + 287 10c — 400 + 286 6 10, 10

7 1=5p+10p* - 10" + 5p* — p% 1 = Sx + 5¢ + 10 00| 8 sixth

9 (i) 64+ 1920 + 2400 + 16068 (i) 48 10 §or § 11 5 .-¥;-7 12-3,12

13 1+ 6ax+150%% §,-3or-1,3 14 2855 1532 168 17 fourth; 280 18 7,-1
19 (@) 1+50+ 102+ 106+ 52 425, 1+ 52+ 100 + 1000 + 55 +01% () 1+ 50+ 156 + 350
20 74

EXERCISE 6.1

1) 60° (b) 18° (©) 120° (d) 720° (&) 30° (D) 20° (g) 135° (h) 330° (i) 225°
@22i° (k) 1146° 1859 2@5 MY ©F W3 ©% OF @2
M O GF3@05 OS5 ©1 @ -07071 ()1 () 09093 (g) 0.8776
4@ 5 ()093 (c)098 (d) 132 50068 6 Valuestendto |

EXERCISE 6.2

112rad 2 1.67rad 3 05rad,3cm 4 (a) 10cm (b) 0.3rad 5 (a) 5.2, 104
() 10,40 () 0.5,4 (d) 12,025 (e) 6,24 6 (a) 9.6cm® (b) 128cm 7 (a) 447
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(b) 0841 (c) 11.5 (d) 11.0% 8 4cm 9 (a) 1.85rad (b) 927cm 10 40cm, 1.2 rad;
24cm,3irad 11 27ms' 12 (a) “T" (b) 0.52ms" 13 (a) 1.85rad (b) 22.1m
14 (a) 3730 cm® (b) 256 cm 15 (a) 246 rad (b) 0.292 16 (a) Scm  (b) 0.4 rad

(c) 48cm’® 17 (a) 1.85 (b) 11.2cm? (c) 028 18 2.5 19 (c) 3<r<4 20 (c) 3cm
(d) 2 rad

REVISION EXERCISE 6

1 (@ %(1.05)rad (b) 209cm® 2 44cm® 3 1293cm 4 (i) #O (i) ~(6- L 4sin 20)
i) * (rsin?0-20+5in20) 5 18.82em? 6 () 202rad (i) 10:1 em (i) 148 cm?
7G) 215emt () 057 8 48F3emt 9 () Sl6em () 4763 cm? (i) 94.7%

10 () 2o cm? (i) 22 om? (ii) 08rad (iv) 26cm 11 (a) 444 m (V2 1)

(®) 457end @n-8) 12 617 e’ 13 B2en’ 14 % 2md 15 @ = rad

(b) 1.63 cm® 16 [total area of sectors =2 % X £0+2X §x £ (- 0); arca of thombus =
*5in 0] 0.77,237 17 10:1

EXERCISE 7.1

1 (2) 195° 160.5° (b) 404° 319.6° () 49.0°,229.0° (d) 110.5°, 249.5°
(e) 194.5°,345.5° (f) 141.0°,321.0° (g) 1868°,353.2° (h) 220.5° 319.5°

(i) 76.7°,283.3° () 123.7°,303.7° (k) 34.9°, 145.2° (1) 98.0°, 262.0°

(m) 150.4°,209.6° () 61.6°,241.6° (0) 61.1° 298.9°

2 (a) 0°, 23.6°, 1564°, 180°,360° (b) 18.4°, 198.4°, 161.6°, 341.6°

(c) 183°, 116.6°, 198.3%, 296.6° () 90°, 138.6°, 221.4°, 270°

() 39.2°, 140.8°, 219.2°, 320.8° (f) 210°, 221.8, 318.2°, 330°

(g) 117.7°,2023° (h) 170.5% 3505° (i) 0°, 19.5°, 160.5°, 180°, 360°

() 369°, 143.1°, 216.9% 323.1° (k) 39.2°, 140.8%, 219.2%, 320.8°

(1) 210° 41.8°, 1382°,330° (m) 109.5°,250.5° (n) 112.3°, 347.7°

(0) 168.6° 2514° 3 353°, 144.7°,215.3°,324.7° 4 158.2°, 338.2°

5 39.0°, 1408°, 219.0° 308 6 (1) 2671533 () 1291° () 651° 7 (@) 05
®F ©-036 @F ©058 (O L @-105 9 @ 20053395

) 157, 1643 (©) 1298°,2302° (d) 126.7°, 306.7°

EXERCISE 7.2
1 120° [FigA7.1] 2 [Fig.A7.2) 3 4 [FigA73]

v y

y-sn3 y=cos 30

Fig. A7.1
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y y

,
}/L\x.zma y=l1+2sing mmm\

, A s
| o T

Fig. A7.8

6 [Fig. A79] 7 [Fig. A7.10] 8 [Fig. A7.11] 9 [Fig. A7.12]3 10 [Fig. A7.13) 4
11 [Fig. A7.14] 6; 12 12 [Fig. A7.15] 2

ye2en0 y
y-RReos x| y
vk ¥~ tan ol
o
x o
yei-izeossr |
2
Fig. A7.9 Fig. A7.10 Fig. A7.11
Fig. A7.12
y
P S I
yesin2x
Fig. A7.13 . Fig. A7.14 Fig. A7.15

EXERCISE 7.5

170.5°,289.5° 2 90°,228.6°, 311.4° 3 19.5° 160.5° 4 30°, 150°, 210°, 330°

5 30° 150° 6 45°, 71.6° 225°,251.6° 7 54.7°, 1253 234.7°, 305.3° 8 30°, 90°, 150°
9 19.5°,41.8°,138.2°, 160.5° 10 48.2°,270°,311.8° 11 0° 101.5% 258.5°

12 60°, 120°, 240°, 300°



EXERCISE 8.1

1 (FigA81) 2-2a,la% 3@ la Ma (©-ja 4@-a ®-b © -
(d) 2¢, (e) 2b 5 Collinear 65 7 13 8 (V52)or (-V52)

Fig. AB.1

EXERCISE 8.2
1 [FigA82] 2 @) a+b (b) -a-b 3 [FigA83] 4 The parallelogram is a rhombus

1T
W ] G]
N NGRS T
i -
T 5 T
iR BT ]
3 e
=TS
Fig. AB.2
. J
K
5| > =S
Il A
]
A
f 2
= L <
Fig. A8.3




EXERCISE 9.2

1 @ 6x (b) 6x (c) 2x+1 (d) 2¢ (e 0 3-2c (@ Az

(-) (i) (iii)

(l) -4 0

(b) 12 -6 0

() 3 -3 -1

@ 4 2 [

© -5 -1 undeﬁned

® 8 5

® - -1 »1

3@ 66 B 1 ©-1 4@ -2 u:)o,J ©0,-%
5 [gradient function =4 2 max 6 - +4t} 7 2ax+b

EXERCISE 9.3

1@6xr (b)8x (©12¢ @ 1+% (@x-1 (D2 20 3 (@) 4dx-4
®)D) (1-1) @i) (-1,7) 4 @ 2x+a (b) -4

EXERCISE 9.4
1@5 08 ©0 (@) 6x () 6x-1 ()3-2-1 (g) 6x (h) -2

O -4 @ 6-% 03F-120+12 )22 () r+r+r+x

M 2x-2+3 © £-3 ¢ -3 26-4 39°-4r+1 4 18-12
56 62 74 8(2 101,-2 1138 121,-2
1351 14 8-122 152, -2 17 10,-13 18 x<-lorx22

I
19 % é 20 4mp’ + 2np; 4, -2
EXERCISE 9.5
1@ 5(c-3)" (b) 21Gx— D () ~6(5 - 2x)

) 32 -DE-x+17 () St 4:)(27 7zm‘ ) —
k) 4(1 + w)(,, o

@ 40(4r75)° © 16(dx - 3)°
(0]
1

woay

) 15, -3
(r=5) 6 @2+
®) =4, 2 11 @3-

W
41+ 311y
®3 7-6 8(1,°
) L-3 12 2,4

EXERCISE 9.6

1 (a) 122 - 10x; 24x - 10 (b) 6(2x - 7)’ 24(2x T (e) -16(1 - 4x)%; 192(1 - 4x)*
@-FF @u+ki2-3 ® a5 @ 40— 4 giie-2-f
260+ 5:6-% 343 41,2 53—2w~32 6-44 15525 8 4,634
9x2}

-9 9@n
1343 141,22

T
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REVISION EXERCISE 9

1@ 3-9 ®-00-20" © by @ 120217
© 3B-40(1 =320 () Z=h (@ 3C+ Hx-1F ) -k O 1+d

G -3- 5% 20sx<2 348 d@-2 ) w43p=12 (©) (04)(60)
@ V52 5-8or8 64— 76°-4,12c4 §5o0r1i 9-2,-5
3x-3 12-3,5

10 (a) 2,-3 (b) [gradient =
26,26 143,-1 15 -3<x<l 16 2<x<4 18 (@) 2i-j (b) 1

13

EXERCISE 10.1

lTr<-torr>1 2x<} 3x<20rx>2(2-1, @21 4 1<x<l
52<x< (13, (224) 61<? 7@ y+br=-ll,
13 ©y- ﬁx.4 Sy+x=-6 (d)y
® 3y+ x=-5 (@) y-
-8 (1)v—ﬂx—118y+x 2 G

)y 555 () 2y=20+3,2y+2c=1 8 d4y—dx 0)
9@ 12 () dy=x+9 10 @ y=x (O 22) 11 @ y+x= (b)(‘ g
(¢) y+7x=15 12 [Normalis 18y +8v=35]- £ 13 y=8r-12,3y= K(flz(fo)
15 3<a<3 16 @G0 y+x=3 (i) (£3) (b) (&

EXERCISE 10.2

1 i)
@ 16
() =
(c) 0

-4
@ -2
© 85
40
o 1
=
£
® 1
0
) -10
10
@
0] 10
(k)
» 8
8
(m) 0
minaty=3 4
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EXERCISE 10.6

1201cmis' 20.106cms! 3 (a) 3dem’s? (b) 628cms? 4 LS9 cms!
52cm?s! 6 Sdmcmis' 7477cms? 82400 904 10 075 11 41.89cmds!
12 96 cm’s” 13 0637cms 14 159cms™ 15 0125 16 0.018 units 5™

17 1.02 cm s Gincreasing) 18 (a) 56x-42 () 2 () -10cm?s? 19 Eem s

20 () 239cms 21 () 25emis! 2@ [£ =% x %] ©2-5x+25 @11
© Yems!

REVISION EXERCISE 10

Lx<-lorx>5 213 3005 4() &2 Gi)24 50012cm’s™; Skm

6 ®:xox: 840 maximm 7 2% 8§ ves A=6:‘:%=3x’,%:12x

(i) 300 cm’ s (ii) 0.12cm? 9 17.3 10 123 1883 minimum 11 3

12 y= 2= [A=4 %20 +48 + (4 - ml)mx’um] @ 3 G sa, £; minimum
13 @ “““ © 13 14 00— 4 158 16 () L=4r.0
17.0,2-3m), =20, 12 [n=-2] 18 (@ 30cms”, 42cms? (b
19 10cm, 63 cm, dcm 20 4% 21 () 9ms' (i) 12ms” (i) 8 ms™ 22 8'em
231,-2,-7,-3 24 x=-1,min; x=0, ptofinf. 25 (b) W(22-31) (©) L[r =%
26 (b) -2% 27 (b) 2.11 cms™ 28 (a) [& =2] (@)@ 278cms” (i) 1 ems?
© 2% st 1 PQ = b, 45 - 42

445 (<89): 445 30 (44

x &) 29 (@) © (b)) 2+ 42 -50;

’(~/§x7—) [Ais @ \B) B s (D 2 (v=242)

EXERCISE 11.1
L@ 2 4c B) ¥+e @ Trte @2+e (e)s A ‘;’n

® $+c O £-3x+c (D x-% e

W L-¥+c e Lic % 2hhdrae © ——xJ+‘L—x+c (p)x+—+1

@ 4x—2r‘+§+c M E+l+c () 5-5-6x4c ) £-L+c
-f+xd-2ctc 2(@) L-drec ) -i+c (O F4c

Lase M S+c (@) -i+c ) -L-L+c
&t (b) 3P- 6ﬂ+4r+c (c)p»ﬂL+6’l+c (d)x»»‘
(e) ’_‘T—l+l+c ® 5

+X-Z4c

LHte @2-L-a+c () +E+i4c
[OES ¢ () y-wrEac @ L-Wrive ) Ere-Lac
m2-leZ4c ) L+ L-3pec
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REVISION EXERCISE 11

T4y=%-d4+1l 2 @2 B2 3 17 40 20ms* G)R2m

50) 15,22 (43 6@ Q9 ® y= % (9 27units® 7 1.7

8 8:5 [volumes are % about y-axis, " about x- nxls] 9 (a) (1,4), 4,1) (b) 97 units’
10 4,-3; 2units’ 12 594 13 % wnits' 14 3
15 @ (L0) () % wits® 16 (@) 04), 20), (13) (b) 15:28

17 (a) Area above x-axis = area below (b)i) 18 (i) 2 (ii) 4 18 (a) (126)

(b) 36 units? [Use [xdy] 19 () 4y=5r=3 (i) (2,0) (iii) (1,0) Gv) % units®
(v) 9:49 20 (i) [arcaof P= ', areaof Q= 2] (ii) [Both=ma’] 21 0:3,
2@I12 G2 23% 24 § 25 (a) % units' (b) munits' 27

28 [Fig. AlL1; gradients both ~1] 2= [parts give 1, 81 and 4r]

Fig. A11.1

PAPER 1

1@2- & 9 2x=2y=-lorx =-9,y=-% 4 @ x+4y=7

(®) y=4x-18 5 [Fig. AR.IJx<-1 6 (@) (-1.3) (b) 775

7 (b) 103.9° 166.1°,283.9°,346.1° 8 43 9 (@) 15 (b) 14cm () 4.02 cm?
10 -\5<k<V5 (b) 6+dx-2¢

it

Fig. AR.1

PAPER 2

1@ 2md () 4em 2 (@) 1018, 168.2° 2818°, 3482° (b) 45.5°, 254.5°
3@ -6ms? (b) 4m 4 (a) 6048 (b) 2,-1 5 (43),(-16-37) 6
72,-32+25x=28 89% 9 ()5 (i) -1,4

(b) ~54lg"ox— 1] 10 @ i+7j (b) 109.4°
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Fig. AR6

EXERCISE 12.1

T@1 (b1 4 d-29 () —g ® % @ 55 () -rF+20+1-1
2@ 15 ®60 @171 3@-15 B -L ©@©-18 @33 ©-1 O3
421 538 6-a+b-c+d T9-53 81 9-10 102,-4 11p-2=

12 -2,-2 13 3,1or-1,5 14 -3,-2 1554 16 2,4 17 -3,2

4,1

EXERCISE 12.2

1@ G+ DE-x+1) ) G-DEx-DE-2) (© @+ Dx-2)x-3)

(d) (x4 Dx+2)x+3) (e) (x=DE*+2) (O (x+ Dx=2)(x+4)

(@ (c+ Do+ DRr+3) () (- D+ DBx+2) 6) x- D +x+ 1)

) =2+ Na-3) () (x+DE-D2x=3) () (x- Q2= (3x-2)
2T (- DE+3Hx-2) 4-1L-2x-1 5 6x-2,x-1

6 4,3 (x+ D¥-x-3) 742 x-2)(-2-2)

84,6 (x-3-20+1) 91, Lxtlx—1 10 3,2 x-2)-x-4) 11 -2,0
122 13 3ix-1 14x+1,x+2 153, 1330 - 82+ 15v +26; (x + 1)(3¢ - 11x +26)

EXERCISE 12.3

1@ L-L-1 () L-1,-2 @ -1-3,-2 @ 11,2 () -3 (H-1,-3,4

@® 2,34 (h)-1,279,-1.79 @) -1,2,3 () 2, ® 243
2-2,-1Lx-41,-3,4 3 -1,-5:2x+ 1, x+ 2 4@ 1,-2,-7 (b 3,-2,-5
©3,-4,-2 (@) 4-3,0 ()2,-56 ()2,-1,-3 5@ 1,-3,23-1,4

® $23°64-11:1,1,6 7 @@ -3,42,-23 () -21,-1,2 8 +,1.-2

9 (-1,-1), (-2,-8), (3,27) 10 [Values of B inconsistent] -6 [A=2,B=3,C=-4] 11 1,
-2, -2; double value at x =-2 12 x =1, min; x =2, max; x=3, min 13 (a) y=3x+3
) (29) () 67 14 (@) y=3x-2 (b) (-2-8) (c) 63 units®
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REVISION EXERCISE 12

13,223 2@ ¢ &) [b=3] 3@ 2p-38p=-19 0224 (1
41,23 5@-3 () -1-5L2 (@341} 6()12-223 (b) -2,-078,1.28
-2 7 (a)i) 3,-6 (ii) Yes for first expression (b)(i) =33 (i) 2 8 2,-3.4
Y= -6+ 120-7:(1,0) 10 1,-1.2 11 () =16 () 4 (c)(ii) -2.6,3

12 @ y=2c+1 (i) (-2-3) @) 67 13 -1.1).(13). 210: P23, Q &

14 1,1,-2; -1, -1, -4 [equation is (x + 2/ - 3(x +2) + 2=0] 15 [Find f(3)]

16 1,2,-3 17 0°, 60° 109.5°, 250.5% 300°, 360° 18 (x- 1)(x' = 2px—q) 19 b= 2=2
21 x<-1and 2 <x<4; [equivalent to ' = 5x° + 2v + 8 = (x + I)(x = 2)(x = 4) < 0]

EXERCISE 13.1

1 (a) 2,4:26,58 (b) -3,3;15,39 (c) @) 1.7,-0.3; -0.1,-2.5
2@ 19 31 (©3n=-5 3 @-15 (b) =59 () l4th (d) 21-4n
4@3n-13 B2,-3 S@S5 (b)6l 627 72 (b) %(2}1+ 1 861
9 145 4Bn+7) 10 (@ 4,3 () 3n-7 11 (@) 2cm (b) 3n+lcm

12 (a)(i) 37 (i) 102 (b) -2 (c) -5 13 (a)i) 8% (i) 185 (b) 2 14 14,-1
152} 16 6,4 17 -18,4} 1853 19 (7-m) 20 -3,2,70r7,2,-3

21 g-d,g+d;12,7,2 22 (@) and(d) 23 (a) a+2d=0 244 25 -lorl}

EXERCISE 13.2

1(@ =300 (b) 330 (0) -17% (d) 3.3 (e) 104 (D -710 (g) 45% 2
3555 431 5644 68 710 830:1710 9 -3}
10 [T,=a+7d=5,=4a+7d) givesa+3d=0] 11 111273 12 -5,208 13 7:15
1419:5 156 16 ilem 17 (@) 43cm (b) 0fa=45,d=-3] 18 54 19 () 2

®) 12 ©25 20@9 ()9 21577

EXERCISE 13.3

1@ é B (2 2273281 412 5-2 600 @00
T@3 MY ©F 8@2 ®L (L 9akaki2 101218 11273
2@-1} &Y 4@ Zor3 (b)-lor2 1518 16 5th 17 (a) or-3
) for¥ 18 -fori () -Porl 192 209 2126em 222,-3

EXERCISE 13.4

1522853 2397 3@-3 0243 ©13 4@2 ©3 5@8 (b}
©% 6@15 b3 (©'F 'W (d) 116 7 (2)3 (b) 510 8 (a) £§ (b) 81
©¥, 2 cm 971cm 10 1@ 2 (b) 252 1227, 18, 12 0027, 18,-12:
105)0r27} 13467cm M@ F ] ©5 @} 15@ =25 ()}
(c) 511 16 9 17 18; 2400 000 barrels
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EXERCISE 13.5

1@ ! (36 () notpossible () 216 (¢) notpossible () 62 () 36 () &
@ notpossible @2 2 T 348em 49 52 660 7@ 6or3 () borl
B398 @ HO0X% @11 104 11§ 121206 jord 13
14 (a) -1 (bj 1@t 155 27 16 360° 17 (@) § (b) 24 () 36

18@ -jorl (& 2or3 194 20 @ 10055 (b) 30000 21 @ 1300000
) 920000 (© 29% 221 23 @ jlareasare 1, 4, , .. times AABC] (b)

U@-11 02 5@ ® a=1+r

i

REVISION EXERCISE 13

1@ 14 (0)370 2-83 32,2 48 51392 67.-3or1,3 7 1 8(@4
®) 2 9@ 116 (b) 3, yor 3,241 10 @) 3 (G20 GiD) 304 O 4

i) 1 Gi) & 11 @ Is2em ()2 G54 12 6.-3 13 302000 @) 17

i) 16665 (v) 16.7% 14 893%, n=18 15 1,2 16 4, t
17 1,3,5,... 18 (@) 0905 (b) 0.786 19 -1,4,12 20 } 21 l<x<2or-1<x<0
22 [InFig. Al3., tan 0= =2 =~ |,an 0= - = r— 1] (b) 22.5°

23 16 [A(LOSy~' =2A 50 1.05"=2.1] 24 11

Fig. A13.1

EXERCISE 14.1

1@ 2sinAsinB @ 2cosAsinB 3 @ : £ )8 © % 40[=cos 1]
5 cos(40° +x); 5.6° 274.4° 6 (a) B oo 771 g -

9 [Find tan(A + B)] 10 0.7071 [ e Tk

12 @) 30°210° () 18.4% 19840 (@) 1650° 345.0° () 169,15 349.1°

() 79.1°,259.1° 13 @) 40° (b) 80°.260° M@ | O % © % 15@ ¥
®DE @5 @8 16@-% 02 -2 @&

18 -1, £, 99.6° 33.6° 66.6° 33.0° 19 [Expand and divide by cos 0]; 48.5°, 228.5°
21 (b) cos © cos ¢+ sin 6 sin ¢ [lal = bl = 1]
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Fig. A15.1

EXERCISE 16.1  (Answers from graphs are approximate)

130,022 2y=20¢ 310004 4 =2+ 1 V=2 X=x462 51528330
6y=2,+2 7210 sy( ax+ b ke Y = Y47, X
9 Plot ¥ against X where ¥ = LX=120,80 10y=?

REVISION EXERCISE 16  (Answers from graphs are approximate)
1 Take ¥ =%, plot Yaginst i = 1.6 =205 2 @
(©) convert to X = ax - b and plot 2 againstx. 3

lot ¥ = 2 against x
.plmyﬂgamu){ 3
i 2 ® [xy-nr-)—b,gmdxen , intercept = b]
7.b=175 (i) 54 5 (a) 144,055 (b) () £3 (i) y= 3¢ -4x-7)
Gi) -1, 7 6 @ 0.1, 4[y= £10224 () L =(-p)} +q plot § against L, gradient =
g 757,20 8@ 251 @ [Comerttoy L+ g]s 3

9 [lga+1gy=blg(yx - 1); plot ¥ = Ig y against X = lg(¥x - ]; 4,0.7 10 1.5, 10

; — intercept =

EXERCISE 17.1

1@ —%x*f () 28 (© 24x- Yt (@) xi+xi @07 - 4;:)(;«J 6)F () 3t
@© 2% 0 6@ - 3 @) (@x- D 2004t 2@ frive ® 2dd e
©) =x: iise (@ -x\+c (e) .xx,?-«,c ® d+c (2 e (h) ,ch
[6) -n—‘.t‘+c 3 (a) ITO-E ©F @1 @6 4 (a) ey e

(b '(2r+5)’+r (©) —3x=2+c (d) z(x—3)5+r (©) -3G3x- 2) +c

O GesYire @ Qe e O -_(3 e () -B-29i+e

) EGx+2'+c (K FMx-Disc 0'@-9re  m Hax-Dise




M 30-20"+c 5@1 BP ©2 D4 ©-F O85 @2 WY
6 % 7 % 8 00075 9 -0.024 10 024 11 2% 12 -0.06

EXERCISE 17.2

1@ (-2)Gx-2) (b) 2Q@¢-1) () (65 +3x-2) (@) (c+ Hx=27Gx-1)
(€) (1 =205 - 14x) (D) ~(1 =03 -9 ~5x) () 2 —x~ 1)’(8 - 5x - 2)

(h) 2x(r 3@ -3) () 20x-2)(12¢ —4x=3) () 207 + 12— 17(Tx - 2x +3)
&) zx i (f- DA -1) O Gx-1EVx-1) (@) 201 - 201 -

@) Jx-17 (x+1’O0x=7) (©) (x+ DASR -2x=T) = (x+ 1P(5x=T)

() 6(3x—1)(2c+3P(5x+2) 2 y=5x-7 32 4 (4x+1)(x+1756(x+1)2x+1)
5 2x—1°(10x - 1); 16(Qx— 1¥(5x~1) 6 0,1,3 7 20c+ I)(x + 27Gx* + 5x + 1)

EXERCISE 17.3

1o gy Oy gy @O ©F ® =52
®) 2b 6 0] = ® Her (n iy (m) s
() o8 2 m,,—zuu)’ 3f 42k = ”;,,
ERe

—L _ 80,4 9@3 (b lor-3 10 L2 _;
T PRR

EXERCISE 17.4

1@ -2 () - (0 22 =
-y S = -

mES 0L 0F 010 miEe i o5
Ly (@ B2 O 2@-1 O ©-F @4 ©@F 01

3y=x+lix+y=3 43y=x+23y+r=-5 Sdy=x+1d 6l 731

85y=dxs 12

2 A2 g -2

g

EXERCISE 17.5
L@ 15+ deie t ) I © 18820 - 17 @) 480 () (2r-2)2e -dx+ 3
(0] “'”, @ 26- 3% M 1+ @) Z(X* z)(l +3)=2-3) ()
) (26 + D + 2+ l)'{ (m) 3 (m) (x= 13 = 20)(13 - 10x)

=3 @) 6= D=2 1 @ 21 —v)(lx’ ax+ 5%

0 %G - 9 2@ dxivc B Lax+ D (© 20— 40ite @ -1Gr+ 4
©@-H+c 3@ B2 ©% 3 582

6 y+5r=12y= &r»ll 7 ”—ﬁ,;ﬁ

10 15y =108 - 422 12 -2

Ty
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EXERCISE 17.6

1@ 3cos3x (b) Scos§ (c) ~sini (d) 3sec’3x (e) ~cos x cosec’ x

(f) sinx+xcosx (g) 2vcos2x—2¢sin2x (h) —4xsin(2 = 1) () —cos(% - x)

() fsec’s (K xcosx () L=284 (m) —6sin2vcos?2c () cosx-xsinx—2cos2r

(0) 3 cos 3x cos 2¢ - 2 sin 3x sin 2r () 2 sin 2x cos 2x(4 + sin® 207"}

@ 185 cosi(1 - 3¢) sin(1 = 36) () sec” 2¢ tan 29 f 2@ -3sindr () fcos§

© —Axsm(Zx-fl) (d) 6 sin® 2x cos 2x © 4 seci(s -2)

(f) §cos £ cos 2x—2sin £ sin2x (g) s M) zmn i+ 1 sect £

@ ~2rsing () cos2rosinr—x(2sin e acos ) 3 200526 4sin2r(=dy) 41

5[&= 4(AcusZK+Bsm2:)] 26 111,425 72(smx+m:2x)(cosx-2sin2x)
85,2 (052262) 9 L 10 @) 203,518 () £ 2 43,43

nSnrtyen 2x4y

31}
H

EXERCISE 17.7

1 (a) -4 cos2e+c (b) dsindx+c () 2cos ++c (d) <os3x+c () Ltandx+c

(®) tsin2c+cosx+c () <osx+sinytc (h) “38t+c () %sins,xv#c

() cos(3 -0 +c (K) 2tan $+c () Lsin2c+cosxte (m) x+ +cos2o+e

() 2cosx-tcos2x+c 2@ 1 M1 ©F @1 @0 )1+ (2047
M D2 (0 K Z2=(078) I-L+isin20+1+2 4@)2 (b) =
5ot 620 T@ 5 ()05 (© M 8 L1509 f+bsindvec

o T
0@z O Wbi-5 12 2

'REVISION EXERCISE 17

1082 2 2cosx—xsinx 32Gn+8) 41 5 @) 120+ 17
(i) tan 3x + 3 sect 3x (b) B2 (c) 3y =8r— 2% 6 E_| 8 () xrryimn
®) 225 © ﬁ.[ \,,‘mz,l (@) 2(5x - 1)(2x - D

=3x+410,y=-3x-10 10 (a) 1(l—r:oslv:),)n»z ®2 (© "‘ 11 -0.0058

2 4 134 15 @ [2=sin2x(1-4si°0] 0, 2. 5, =1 (B) O, ’;,1 0 16 001
17 [E=Gmc0] 18 2=-22i B0 191 210,48 22X+ ayis=g

[product =—1] 23 (@) [v=8cos 2t = a=-16sin 2 = 4s]
(b) %4 units from O [max and min values of 4 sin 21]
24 (a) 450 min [max h when r = 0, min 4 when 2 =7] (b)
(¢) 150 min [2 +2cos 2 =3] 25 (a) —osec’® (b) [V=
(© 2n% [& x 100% = -«:;;“ X 0.04 x 2 x 100%]

sin

xxs
0

642



This sixth edition of Additional Mathematics: Pure & Applied, has
been completely revised and updated. It covers the Cambridge
Additional Mathematics syllabus in the Pure Mathematics and
Particle Mechanics sections.

In this new edition, the authors have included
additional sections to make for a more comprehensive
coverage of topics;

more exercise and revision questions;
additional / vop!aeemsm examples / figures to complement
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